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1. INTRODUCTION

The Nagel point [1] is the point of concurrence of the three splitters of a triangle,
where a splitter is the line connecting a vertex to the point on the opposite side
which requires traversing half the perimeter clockwise to reach it. Here, we will
present a generalization of the Nagel point. Namely, we will prove that the cevian
triangle of a cevian triangle of ABC' is in perspective with ABC.

2. RESuULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.
Let D be some point in the plane.

Let lines AB and C'D intersect at point E.

Let lines AC' and BD intersect at point F'.

Let lines AD and BC intersect at point G.

Let H be some point in the plane.

Let lines EF and GH intersect at point 1.

Let lines EG and F'H intersect at point J.

Let lines EH and FG intersect at point K.

Then lines AI, BJ, and C'K are concurrent at point L.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp, yD)
E has coordinates ((x¢ * yp — xp *yc)/(yp — yc), 0).

F has coordinates ((xc *yp)/(zc *yp — xp *yc + yc), (Yo *yp)/(xc * yp — xp *
yo +yo))-

G has coordinates ((zp * yc)/(—zc *yp +yp + Tp * yc), (Yo * yp)/(—xc * yp +
Yp +Tp *Yc)).

H has coordinates (zy,yy).

I has coordinates

r; = —(yox(xp*(Th*yh —xo*yh —2%ToRT pRYc YD+ 25 LK Yo YD +TH kY2 — T p*
v ) xyn —2%(xo—1)*xoxrpxyh+(((4xxe—1)xxp—2%T0)* Ty —TO*Tp) ¥ Yo *xYh—
ep*((2xxp—1)*xg—ap)*yz*yp))/(((zc—1)*yp —xp*yc) *(at*yh —Tc*yh—
2k XCHRTpFYcHFYp + 2% Tk Yo *Yp+ 15 * Y2 —xpxy2)* Y+ (xo—1)* (xg+20) %Yo *
vy —((xptro—1)*rg+(2%x0—1)*0p—2%T0 ) *xy2*yH+Tp* (T +1p—2)*YS*yp)
and

yr = (yoxyp*(((rec—1)*xxoxyh —2%(xo—1)*xpxyc*yp+(xp—1)*xp*y2 ) %y —
(zr—zc)*yoryh+(Tn—2p)*yt*yp))/(xc—1)xyp —zp*yc)* (g yh —Tc*yh —
2% Te*Tp*Yo*Yp+2xToxyYoxyp+rh*ye—rp*ye) ¥ ya+(@o—1)*(xg+x0)*yo*
vy —((xptac—1)xxy+(2%xc—1)xxp—2%20 ) *Y2xyh+rp*(xg+rp—2)*xyd*yp).
J has coordinates

ry = (yp*(zox (T2 *ys —ro*ysh — 25Tk Tp*Yc*xYp+2%Tp*Yc*Yp+IH* Yyt —rp*
v&)xyg —rex((2xzo—1)*xg—x0) *yc*xyh+ (2% (2xxc—1)*xp —x0) *TH — T *
wp)*yexyp—2x(xp—1)xrpxrr*yt))/(xoxyp—(vp—1)xyc)* (28 xyh —wc*yh —
2% TR Tp*YokYp+2%Tp*Yo*Yp+Th*Ys —Tpxys )k yg —To* (T +To—2)*yc *
vy+(zptro—1)xxg+2x(xc—1)*xp—x0)*y2*ys—(xp—1)*(xg+xp)*yd*yp)
and

yr = —(ye*xyp*(((xo—1)*xoxys —2%xo*(xp—1)*yc*yp+(xp—1)*xp*y2 ) xyg+
(zn—zc)*yoryp—(ru—ap)*yt*yn))/(xcxyp—Tp*yc+ye)* (v +yh—ro*yh —
24 To*Tp*YckYp+2¥Tp*Yo*Yp+TH*Ya —Tp*ya)xyg —To* (Tg+xo—2) *yc*
v+ ((xptre—1)*xg+2%(xc—1)xxp—xc)*yé*ys—(xp—1)*(xg+xp)*y*yp).
K has coordinates

vk = ((zexyp —zp*yc)* (e — V) *zcxyp — (xp — 1) xxp * y&) ¥y — (x4 —
70) e+ b 4 (@1 — 7) * 42 +y0))(yp — y0) * (w0 — 1) 20+ gy — (2 — 1) &
Tp*xy2)kyg — (2xxo — 1) % (xg —xc) *yc xys, + (2% (xp + o — 1) g — (4%
re— V) xxp+ao)*xyt*xys — (2xxp—1)* (xg — xp) * Y2 *yp)

and

yx = (2xycxyp*((rc—1)*yp —(vp—1)*yc)* (xo*yp —rp*yc)*ym)/(yp —yc) *
(zec—1D)*zoxyh —(xp—1)*xxp*yd)*yng — (2xxc — 1) x (xg — ) *yo * Y3 + (2%
(zp+xc—1)xxg—(dxxc—1)*xp+x0)*Yd*ysh—(2%2p—1)x (v —2p)* Y *yp).
Line AI is given by the equation

y=—(yp* (((z2 —zc)*yH + (2—2xxc) *xp *yo *x yp + (¥% — xp) * y&) * yu +
(e —zg)*yo*xyh+ (xg —xp)*xyé*yp)*x) /(22 —xc) *xp*y5H + (2% T * TP —
2% e 2h) $ Yoy + (1 — ) £ g) * i + (250 — 252%) kb + (%0 —
Vxxp—2%x0)*xy —To*Tp) *Yc xyn + (xp — 2% %) *x g + %) * y& * yp).
Line BJ is given by the equation

y=—(yp* (((zc — D) xxcxyb —2xxcx(xp — 1) *xyc*yp + (xp — 1) x xp *
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ye) *yu + (xn — xc) *yo * yp — (xu — xp) x Y@+ yp) * (v — 1)) /((xp — 1) * (22 *
Yh — T *YhH — 2K ToXTp*Yo *Yp + 2% Tp * Yo * Yp + Th *x Yo — Tp *x Y2 ) * Y —
2% (zo— D) xzo*x(xg — 1) xyd + ((dxxc —3)*xp — 2520+ 1) x 2y — (3% 20 —
D)+ ) * o gy — (- 1) % (2% — 1) % 25— 25) * 42 * y).

Line C'K is given by the equation

y = (((2xye*yp*((xc —1)*yp — (xp — 1) *yc) * (vc *yp —xp*yc) *yn)/((yp —
yo)x((re— 1) xxo*xyh —(xp—1)*xp*yd)xyg — (2xxc—1)* (xg —xc) * Yo *ysH +
(2% (zp+xc—1)*xy —(d*xxc—1)*x2p+20)*Ye*yh+ (1 —2%2p) * (xg —p) *
yo*xyp) —yc)* (x—xc))/((xexyp —wp*ye) * (((xo — 1) *xo*yp — (xp—1) *xp*
ye) xyn — (xm —xc) *yo *yh + (xn —xp) *y& *yp))/((yp —yo) * ((xc — 1) * zc *
yh— (rp— 1) xxpxyd)xyg — 2xxc— 1) * (xg —xc) xyoxyh + (2% (xp+xc—1) *
vy — (dxxc— 1) *xxp+xo)*yz*xyh+ (1 —2%xp)* (g —xp) * Yy *yp) — xc) +yc-
Lines AI and BJ intersect at point L whose coordinates are given by

rp = (22 —xc)*yh + (2%xc—2%x0*2p) * Yo *xyYp + (25, —xp) *y&) *yu + (v —
o) *yc*yn+(xp—xy)*ytxyp) * (2% —xc)xxp*yh + (2% xo*Tp — 2% TO* Th ) *
yoxyp+ (5 —a%) xy2 ) xyg+ (2% xe — 2% xd )k x gy + ((dxxc— 1) *xp — 2% 20) *
wy—zc*tp)*yc*yh+((xp —2+xh ) xxy+ah)xyt*yp))/ (((wg — 2528 +38) *yp+
(dxxe—4xxd)xxh+ (dxxi —dxxo)*xp) *yoxysh + ((8xxo—4) * ) + (—2x 22 —
10%xo+4) %1%+ (2% 2% +2%x0) *Tp ) * Y2 *yh+ (—4* 2] + 8+ 1% —d*x%) ) %y xyp +
(e — 2y 3 e i (254 w2 —2522) sy + (S — Sz vy —
Ak xd + 2% 1%+ 2xx0) )+ (4dxxd — 10524 + 6% x0) *xp) *yoxyh+ (((8 — 16x 10 ) *
T+ (4xak + 12500 —4)xxp — 2% 2% — 2% x0) % w1 + (8% w0 — 4) %1% + (— 2% 2% — 2%
zo)*xp) xyd xyh+ (8% % + (dxxc—14)x 2% + (6 —4d*x0)*xp) * w1y + (—4* 00 —
2) kx4 (dkxo+2) %)) * Yk yh + ((—4xx3 +6x1% — 25w p) kr g + 25 1] — 2% 2% ) *
yoxyp)xym+ ((dxxe — 4% xd )« a2 + (dxad, —2x 22 — 2% xo) kxg — 2% 2 + 2% %) *
yoxyh+(((8xxo—4)*xp+a*xt —8xxo+1) 2%+ ((—12x 23 +4d*xc+2)* T p+ 2%
12+ 2%xc)*xy+ (6%x1E —4dxwo)*xp— 1) xyZxyh+ ((—4* 2% + (8 — 8% 1) *xp+
dxxe—2) k% +((12%x0 —2)x 2%+ (—4*xc—2)%xp ) * T+ (2— 6% 10 ) % TH + 2% 10 *
Tp)*yexyn+((4dxxh —dxxp+1)x 2%+ (2x 0% —4dxad )k x g + 2% 2% — 1% ) x YLk y)
and

yr = —(yp* (23 —xc)*yph+(2—2%x0)*xp*yo *yp +(vh —2p) ¥ Y2 ) ¥ yu +(vc —
) *ycxyh+(xg—xp)*yi*yp)x (22 —xc) *yh + (2% x0 — 2% T *Tp) * Yo *Yp +
(xh —2p)*ye) *xyn +(xn —vc)*ycxyh+(xp—ru) *yt+yn)) /[ (((v¢ — 2 ad + 38 *
yh+ ((4xxo—4xxd)xx% + (dxxk —dxxc)*xp) *yc*ys+ (8% xo —4) * 23 + (—2%
12 —10%x0+4) %1%+ (2% 22+ 2% 10) *Tp ) ¥ Y2 * Y5+ (—4x 2T + 8% 13 — Ax 1% ) * Y *
yp+ (2 —2+xh +ah) kyl) *yh + (=25 28 +4xa — 2% 28) xyp + (8% —8*xc) *
Tp—4xxd + 2% 0%+ 2% x0) )+ (dxxd — 10535 +6%20) *2p ) *yo *yh + (((8 — 16%
zo)xah+(dxat+12xxo—4)xxp —2%2% —2xx0) *x g+ (8x w0 —4) % h 4+ (—2% 12 —
2x20)xxp)*yExyh+ ((8*xh + (dxwe—14) % 2% + (6 —4d*xxc)*xp) * 2y + (—d*xe —
2) kx4 (dxxe+2) x5 * Yk yh + ((—4xx%) +6x2% — 2% p) kr g +2x 2] — 2% 2% ) *
yexyp)xym+ ((dxxe— 4% xd )« a3 + (dxad —2x 22 — 2% o) krg — 2% 2+ 2% 22) *
yoxyh+(((8xzo—4)*xp+a*xt —8xxo+1) 2%+ ((—12x2i +4d*xc+2)* T p+ 2%
12+ 2%xc) kg +(6x1E —4dxwo)*xp — 1) xyZxyh+ ((—4* 1% + (8 —8*xc)*xp+
dxxe—2)*x%+((12%x20—2) %1%+ (—4xxc—2)*xp ) ¥+ (2— 6% 1) ¥ 15 + 2% 10 %
p)*ySxyh+ ((dxxd —dsxp+1) %1% + (2% 2% — 4% 23 ) x g + 2% 0% — 22 ) *xyd*x 1y ).
We then verify that L lies on line C'K since we calculate that
((2xycxyp*((xc—1)*yp—(xp—1)*yc)*(xcxyp—rp*yc)*ym)/((yp—yo)*((xc—
D)sxzoxyh—(xp—1)xxpxyd)xyy—(2xxc—1)*(x g —xc)xycxyd+(2x(xp+rc—1)*
r—(4xxc—1)xxp+ac)*yzxyh+(1—2%zp)*(xg—xp)*ye*xyp) —yc ) *((((((zE—
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o) *xyh+(2xxo—2%x 0k p ) *Yc*xyp+ (v —xp)*y2 ) xyn+(x g —rc) *yoxyh+(rp—

2 2 _ 2 _ 2 3 2\ 2
xu)xyexyp)* (2o —xo)*x pxys+ (2% ro*xp —2%xo*xx?) ) *yoxyp+ () —x7) ) *ys ) *
Y+ (2xro—2%23 )k x gxyd +((dxzo—1)*xp—2xx0)xx g —To*xp ) *yc*yH+((xp—
Dea Yo+ Boryp ) (Do a2 sy 4 (e ey 4 (s
zo)xxp)*yoxys+((8xxo—4)krh+(—2x2% —10xxc+4) %25 + (2% 2%+ 2520 ) * T p ) *
Yexyp+(—Axap +8xah —dxad ) xylryp+(p — 2% +ap )yl xyz+((—2xa8 +4x
22— 2522 ) xyh + (((8%2% — 810 ) *x p — A% g +25% 12+ 2510 ) k2 + (432l — 10% 2%+
6xxc)xxp)*ycxyph+ (((8—16%xc)* x4+ (4xxt +12%x0—4) % p — 2% 3L — 2% T ) *
T+ (8kxo—4) a3 +(—2xx% —2%xc ) xxp ) xyixyy + ((8%xh 4 (dxxe—14) a3, +(6—
dxzo)xxp)xrg+(—4xxo—2)*xThH+ (A xo+2) x5 ) )y ok y s + ((—4* 1 + 6% 2%, — 2%
Tp)*rg+2%xh—2x23 )k ylxyp ) xyg+ ((dxxo —4xxd ) x a0k + (dxxd, — 2% 1 — 2% 30 ) *
T —2xx8+ 2572 ) *ycxyh+ (((8%xc—4)*x p+4x s —8*xo+1) %25+ ((— 125 2%+ 4%
To+2)xxp+2+xh 42510 ) kT g+ (6% 2% —dxxc ) xx p—ad ) xydryh+((— 4z +(8—8x
ro)xrpt+dxre—2) k1 +((125xx0—2)xxh 4+ (—dxxc—2)*2p ) xr g+ (2— 6% 0 ) %1%+
2xxo*rp)xySxy + (4 xh —dsxxp+1) % a0 + (2% 0% — 4% 2 ) x 1 g+ 2% 2% — %) ) vy ok
yp))—xc))/((xeryp—apxyc)*(((xe—1)*xcxyh—(wp—1)x2pxy) sy — (1n —
zo)xyoxyp+(zr—ap)*yz*yp))/ (yp—yc)*(zc—1)*xc*yph —(xp—1)*zp*ryd ) *
yr—(2xxo—1)*(xg—z0)*yc*yh+ (2% (xp+rc—1)xxy— (43T —1)*T p+TCO)*YZ *
yp+(1=2xap)*(xy—xp)*yéyp) —wc)+yc — (= (yp*(((ag—xc)*yp+(2—2xz0)*
xp*yc*yp+(ah—p)*y¢) *yn+(vc—ru)*ycxyp+(xm —wp)*y¢+yp) *(((2¢ —
ze)xyp+(2xsc—2xxo*sp)*yoxyp+(xh —rp) ¥y ) ¥yn+ (T —rc)*yoxyh+(rp—
rr)*yé*yp)) /) ((xh =252 +22)*yh+((dxxwe —4d*xl ) xah + (dxad —4*xxo ) *xp)*
yoxyh+((8xxc—4)xxh +(—2x22 — 10510 +4) % 2% + (252542520 ) * T p ) x Y2y H+
(—dxah +8%x3 —dxa2) ) xydxyp+ (vh —2xa% +2%) ) xyl ) xyh + (= 2%z +4x s, — 2%
2)xyp+ (((8%xL —8*x o) *xp— 4% T2+ 2% 0% 4+ 2% w0 ) % x g+ (422, — 10%x 2% +6%10) *
zp)*yoxyh+(((8—16%xc)xx%, + (d*xxi +12% w0 —4)kxp — 2% 2% — 2% 10 ) %2 1y + (8%
To—4)*rh+(—2x2% —2xx0) %1 p ) * YLKk yh + ((8%1h + (4 xo—14) %22 + (6 —4*x o) *
Tp ) kT g+ (—4dkro—2) %2+ (dxxo+2) %23 ) kY xyhH + ((—4xxh + 6% 2% —2%x p ) *T 5+
25— 2% Vkydoxyp ) kY +((dxw o — 4k x 2 ) kxd + (Axxd, — 2% 02, — 2% 10 ) % T — 2% Tg+
2x22 ) xycxyh+(((8xxo—4)*xx p+4xxs, —8xxo+1)*w%+((— 12522 +4xxc+2)* T p+
2xx2+2%x0)*x g+ (6xxE —4dxxo)xxp—ad ) xydxyh+((—4xxh+(8—8*x o) k1 p+4*
ro—2)xx%+((12% 20 —2) %23 +(—4d*xc—2) %2 p ) * T+ (2— 6% 20 ) %1%+ 2% T * T p ) *
vexyh+((4xah —dxxp+1)xx%+ (2x0h —dsxd ) xr g+ 2508 — 29 ) xylxy3)) = 0
as desired.

g

The point L becomes the Nagel point when D is taken to be the centroid and
AIJK is taken to be the intouch triangle of AEFG.
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FIGURE 1. The cevian triangle of a cevian triangle is in perspective
with the original triangle.
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