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1. Introduction

The Mittenpunkt [1] is the point of concurrency of the midpoints and excenters of
a triangle. It is denoted X(9) in Kimberling’s Encyclopedia of Triangle Centers.
Here, we will give a generalization of the Mittenpunkt.

2. Results

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.
Let D be some point in the plane.
Let lines AB and CD intersect at point E.
Let lines AC and BD intersect at point F .
Let lines AD and BC intersect at point G.
Let the circle passing through E,F , and G intersect line AB at point H.
Let the circle passing through E,F , and G intersect line AC at point I.
Let the circle passing through E,F , and G intersect line BC at point J .
Let K be the excenter adjacent to line AB.
Let L be the excenter adjacent to line AC.
Let M be the excenter adjacent to line BC.
Then,
1. Lines KE,LF, and MG are concurrent at point N , and
2. Lines KH,LI, and MJ are concurrent at point O.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (xCyD−xDyC

yD−yC
, 0).

F has coordinates ( xCyD
xCyD−xDyC+yC

, yCyD
xCyD−xDyC+yC

).

G has coordinates ( xDyC
−xCyD+xDyC+yD

, yCyD
−xCyD+xDyC+yD

).
H has coordinates
(−(((2xC − 1)y2C − x4

C +2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD −
1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + 2(2xC − 1)(xD −
1)x2

Dy
3
CyD−(xD−1)2x2

Dy
4
C)/(2((xC−1)yD−(xD−1)yC)((xC−1)yD−xDyC)(xCyD−

(xD − 1)yC)(xCyD − xDyC)), 0).
I has coordinates
(−(xC(((2xC−1)y2C−x4

C+2x3
C−x2

C)y
4
D−2yC((xD+xC−1)y2C−(xC−1)x2

C(2xD−
1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + 2(2xC − 1)(xD −
1)x2

Dy
3
CyD−(xD−1)2x2

Dy
4
C))/(2(y

2
C+x2

C)yD(yD−yC)((xC−1)yD−(xD−1)yC)((xC−
1)yD − xDyC)),−(yC(((2xC − 1)y2C − x4

C +2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C −

(xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +1))y2D +

2(2xC − 1)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C))/(2(y

2
C + x2

C)yD(yD − yC)((xC −
1)yD − (xD − 1)yC)((xC − 1)yD − xDyC))).
J has coordinates
((((4x2

C−3xC+1)y2C+x5
C−x4

C−x3
C+x2

C)y
4
D−2yC(((3xC−1)xD+(xC−1)(2xC−

1))y2C + 2(xC − 1)2x2
CxD)y

3
D + y2C((2xD(xD + 3xC − 2) − 3xC + 1)y2C + 2(xC −

1)2xCxD(3xD − 2))y2D − 2(xD − 1)xDy
3
C(y

2
C + (xC − 1)((2xC − 1)xD − xC))yD +

(xC−1)(xD−1)2x2
Dy

4
C)/(2(y

2
C+(xC−1)2)yD(yD−yC)(xCyD−(xD−1)yC)(xCyD−

xDyC)), (yC(((2xC − 1)y2C + x4
C − 2x3

C + x2
C)y

4
D − 2yC((xD + xC − 1)y2C + (xC −

1)2xC(2xD − 1))y3D + y2C((2xD − 1)y2C + 2(xC − 1)xD((3xC − 1)xD − 4xC + 1) +
2(xC − 1)xC)y

2
D − 2(2xC − 1)(xD − 1)2xDy

3
CyD + (xD − 1)2x2

Dy
4
C))/(2(y

2
C + (xC −

1)2)yD(yD − yC)(xCyD − (xD − 1)yC)(xCyD − xDyC))).
The incenter, P , has coordinates

xP =
xC+

√
x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

and

yP = yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

Line AK is
y = x(−xP

yP
).

Line BK is
y = (x− 1)(1−xP

yP
).

Line LM is
y = yC + (x− xC)(

xP−xC

yC−yP
).

K has coordinates (1− xP , (xP ∗ (xP − 1))/yP ).
L has coordinates
(−(yP ∗ (−x2

C + xP ∗ xC − y2C + yP ∗ yC))/(xC ∗ yP − xP ∗ yC), (xP ∗ (−x2
C + xP ∗

xC − y2C + yP ∗ yC))/(xC ∗ yP − xP ∗ yC)).
M has coordinates
(−(yP ∗(yC∗(yP−yC)+(xC−1)∗xP−x2

C+1)+(xP−1)∗yC)/((xC−1)∗yP−(xP−1)∗
yC), ((xP −1)∗(yC ∗(yP −yC)+(xC−1)∗(xP −xC)))/((xC−1)∗yP −(xP −1)∗yC)).
Line KE is given by the equation
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x( yK−yE
xK−xE

)− y + yE − xE(
yK−yE
xK−xE

) = 0.
Line LF is given by the equation
x( yL−yF

xL−xF
)− y + yF − xF (

yL−yF
xL−xF

) = 0.
Line MG is given by the equation
x( yM−yG

xM−xG
)− y + yG − xG(

yM−yG
xM−xG

) = 0.
We calculate that

det

 yK−yE
xK−xE

−1 yE − xE(
yK−yE
xK−xE

)
yL−yF
xL−xF

−1 yF − xF (
yL−yF
xL−xF

)
yM−yG
xM−xG

−1 yG − xG(
yM−yG
xM−xG

)


= −(−2∗x7

C∗x2
P ∗y3D∗yP+2∗x7

C∗xP ∗y3D∗yP+4∗x6
C∗xD∗x2

P ∗yC∗y2D∗yP−4∗x6
C∗xD∗

xP ∗yC∗y2D∗yP+2∗x6
C∗x3

P ∗y3D∗yP−2∗x6
C∗x2

P ∗yC∗y2D∗yP+4∗x6
C∗x2

P ∗y3D∗yP−2∗x6
C∗

xP ∗yC∗y3D∗y2P+2∗x6
C∗xP ∗yC∗y2D∗yP−6∗x6

C∗xP ∗y3D∗yP+x6
C∗yC∗y3D∗y2P−2∗x5

C∗
x2
D∗x2

P ∗y2C∗yD∗yP+2∗x5
C∗x2

D∗xP ∗y2C∗yD∗yP−4∗x5
C∗xD∗x3

P ∗yC∗y2D∗yP+2∗x5
C∗

xD∗x2
P ∗y2C∗yD∗yP−6∗x5

C∗xD∗x2
P ∗yC∗y2D∗yP+4∗x5

C∗xD∗xP ∗y2C∗y2D∗y2P−2∗x5
C∗

xD∗xP ∗y2C∗yD∗yP+10∗x5
C∗xD∗xP ∗yC∗y2D∗yP−2∗x5

C∗xD∗y2C∗y2D∗y2P+2∗x5
C∗x4

P ∗
yC∗y3D−4∗x5

C∗x3
P ∗yC∗y3D+2∗x5

C∗x3
P ∗yC∗y2D∗yP−6∗x5

C∗x3
P ∗y3D∗yP−4∗x5

C∗x2
P ∗y2C∗

y3D∗yP+6∗x5
C∗x2

P ∗yC∗y3D∗y2P+2∗x5
C∗x2

P ∗yC∗y3D+2∗x5
C∗x2

P ∗yC∗y2D∗yP+4∗x5
C∗xP ∗

y2C∗y3D∗yP−2∗x5
C∗xP∗y2C∗y2D∗y2P−4∗x5

C∗xP∗yC∗y2D∗yP+6∗x5
C∗xP∗y3D∗yP+x5

C∗y2C∗
y2D∗y2P−3∗x5

C∗yC∗y3D∗y2P+2∗x4
C∗x2

D∗x3
P ∗y2C∗yD∗yP+2∗x4

C∗x2
D∗x2

P ∗y2C∗yD∗yP−2∗
x4
C∗x2

D∗xP ∗y3C∗yD∗y2P−4∗x4
C∗x2

D∗xP ∗y2C∗yD∗yP+x4
C∗x2

D∗y3C∗yD∗y2P−4∗x4
C∗xD∗

x4
P ∗y2C∗y2D+8∗x4

C∗xD∗x3
P ∗y2C∗y2D−2∗x4

C∗xD∗x3
P ∗y2C∗yD∗yP+10∗x4

C∗xD∗x3
P ∗yC∗

y2D∗yP+8∗x4
C∗xD∗x2

P ∗y3C∗y2D∗yP−12∗x4
C∗xD∗x2

P ∗y2C∗y2D∗y2P−4∗x4
C∗xD∗x2

P ∗y2C∗
y2D−2∗x4

C∗xD∗x2
P ∗y2C∗yD∗yP−2∗x4

C∗xD∗x2
P ∗yC∗y2D∗yP−8∗x4

C∗xD∗xP ∗y3C∗y2D∗
yP+2∗x4

C∗xD∗xP ∗y3C∗yD∗y2P+2∗x4
C∗xD∗xP ∗y2C∗y2D∗y2P+4∗x4

C∗xD∗xP ∗y2C∗yD∗
yP−8∗x4

C∗xD∗xP ∗yC∗y2D∗yP−x4
C∗xD∗y3C∗yD∗y2P+5∗x4

C∗xD∗y2C∗y2D∗y2P−2∗x4
C∗

x5
P∗yC∗y3D+2∗x4

C∗x4
P∗y2C∗y2D+4∗x4

C∗x3
P∗y2C∗y3D∗yP−4∗x4

C∗x3
P∗y2C∗y2D−2∗x4

C∗x3
P∗

yC∗y3D∗y2P+6∗x4
C∗x3

P ∗yC∗y3D−4∗x4
C∗x3

P ∗yC∗y2D∗yP+6∗x4
C∗x3

P ∗y3D∗yP−4∗x4
C∗x2

P ∗
y3C∗y2D∗yP+4∗x4

C∗x2
P ∗y2C∗y3D∗yP+6∗x4

C∗x2
P ∗y2C∗y2D∗y2P+2∗x4

C∗x2
P ∗y2C∗y2D−12∗

x4
C∗x2

P ∗yC∗y3D∗y2P−4∗x4
C∗x2

P ∗yC∗y3D+2∗x4
C∗x2

P ∗yC∗y2D∗yP−4∗x4
C∗x2

P ∗y3D∗yP−4∗
x4
C∗xP∗y3C∗y3D∗y2P+4∗x4

C∗xP∗y3C∗y2D∗yP+4∗x4
C∗xP∗y2C∗y3D∗y3P−8∗x4

C∗xP∗y2C∗y3D∗
yP−2∗x4

C∗xP ∗y2C∗y2D∗y2P+8∗x4
C∗xP ∗yC∗y3D∗y2P+2∗x4

C∗xP ∗yC∗y2D∗yP−2∗x4
C∗xP ∗

y3D∗yP+2∗x4
C∗y3C∗y3D∗y2P−2∗x4

C∗y2C∗y3D∗y3P−2∗x4
C∗y2C∗y2D∗y2P+3∗x4

C∗yC∗y3D∗y2P+
2∗x3

C∗x2
D∗x4

P∗y3C∗yD−4∗x3
C∗x2

D∗x3
P∗y3C∗yD−4∗x3

C∗x2
D∗x3

P∗y2C∗yD∗yP−4∗x3
C∗x2

D∗
x2
P ∗y4C∗yD∗yP+6∗x3

C∗x2
D∗x2

P ∗y3C∗yD∗y2P+2∗x3
C∗x2

D∗x2
P ∗y3C∗yD+2∗x3

C∗x2
D∗x2

P ∗
y2C∗yD∗yP+4∗x3

C∗x2
D∗xP ∗y4C∗yD∗yP−2∗x3

C∗x2
D∗xP ∗y3C∗yD∗y2P+2∗x3

C∗x2
D∗xP ∗

y2C∗yD∗yP−2∗x3
C∗x2

D∗y3C∗yD∗y2P+4∗x3
C∗xD∗x5

P ∗y2C∗y2D−2∗x3
C∗xD∗x4

P ∗y3C∗yD−
2∗x3

C∗xD∗x4
P∗y2C∗y2D−8∗x3

C∗xD∗x3
P∗y3C∗y2D∗yP+4∗x3

C∗xD∗x3
P∗y3C∗yD+4∗x3

C∗xD∗
x3
P ∗y2C∗y2D∗y2P−8∗x3

C∗xD∗x3
P ∗y2C∗y2D+4∗x3

C∗xD∗x3
P ∗y2C∗yD∗yP−8∗x3

C∗xD∗x3
P ∗

yC∗y2D∗yP+4∗x3
C∗xD∗x2

P∗y4C∗yD∗yP−4∗x3
C∗xD∗x2

P∗y3C∗y2D∗yP−6∗x3
C∗xD∗x2

P∗y3C∗
yD∗y2P−2∗x3

C∗xD∗x2
P ∗y3C∗yD+18∗x3

C∗xD∗x2
P ∗y2C∗y2D∗y2P+6∗x3

C∗xD∗x2
P ∗y2C∗y2D−

2∗x3
C∗xD∗x2

P ∗y2C∗yD∗yP+6∗x3
C∗xD∗x2

P ∗yC∗y2D∗yP+8∗x3
C∗xD∗xP ∗y4C∗y2D∗y2P−4∗

x3
C∗xD∗xP ∗y4C∗yD∗yP−8∗x3

C∗xD∗xP ∗y3C∗y2D∗y3P+12∗x3
C∗xD∗xP ∗y3C∗y2D∗yP+2∗

x3
C∗xD∗xP ∗y3C∗yD∗y2P−14∗x3

C∗xD∗xP ∗y2C∗y2D∗y2P−2∗x3
C∗xD∗xP ∗y2C∗yD∗yP+2∗

x3
C∗xD∗xP ∗yC∗y2D∗yP−4∗x3

C∗xD∗y4C∗y2D∗y2P+4∗x3
C∗xD∗y3C∗y2D∗y3P+2∗x3

C∗xD∗
y3C∗yD∗y2P−4∗x3

C∗xD∗y2C∗y2D∗y2P−2∗x3
C∗x5

P ∗y2C∗y2D+4∗x3
C∗x5

P ∗yC∗y3D+2∗x3
C∗x4

P ∗
y3C∗y3D−4∗x3

C∗x4
P ∗y2C∗y3D∗yP+2∗x3

C∗x4
P ∗y2C∗y2D−6∗x3

C∗x4
P ∗yC∗y3D−4∗x3

C∗x3
P ∗y3C∗

y3D+4∗x3
C∗x3

P ∗y3C∗y2D∗yP−2∗x3
C∗x3

P ∗y2C∗y2D∗y2P+2∗x3
C∗x3

P ∗y2C∗y2D+4∗x3
C∗x3

P ∗yC∗
y3D∗y2P+2∗x3

C∗x3
P ∗yC∗y2D∗yP−2∗x3

C∗x3
P ∗y3D∗yP−2∗x3

C∗x2
P ∗y4C∗y3D∗yP+6∗x3

C∗x2
P ∗
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y3C∗y3D∗y2P+2∗x3
C∗x2

P ∗y3C∗y3D−4∗x3
C∗x2

P ∗y2C∗y3D∗y3P−6∗x3
C∗x2

P ∗y2C∗y2D∗y2P−2∗x3
C∗

x2
P ∗y2C∗y2D+6∗x3

C∗x2
P ∗yC∗y3D∗y2P+2∗x3

C∗x2
P ∗yC∗y3D−2∗x3

C∗x2
P ∗yC∗y2D∗yP+2∗x3

C∗
x2
P ∗y3D∗yP+2∗x3

C∗xP ∗y4C∗y3D∗yP−4∗x3
C∗xP ∗y4C∗y2D∗y2P+2∗x3

C∗xP ∗y3C∗y3D∗y2P+4∗
x3
C∗xP∗y3C∗y2D∗y3P−4∗x3

C∗xP∗y3C∗y2D∗yP−4∗x3
C∗xP∗y2C∗y3D∗y3P+4∗x3

C∗xP∗y2C∗y3D∗
yP+6∗x3

C∗xP ∗y2C∗y2D∗y2P−8∗x3
C∗xP ∗yC∗y3D∗y2P+2∗x3

C∗y4C∗y2D∗y2P−4∗x3
C∗y3C∗y3D∗

y2P−2∗x3
C∗y3C∗y2D∗y3P+4∗x3

C∗y2C∗y3D∗y3P+x3
C∗y2C∗y2D∗y2P−x3

C∗yC∗y3D∗y2P−2∗x2
C∗

x2
D∗x5

P ∗y3C∗yD+2∗x2
C∗x2

D∗x4
P ∗y3C∗yD+4∗x2

C∗x2
D∗x3

P ∗y4C∗yD∗yP−2∗x2
C∗x2

D∗x3
P ∗

y3C∗yD∗y2P+2∗x2
C∗x2

D∗x3
P ∗y3C∗yD+2∗x2

C∗x2
D∗x3

P ∗y2C∗yD∗yP−6∗x2
C∗x2

D∗x2
P ∗y3C∗

yD∗y2P−2∗x2
C∗x2

D∗x2
P ∗y3C∗yD−2∗x2

C∗x2
D∗x2

P ∗y2C∗yD∗yP−4∗x2
C∗x2

D∗xP ∗y5C∗yD∗
y2P+4∗x2

C∗x2
D∗xP ∗y4C∗yD∗y3P−4∗x2

C∗x2
D∗xP ∗y4C∗yD∗yP+6∗x2

C∗x2
D∗xP ∗y3C∗yD∗

y2P+2∗x2
C∗x2

D∗y5C∗yD∗y2P−2∗x2
C∗x2

D∗y4C∗yD∗y3P+x2
C∗x2

D∗y3C∗yD∗y2P+2∗x2
C∗xD∗

x5
P ∗y3C∗yD−6∗x2

C∗xD∗x5
P ∗y2C∗y2D−4∗x2

C∗xD∗x4
P ∗y4C∗y2D+8∗x2

C∗xD∗x4
P ∗y3C∗y2D∗

yP−2∗x2
C∗xD∗x4

P ∗y3C∗yD+10∗x2
C∗xD∗x4

P ∗y2C∗y2D+8∗x2
C∗xD∗x3

P ∗y4C∗y2D−4∗x2
C∗

xD∗x3
P ∗y4C∗yD∗yP−4∗x2

C∗xD∗x3
P ∗y3C∗y2D∗yP+2∗x2

C∗xD∗x3
P ∗y3C∗yD∗y2P−2∗x2

C∗
xD∗x3

P ∗y3C∗yD−6∗x2
C∗xD∗x3

P ∗y2C∗y2D∗y2P−2∗x2
C∗xD∗x3

P ∗y2C∗y2D−2∗x2
C∗xD∗x3

P ∗
y2C∗yD∗yP+2∗x2

C∗xD∗x3
P ∗yC∗y2D∗yP+4∗x2

C∗xD∗x2
P ∗y5C∗y2D∗yP−12∗x2

C∗xD∗x2
P ∗

y4C∗y2D∗y2P−4∗x2
C∗xD∗x2

P ∗y4C∗y2D+8∗x2
C∗xD∗x2

P ∗y3C∗y2D∗y3P+6∗x2
C∗xD∗x2

P ∗y3C∗
yD∗y2P+2∗x2

C∗xD∗x2
P ∗y3C∗yD−6∗x2

C∗xD∗x2
P ∗y2C∗y2D∗y2P−2∗x2

C∗xD∗x2
P ∗y2C∗y2D+

2∗x2
C∗xD∗x2

P ∗y2C∗yD∗yP−2∗x2
C∗xD∗x2

P ∗yC∗y2D∗yP−4∗x2
C∗xD∗xP ∗y5C∗y2D∗yP+4∗

x2
C∗xD∗xP ∗y5C∗yD∗y2P−4∗x2

C∗xD∗xP ∗y4C∗yD∗y3P+4∗x2
C∗xD∗xP ∗y4C∗yD∗yP+4∗

x2
C∗xD∗xP ∗y3C∗y2D∗y3P−4∗x2

C∗xD∗xP ∗y3C∗y2D∗yP−6∗x2
C∗xD∗xP ∗y3C∗yD∗y2P+10∗

x2
C∗xD∗xP ∗y2C∗y2D∗y2P−2∗x2

C∗xD∗y5C∗yD∗y2P+6∗x2
C∗xD∗y4C∗y2D∗y2P+2∗x2

C∗xD∗
y4C∗yD∗y3P−6∗x2

C∗xD∗y3C∗y2D∗y3P−x2
C∗xD∗y3C∗yD∗y2P+x2

C∗xD∗y2C∗y2D∗y2P+2∗x2
C∗

x5
P∗y2C∗y2D−2∗x2

C∗x5
P∗yC∗y3D+2∗x2

C∗x4
P∗y4C∗y2D−3∗x2

C∗x4
P∗y3C∗y3D−4∗x2

C∗x4
P∗y3C∗

y2D∗yP+6∗x2
C∗x4

P ∗y2C∗y3D∗yP−4∗x2
C∗x4

P ∗y2C∗y2D+4∗x2
C∗x4

P ∗yC∗y3D+2∗x2
C∗x3

P ∗y4C∗
y3D∗yP−4∗x2

C∗x3
P ∗y4C∗y2D−2∗x2

C∗x3
P ∗y3C∗y3D∗y2P+6∗x2

C∗x3
P ∗y3C∗y3D+4∗x2

C∗x3
P ∗y3C∗

y2D∗yP−8∗x2
C∗x3

P ∗y2C∗y3D∗yP+2∗x2
C∗x3

P ∗y2C∗y2D∗y2P+2∗x2
C∗x3

P ∗y2C∗y2D−2∗x2
C∗x3

P ∗
yC∗y3D∗y2P−2∗x2

C∗x3
P ∗yC∗y3D−2∗x2

C∗x2
P ∗y5C∗y2D∗yP+6∗x2

C∗x2
P ∗y4C∗y2D∗y2P+2∗x2

C∗
x2
P ∗y4C∗y2D−6∗x2

C∗x2
P ∗y3C∗y3D∗y2P−3∗x2

C∗x2
P ∗y3C∗y3D−4∗x2

C∗x2
P ∗y3C∗y2D∗y3P+6∗x2

C∗
x2
P ∗y2C∗y3D∗y3P+2∗x2

C∗x2
P ∗y2C∗y3D∗yP−2∗x2

C∗xP ∗y5C∗y3D∗y2P+2∗x2
C∗xP ∗y5C∗y2D∗

yP+4∗x2
C∗xP ∗y4C∗y3D∗y3P−2∗x2

C∗xP ∗y4C∗y3D∗yP−2∗x2
C∗xP ∗y4C∗y2D∗y2P−2∗x2

C∗xP ∗
y3C∗y3D∗y4P+4∗x2

C∗xP ∗y3C∗y3D∗y2P−2∗x2
C∗xP ∗y2C∗y3D∗y3P−2∗x2

C∗xP ∗y2C∗y2D∗y2P+2∗
x2
C∗xP ∗yC∗y3D∗y2P+x2

C∗y5C∗y3D∗y2P−2∗x2
C∗y4C∗y3D∗y3P−2∗x2

C∗y4C∗y2D∗y2P+x2
C∗y3C∗

y3D∗y4P+2∗x2
C∗y3C∗y3D∗y2P+2∗x2

C∗y3C∗y2D∗y3P−2∗x2
C∗y2C∗y3D∗y3P+2∗xC∗x2

D∗x5
P ∗y3C∗

yD+2∗xC∗x2
D∗x4

P∗y5C∗yD−4∗xC∗x2
D∗x4

P∗y4C∗yD∗yP−4∗xC∗x2
D∗x4

P∗y3C∗yD−4∗xC∗
x2
D∗x3

P ∗y5C∗yD+4∗xC∗x2
D∗x3

P ∗y4C∗yD∗yP+2∗xC∗x2
D∗x3

P ∗y3C∗yD∗y2P+2∗xC∗x2
D∗

x3
P ∗y3C∗yD−2∗xC∗x2

D∗x2
P ∗y6C∗yD∗yP+6∗xC∗x2

D∗x2
P ∗y5C∗yD∗y2P+2∗xC∗x2

D∗x2
P ∗

y5C∗yD−4∗xC∗x2
D∗x2

P ∗y4C∗yD∗y3P+2∗xC∗x2
D∗xP ∗y6C∗yD∗yP−2∗xC∗x2

D∗xP ∗y5C∗
yD∗y2P−2∗xC∗x2

D∗xP∗y3C∗yD∗y2P−2∗xC∗x2
D∗y5C∗yD∗y2P+2∗xC∗x2

D∗y4C∗yD∗y3P−2∗
xC∗xD∗x5

P ∗y3C∗yD+2∗xC∗xD∗x5
P ∗y2C∗y2D−2∗xC∗xD∗x4

P ∗y5C∗yD+4∗xC∗xD∗x4
P ∗

y4C∗y2D+4∗xC∗xD∗x4
P ∗y4C∗yD∗yP−8∗xC∗xD∗x4

P ∗y3C∗y2D∗yP+4∗xC∗xD∗x4
P ∗y3C∗

yD−4∗xC∗xD∗x4
P∗y2C∗y2D−4∗xC∗xD∗x3

P∗y5C∗y2D∗yP+4∗xC∗xD∗x3
P∗y5C∗yD+4∗xC∗

xD∗x3
P ∗y4C∗y2D∗y2P−8∗xC∗xD∗x3

P ∗y4C∗y2D−4∗xC∗xD∗x3
P ∗y4C∗yD∗yP+12∗xC∗xD∗

x3
P ∗y3C∗y2D∗yP−2∗xC∗xD∗x3

P ∗y3C∗yD∗y2P−2∗xC∗xD∗x3
P ∗y3C∗yD+2∗xC∗xD∗x3

P ∗
y2C∗y2D∗y2P+2∗xC∗xD∗x3

P ∗y2C∗y2D+2∗xC∗xD∗x2
P ∗y6C∗yD∗yP+2∗xC∗xD∗x2

P ∗y5C∗
y2D∗yP−6∗xC∗xD∗x2

P ∗y5C∗yD∗y2P−2∗xC∗xD∗x2
P ∗y5C∗yD+6∗xC∗xD∗x2

P ∗y4C∗y2D∗
y2P+4∗xC∗xD∗x2

P ∗y4C∗y2D+4∗xC∗xD∗x2
P ∗y4C∗yD∗y3P−8∗xC∗xD∗x2

P ∗y3C∗y2D∗y3P−
4∗xC∗xD∗x2

P ∗y3C∗y2D∗yP+4∗xC∗xD∗xP ∗y6C∗y2D∗y2P−2∗xC∗xD∗xP ∗y6C∗yD∗yP−
8∗xC∗xD∗xP ∗y5C∗y2D∗y3P+2∗xC∗xD∗xP ∗y5C∗y2D∗yP+2∗xC∗xD∗xP ∗y5C∗yD∗y2P+4∗
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xC∗xD∗xP ∗y4C∗y2D∗y4P−6∗xC∗xD∗xP ∗y4C∗y2D∗y2P+4∗xC∗xD∗xP ∗y3C∗y2D∗y3P+2∗
xC∗xD∗xP ∗y3C∗yD∗y2P−2∗xC∗xD∗xP ∗y2C∗y2D∗y2P−2∗xC∗xD∗y6C∗y2D∗y2P+4∗xC∗
xD∗y5C∗y2D∗y3P+2∗xC∗xD∗y5C∗yD∗y2P−2∗xC∗xD∗y4C∗y2D∗y4P−2∗xC∗xD∗y4C∗y2D∗
y2P−2∗xC∗xD∗y4C∗yD∗y3P+2∗xC∗xD∗y3C∗y2D∗y3P−xC∗x4

P ∗y4C∗y2D+xC∗x4
P ∗y3C∗y3D+

2∗xC∗x4
P ∗y3C∗y2D∗yP−2∗xC∗x4

P ∗y2C∗y3D∗yP+2∗xC∗x3
P ∗y5C∗y2D∗yP−2∗xC∗x3

P ∗y4C∗
y3D∗yP−2∗xC∗x3

P ∗y4C∗y2D∗y2P+2∗xC∗x3
P ∗y4C∗y2D+2∗xC∗x3

P ∗y3C∗y3D∗y2P−2∗xC∗x3
P ∗

y3C∗y3D−4∗xC∗x3
P ∗y3C∗y2D∗yP+4∗xC∗x3

P ∗y2C∗y3D∗yP−2∗xC∗x2
P ∗y5C∗y2D∗yP+2∗xC∗

x2
P ∗y4C∗y3D∗yP−xC∗x2

P ∗y4C∗y2D+xC∗x2
P ∗y3C∗y3D+2∗xC∗x2

P ∗y3C∗y2D∗y3P+2∗xC∗x2
P ∗

y3C∗y2D∗yP−2∗xC∗x2
P ∗y2C∗y3D∗y3P−2∗xC∗x2

P ∗y2C∗y3D∗yP−2∗xC∗xP ∗y6C∗y2D∗y2P+
2∗xC∗xP ∗y5C∗y3D∗y2P+4∗xC∗xP ∗y5C∗y2D∗y3P−4∗xC∗xP ∗y4C∗y3D∗y3P−2∗xC∗xP ∗y4C∗
y2D∗y4P+2∗xC∗xP ∗y4C∗y2D∗y2P+2∗xC∗xP ∗y3C∗y3D∗y4P−2∗xC∗xP ∗y3C∗y3D∗y2P−2∗xC∗
xP ∗y3C∗y2D∗y3P+2∗xC∗xP ∗y2C∗y3D∗y3P+xC∗y6C∗y2D∗y2P−xC∗y5C∗y3D∗y2P−2∗xC∗y5C∗
y2D∗y3P+2∗xC∗y4C∗y3D∗y3P+xC∗y4C∗y2D∗y4P−xC∗y3C∗y3D∗y4P−x2

D∗x4
P ∗y5C∗yD+2∗x2

D∗
x4
P ∗y4C∗yD∗yP+2∗x2

D∗x3
P ∗y6C∗yD∗yP−2∗x2

D∗x3
P ∗y5C∗yD∗y2P+2∗x2

D∗x3
P ∗y5C∗yD−4∗

x2
D∗x3

P ∗y4C∗yD∗yP−2∗x2
D∗x2

P ∗y6C∗yD∗yP−x2
D∗x2

P ∗y5C∗yD+2∗x2
D∗x2

P ∗y4C∗yD∗y3P+
2∗x2

D∗x2
P ∗y4C∗yD∗yP−2∗x2

D∗xP ∗y7C∗yD∗y2P+4∗x2
D∗xP ∗y6C∗yD∗y3P−2∗x2

D∗xP ∗y5C∗
yD∗y4P+2∗x2

D∗xP ∗y5C∗yD∗y2P−2∗x2
D∗xP ∗y4C∗yD∗y3P+x2

D∗y7C∗yD∗y2P−2∗x2
D∗y6C∗

yD∗y3P+x2
D∗y5C∗yD∗y4P+xD∗x4

P ∗y5C∗yD−xD∗x4
P ∗y4C∗y2D−2∗xD∗x4

P ∗y4C∗yD∗yP+2∗
xD∗x4

P∗y3C∗y2D∗yP−2∗xD∗x3
P∗y6C∗yD∗yP+2∗xD∗x3

P∗y5C∗y2D∗yP+2∗xD∗x3
P∗y5C∗yD∗

y2P−2∗xD∗x3
P∗y5C∗yD−2∗xD∗x3

P∗y4C∗y2D∗y2P+2∗xD∗x3
P∗y4C∗y2D+4∗xD∗x3

P∗y4C∗yD∗
yP−4∗xD∗x3

P ∗y3C∗y2D∗yP+2∗xD∗x2
P ∗y6C∗yD∗yP−2∗xD∗x2

P ∗y5C∗y2D∗yP+xD∗x2
P ∗

y5C∗yD−xD∗x2
P ∗y4C∗y2D−2∗xD∗x2

P ∗y4C∗yD∗y3P−2∗xD∗x2
P ∗y4C∗yD∗yP+2∗xD∗x2

P ∗
y3C∗y2D∗y3P+2∗xD∗x2

P ∗y3C∗y2D∗yP+2∗xD∗xP ∗y7C∗yD∗y2P−2∗xD∗xP ∗y6C∗y2D∗y2P−4∗
xD∗xP∗y6C∗yD∗y3P+4∗xD∗xP∗y5C∗y2D∗y3P+2∗xD∗xP∗y5C∗yD∗y4P−2∗xD∗xP∗y5C∗yD∗
y2P−2∗xD∗xP∗y4C∗y2D∗y4P+2∗xD∗xP∗y4C∗y2D∗y2P+2∗xD∗xP∗y4C∗yD∗y3P−2∗xD∗xP∗
y3C∗y2D∗y3P−xD∗y7C∗yD∗y2P+xD∗y6C∗y2D∗y2P+2∗xD∗y6C∗yD∗y3P−2∗xD∗y5C∗y2D∗y3P−
xD∗y5C∗yD∗y4P+xD∗y4C∗y2D∗y4P )/(yP ∗(yC−yD+xC∗yD−xD∗yC−xP ∗yC+xP ∗yD)∗
(y2C∗y2P−y3C∗yP−x2

C∗yC∗yP+x2
C∗yD∗yP+xD∗y3C∗yP−x3

C∗yD∗yP−xD∗y2C∗y2P−xC∗
xP ∗yC∗yD+xC∗xP ∗yC∗yP+x2

C∗xD∗yC∗yP+x2
C∗xP ∗yD∗yP+xC∗yC∗yD∗y2P−xC∗

y2C∗yD∗yP−xC∗xD∗xP∗yC∗yP )∗(yC∗yD−yD∗yP+x2
C∗yD∗yP+xD∗y3C∗yP−x3

C∗yD∗
yP−yC∗yD∗y2P+y2C∗yD∗yP−xD∗y2C∗y2P−xC∗yC∗yD+xC∗yD∗yP−xP ∗yC∗yD+xP ∗
yD∗yP−xC∗xD∗yC∗yP+xC∗xP ∗yC∗yD−2∗xC∗xP ∗yD∗yP+xD∗xP ∗yC∗yP+x2

C∗
xD∗yC∗yP+x2

C∗xP ∗yD∗yP+xC∗yC∗yD∗y2P−xC∗y2C∗yD∗yP−xC∗xD∗xP ∗yC∗yP )).
We substitute the values of xP and yP into the above expression and one can verify
that it evaluates to 0 as desired. Thus, we’ve shown that lines KE,LF, and MG
are concurrent.
Line KH is given by the equation
x( yH−yK

xH−xK
)− y + yK − xK(

yH−yK
xH−xK

) = 0.
Line LI is given by the equation
x( yI−yL

xI−xL
)− y + yL − xL(

yI−yL
xI−xL

) = 0.
Line MJ is given by the equation
x( yJ−yM

xJ−xM
)− y + yM − xM( yJ−yM

xJ−xM
) = 0.

We remark that since D is arbitrary, the above result holds for any three concur-
rent cevians. In [2], we showed that lines AJ,BI, and CH are in fact concurrent
cevians. This means, by combining that result with the above, we have that lines
KH,LI, and MJ are concurrent as desired. □

The point N becomes the mittenpunkt when D is taken to be the centroid.
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Figure 1. Illustration.
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