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1. Introduction

Schiffler’s theorem [1] is a recent result in triangle geometry from the 1980’s.
It states that if one partitions a triangle into three others by the incenter and
the vertices, then the Euler lines of those three triangles and the original are
concurrent. Here, we give a generalization of this result using ideas from [2] and
[3].

2. Result

Theorem 2.1. Let A, B, and C denote the vertices of a given triangle.
Let D be the incenter of A,B, and C.
Let E be a point on line AD.
Let F be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line CD such that CG : DG = AE : DE.
Let H be the midpoint of E and F .
Let I be the midpoint of E and G.
Let J be the midpoint of F and G.
Let K be the midpoint of D and E.
Let L be the midpoint of D and F .
Let M be the midpoint of D and G.
Let lines AL,BK, and DH intersect at point N .
Let lines BM , CL, and DJ intersect at point O.
Let lines AM , CK, and DI intersect at point P .

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Let Q be the circumcenter of A,B, and C.
Let R be the nine point center of E,F , and G.
Let S be the circumcenter of A,B, and D.
Let T be the circumcenter of B,C, and D.
Let U be the circumcenter of A,C, and D.
Let V be the nine point center of D,E, and F .
Let W be the nine point center of D,F , and G.
Let Z be the nine point center of D,E, and G.
Then lines NSV,OTW,PUZ, and QR are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).

D has coordinates (
xC+

√
x2
C+y2C

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

, yC

1+
√

x2
C+y2C+

√
(xC−1)2+y2C

).

E has coordinates (xE,
xEyD
xD

).
F has coordinates (1 + xE(xD−1)

xD
, xEyD

xD
).

G has coordinates (xC + xE(xD−xC)
xD

, yC + xE(yD−yC)
xD

).
H has coordinates (1

2
(xE + 1 + xE(xD−1)

xD
), xEyD

xD
).

I has coordinates (1
2
(xE + xC + xE(xD−xC)

xD
), 2xEyD+yC(xD−xE)

2xD
).

J has coordinates (xD(xC+1)+xE(2xD−xC−1)
2xD

, 2xEyD+yC(xD−xE)
2xD

).

K has coordinates (1
2
(xD + xE),

1
2
(yD + xEyD

xD
)).

L has coordinates (1
2
(xD + 1 + xE(xD−1)

xD
), 1

2
(yD + xEyD

xD
)).

M has coordinates (1
2
(xD + xC + xE(xD−xC)

xD
), 1

2
(yD + yC + xE(yD−yC)

xD
)).

N has coordinates (
−x2

D−xDxE−xD+xE

xE−3xD
, yD(xD+xE)

3xD−xE
).

O has coordinates (
xD−xE+xCxD−xCxE+xDxE+x2

D

3xD−xE
, xDyC+xDyD−xEyC+xEyD

3xD−xE
).

P has coordinates (
−xCxD+xCxE−x2

D−xDxE

xE−3xD
, −xDyC−xDyD+xEyC−xEyD

xE−3xD
).

Q has coordinates (1
2
,
xC(xC−1)+y2C

2yC
).

R has coordinates (xD(2xC+1)+xE(4xD−2xC−1)
4xD

,
4xEyCyD+y2C(xD−xE)+xE(x2

C−xC)+xD(xC−x2
C)

4xDyC
).

S has coordinates (1
2
,
xD(xD−1)+y2D

2yD
).

T has coordinates (x
2
CyD−x2

DyC+y2CyD−yCy2D+yC−yD
2(xCyD−xDyC+yC−yD)

,
−x2

CxD+x2
C+xCx2

D+xCy2D−xC−x2
D−xDy2C+xD+y2C−y2D

2(xCyD−xDyC+yC−yD)
).

U has coordinates (
x2
CyD−x2

DyC+y2CyD−yCy2D
2(xCyD−xDyC)

,
−x2

CxD+xCx2
D+xCy2D−xDy2C

2(xCyD−xDyC)
).

V has coordinates (xD(2xD+1)+xE(2xD−1)
4xD

,
y2D(3xE+xD)+xDxE(xD−1)−x3

D+x2
D

4xDyD
).

W has coordinates
(−((xE − xD)yCy

2
D − (xEy

2
C − xDy

2
C + 2xCxDxE − 2xDxE − x2

CxE + xE + (xC −
1)xD(2xD+xC+1))yD+(xD−1)((3xD−2xC−1)xE+xD(xD+2xC+1))yC)/(4xD((xC−
1)yD−(xD−1)yC)), ((xC−1)(3xE+xD)y

2
D−2((xD+xC−2)xE+xD(xD−xC))yCyD+

(xD−1)(xE −xD)y
2
C +(xC −1)(xD−1)(xD−xC)xE − (xC −1)x3

D+(xC −1)(xC +
1)x2

D − (xC − 1)xCxD)/(4xD((xC − 1)yD − (xD − 1)yC))).
Z has coordinates
(−((xE − xD)yCy

2
D + ((xD − xE)y

2
C + (x2

C − 2xCxD)xE − 2xCx
2
D − x2

CxD)yD +
((3x2

D − 2xCxD)xE + x3
D + 2xCx

2
D)yC)/(4xD(xCyD − xDyC)), (xC(3xE + xD)y

2
D −



Benjamin Lee Warren 244

2(xDxE+xCxE+x2
D−xCxD)yCyD+xD(xE−xD)y

2
C+xCxD(xD−xC)xE−xCx

3
D+

x2
Cx

2
D)/(4xD(xCyD − xDyC))).

Line NSV is given by the equation
y = (((3xE − xD)y

2
D + (xD − 1)xDxE − 3x3

D + 3x2
D)x + ((xD − 2)xE + x2

D)y
2
D +

(xD − 1)2xDxE + x4
D − x2

D)/((2xD − 1)(xE + xD)yD)
⇐⇒
x( yN−yS

xN−xS
)− y + yS − xS(

yN−yS
xN−xS

) = 0.
Line OTW is given by the equation
y = (((xEyD + xDyD − xEyC + xDyC)/(3xD − xE) − (xCy

2
D − y2D − xDy

2
C + y2C +

xCx
2
D − x2

D − x2
CxD + xD + x2

C − xC)/(2(xCyD − yD − xDyC + yC)))(x− (xDxE −
xCxE −xE +x2

D +xCxD +xD)/(3xD −xE)))/((xDxE −xCxE −xE +x2
D +xCxD +

xD)/(3xD − xE) − (−yCy
2
D + y2CyD + x2

CyD − yD − x2
DyC + yC)/(2(xCyD − yD −

xDyC + yC))) + (xEyD + xDyD − xEyC + xDyC)/(3xD − xE)
⇐⇒
x( yO−yT

xO−xT
)− y + yT − xT (

yO−yT
xO−xT

) = 0.
Line PUZ is given by the equation
y = (((−xEyD − xDyD + xEyC − xDyC)/(xE − 3xD) − (xCy

2
D − xDy

2
C + xCx

2
D −

x2
CxD)/(2(xCyD−xDyC)))(x−(−xDxE+xCxE−x2

D−xCxD)/(xE−3xD)))/((−xDxE+
xCxE − x2

D − xCxD)/(xE − 3xD) − (−yCy
2
D + y2CyD + x2

CyD − x2
DyC)/(2(xCyD −

xDyC))) + (−xEyD − xDyD + xEyC − xDyC)/(xE − 3xD)
⇐⇒
x( yP−yU

xP−xU
)− y + yU − xU(

yP−yU
xP−xU

) = 0.
Line QR is given by the equation
y = (((4xEyCyD + (xD − xE)y

2
C + (x2

C − xC)xE + (xC − x2
C)xD)/(4xDyC)− (y2C +

(xC −1)xC)/(2yC))(x−1/2))/(((4xD−2xC −1)xE+(2xC +1)xD)/(4xD)−1/2)+
(y2C + (xC − 1)xC)/(2yC)
⇐⇒
x(

yQ−yR
xQ−xR

)− y + yR − xR(
yQ−yR
xQ−xR

) = 0.

We evaluate the determinants

det

 yN−yS
xN−xS

−1 yS − xS(
yN−yS
xN−xS

)
yO−yT
xO−xT

−1 yT − xT (
yO−yT
xO−xT

)
yP−yU
xP−xU

−1 yU − xU(
yP−yU
xP−xU

)


and

det


yN−yS
xN−xS

−1 yS − xS(
yN−yS
xN−xS

)
yO−yT
xO−xT

−1 yT − xT (
yO−yT
xO−xT

)
yQ−yR
xQ−xR

−1 yR − xR(
yQ−yR
xQ−xR

)

 .

The determinant of first matrix is
(−3∗x5

C∗x4
D∗yD+4∗x5

C∗x3
D∗xE∗yD+3∗x5

C∗x3
D∗yD−x5

C∗x2
D∗x2

E∗yD−4∗x5
C∗x2

D∗xE∗
yD−x5

C∗x2
D∗y3D+x5

C∗xD∗x2
E∗yD+4∗x5

C∗xD∗xE∗y3D−3∗x5
C∗x2

E∗y3D+3∗x4
C∗x5

D∗yD−
4∗x4

C∗x4
D∗xE∗yD+3∗x4

C∗x4
D∗yD+x4

C∗x3
D∗x2

E∗yD−4∗x4
C∗x3

D∗xE∗yD−2∗x4
C∗x3

D∗
yC∗y2D+3∗x4

C∗x3
D∗y3D−6∗x4

C∗x3
D∗yD+x4

C∗x2
D∗x2

E∗yD−12∗x4
C∗x2

D∗xE∗y3D+8∗x4
C∗

x2
D∗xE∗yD+x4

C∗x2
D∗yC∗y2D+x4

C∗x2
D∗y3D+2∗x4

C∗xD∗x2
E∗yC∗y2D+9∗x4

C∗xD∗x2
E∗y3D−

2∗x4
C∗xD∗x2

E∗yD−4∗x4
C∗xD∗xE∗y3D−x4

C∗x2
E∗yC∗y2D+3∗x4

C∗x2
E∗y3D+3∗x3

C∗x6
D∗

yC−4∗x3
C∗x5

D∗xE∗yC−6∗x3
C∗x5

D∗yC−6∗x3
C∗x5

D∗yD+x3
C∗x4

D∗x2
E∗yC+8∗x3

C∗x4
D∗

xE∗yC+8∗x3
C∗x4

D∗xE∗yD−6∗x3
C∗x4

D∗y2C∗yD+6∗x3
C∗x4

D∗yC∗y2D+3∗x3
C∗x4

D∗yC+
3∗x3

C∗x4
D∗yD−2∗x3

C∗x3
D∗x2

E∗yC−2∗x3
C∗x3

D∗x2
E∗yD+8∗x3

C∗x3
D∗xE∗y2C∗yD−4∗x3

C∗
x3
D∗xE∗yC−4∗x3

C∗x3
D∗xE∗yD+6∗x3

C∗x3
D∗y2C∗yD−2∗x3

C∗x3
D∗yC∗y2D−6∗x3

C∗x3
D∗

y3D+3∗x3
C∗x3

D∗yD−2∗x3
C∗x2

D∗x2
E∗y2C∗yD−6∗x3

C∗x2
D∗x2

E∗yC∗y2D+x3
C∗x2

D∗x2
E∗yC+
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x3
C∗x2

D∗x2
E∗yD−8∗x3

C∗x2
D∗xE∗y2C∗yD+24∗x3

C∗x2
D∗xE∗y3D−4∗x3

C∗x2
D∗xE∗yD−2∗

x3
C∗x2

D∗y2C∗y3D+3∗x3
C∗x2

D∗yC∗y4D−3∗x3
C∗x2

D∗yC∗y2D+x3
C∗x2

D∗y3D+2∗x3
C∗xD∗x2

E∗
y2C∗yD+2∗x3

C∗xD∗x2
E∗yC∗y2D−18∗x3

C∗xD∗x2
E∗y3D+x3

C∗xD∗x2
E∗yD+8∗x3

C∗xD∗xE∗
y2C∗y3D−12∗x3

C∗xD∗xE∗yC∗y4D+4∗x3
C∗xD∗xE∗yC∗y2D−4∗x3

C∗xD∗xE∗y3D−6∗x3
C∗

x2
E∗y2C∗y3D+9∗x3

C∗x2
E∗yC∗y4D−x3

C∗x2
E∗yC∗y2D+3∗x3

C∗x2
E∗y3D−3∗x2

C∗x7
D∗yC+4∗

x2
C∗x6

D∗xE∗yC+3∗x2
C∗x6

D∗yC−x2
C∗x5

D∗x2
E∗yC−4∗x2

C∗x5
D∗xE∗yC+6∗x2

C∗x5
D∗y2C∗

yD−6∗x2
C∗x5

D∗yC∗y2D+3∗x2
C∗x5

D∗yC+3∗x2
C∗x5

D∗yD+x2
C∗x4

D∗x2
E∗yC−8∗x2

C∗x4
D∗

xE∗y2C∗yD+16∗x2
C∗x4

D∗xE∗yC∗y2D−4∗x2
C∗x4

D∗xE∗yC−4∗x2
C∗x4

D∗xE∗yD−3∗x2
C∗

x4
D∗yC−3∗x2

C∗x4
D∗yD+2∗x2

C∗x3
D∗x2

E∗y2C∗yD−10∗x2
C∗x3

D∗x2
E∗yC∗y2D+x2

C∗x3
D∗x2

E∗
yC+x2

C∗x3
D∗x2

E∗yD−24∗x2
C∗x3

D∗xE∗yC∗y2D+4∗x2
C∗x3

D∗xE∗yC+4∗x2
C∗x3

D∗xE∗yD−
4∗x2

C∗x3
D∗y3C∗y2D+6∗x2

C∗x3
D∗y2C∗y3D−6∗x2

C∗x3
D∗y2C∗yD−3∗x2

C∗x3
D∗yC∗y4D+5∗x2

C∗
x3
D∗yC∗y2D+3∗x2

C∗x3
D∗y3D+24∗x2

C∗x2
D∗x2

E∗yC∗y2D−x2
C∗x2

D∗x2
E∗yC−x2

C∗x2
D∗x2

E∗
yD−8∗x2

C∗x2
D∗xE∗y2C∗y3D+8∗x2

C∗x2
D∗xE∗y2C∗yD+12∗x2

C∗x2
D∗xE∗yC∗y4D+4∗x2

C∗
x2
D∗xE∗yC∗y2D−12∗x2

C∗x2
D∗xE∗y3D+2∗x2

C∗x2
D∗y3C∗y2D−3∗x2

C∗x2
D∗yC∗y4D+2∗x2

C∗
x2
D∗yC∗y2D−x2

C∗x2
D∗y3D+4∗x2

C∗xD∗x2
E∗y3C∗y2D+2∗x2

C∗xD∗x2
E∗y2C∗y3D−2∗x2

C∗xD∗
x2
E∗y2C∗yD−9∗x2

C∗xD∗x2
E∗yC∗y4D−9∗x2

C∗xD∗x2
E∗yC∗y2D+9∗x2

C∗xD∗x2
E∗y3D−8∗

x2
C∗xD∗xE∗y2C∗y3D+12∗x2

C∗xD∗xE∗yC∗y4D−4∗x2
C∗xD∗xE∗yC∗y2D+4∗x2

C∗xD∗xE∗
y3D−2∗x2

C∗x2
E∗y3C∗y2D+8∗x2

C∗x2
E∗y2C∗y3D−9∗x2

C∗x2
E∗yC∗y4D+2∗x2

C∗x2
E∗yC∗y2D−3∗

x2
C∗x2

E∗y3D+3∗xC∗x7
D∗yC−4∗xC∗x6

D∗xE∗yC+3∗xC∗x6
D∗y3C−2∗xC∗x6

D∗y2C∗yD−6∗
xC∗x6

D∗yC+xC∗x5
D∗x2

E∗yC−4∗xC∗x5
D∗xE∗y3C−8∗xC∗x5

D∗xE∗y2C∗yD+8∗xC∗x5
D∗

xE∗yC−6∗xC∗x5
D∗y3C−2∗xC∗x5

D∗y2C∗yD+6∗xC∗x5
D∗yC∗y2D+3∗xC∗x5

D∗yC+xC∗
x4
D∗x2

E∗y3C+10∗xC∗x4
D∗x2

E∗y2C∗yD−2∗xC∗x4
D∗x2

E∗yC+8∗xC∗x4
D∗xE∗y3C+24∗xC∗

x4
D∗xE∗y2C∗yD−16∗xC∗x4

D∗xE∗yC∗y2D−4∗xC∗x4
D∗xE∗yC−3∗xC∗x4

D∗y4C∗yD+6∗
xC∗x4

D∗y3C∗y2D+3∗xC∗x4
D∗y3C−4∗xC∗x4

D∗y2C∗y3D+5∗xC∗x4
D∗y2C∗yD−6∗xC∗x4

D∗yC∗
y2D−2∗xC∗x3

D∗x2
E∗y3C−22∗xC∗x3

D∗x2
E∗y2C∗yD+10∗xC∗x3

D∗x2
E∗yC∗y2D+xC∗x3

D∗
x2
E∗yC+4∗xC∗x3

D∗xE∗y4C∗yD−4∗xC∗x3
D∗xE∗y3C−20∗xC∗x3

D∗xE∗y2C∗yD+24∗xC∗
x3
D∗xE∗yC∗y2D+3∗xC∗x3

D∗y4C∗yD−2∗xC∗x3
D∗y3C∗y2D−2∗xC∗x3

D∗y2C∗y3D−xC∗x3
D∗

y2C∗yD+3∗xC∗x3
D∗yC∗y4D−xC∗x3

D∗yC∗y2D−xC∗x2
D∗x2

E∗y4C∗yD−6∗xC∗x2
D∗x2

E∗y3C∗
y2D+xC∗x2

D∗x2
E∗y3C+4∗xC∗x2

D∗x2
E∗y2C∗y3D+15∗xC∗x2

D∗x2
E∗y2C∗yD−18∗xC∗x2

D∗
x2
E∗yC∗y2D−4∗xC∗x2

D∗xE∗y4C∗yD+8∗xC∗x2
D∗xE∗y2C∗y3D+4∗xC∗x2

D∗xE∗y2C∗yD−
12∗xC∗x2

D∗xE∗yC∗y4D−4∗xC∗x2
D∗xE∗yC∗y2D−xC∗x2

D∗y4C∗y3D+3∗xC∗x2
D∗y3C∗y4D−

3∗xC∗x2
D∗y3C∗y2D−2∗xC∗x2

D∗y2C∗y5D+3∗xC∗x2
D∗y2C∗y3D+xC∗xD∗x2

E∗y4C∗yD+2∗xC∗
xD∗x2

E∗y3C∗y2D−6∗xC∗xD∗x2
E∗y2C∗y3D−3∗xC∗xD∗x2

E∗y2C∗yD+9∗xC∗xD∗x2
E∗yC∗

y4D+5∗xC∗xD∗x2
E∗yC∗y2D+4∗xC∗xD∗xE∗y4C∗y3D−12∗xC∗xD∗xE∗y3C∗y4D+4∗xC∗

xD∗xE∗y3C∗y2D+8∗xC∗xD∗xE∗y2C∗y5D−4∗xC∗xD∗xE∗y2C∗y3D−3∗xC∗x2
E∗y4C∗y3D+

9∗xC∗x2
E∗y3C∗y4D−xC∗x2

E∗y3C∗y2D−6∗xC∗x2
E∗y2C∗y5D+xC∗x2

E∗y2C∗y3D−x7
D∗y3C+4∗

x6
D∗xE∗y3C+x6

D∗y3C+x6
D∗y2C∗yD−3∗x5

D∗x2
E∗y3C−8∗x5

D∗xE∗y3C+4∗x5
D∗xE∗y2C∗yD+

3∗x5
D∗y4C∗yD−2∗x5

D∗y3C∗y2D+x5
D∗y3C−3∗x5

D∗y2C∗yD+7∗x4
D∗x2

E∗y3C−5∗x4
D∗x2

E∗y2C∗
yD−4∗x4

D∗xE∗y4C∗yD+4∗x4
D∗xE∗y3C−4∗x4

D∗xE∗y2C∗yD−3∗x4
D∗y4C∗yD−x4

D∗y3C+
2∗x4

D∗y2C∗y3D+2∗x4
D∗y2C∗yD+x3

D∗x2
E∗y4C∗yD+2∗x3

D∗x2
E∗y3C∗y2D−5∗x3

D∗x2
E∗y3C+

7∗x3
D∗x2

E∗y2C∗yD+4∗x3
D∗xE∗y4C∗yD−2∗x3

D∗y5C∗y2D+3∗x3
D∗y4C∗y3D−x3

D∗y3C∗y4D+
3∗x3

D∗y3C∗y2D−3∗x3
D∗y2C∗y3D−x2

D∗x2
E∗y4C∗yD+x2

D∗x2
E∗y3C−2∗x2

D∗x2
E∗y2C∗y3D−2∗

x2
D∗x2

E∗y2C∗yD+4∗x2
D∗xE∗y4C∗y3D−4∗x2

D∗xE∗y3C∗y4D−4∗x2
D∗xE∗y3C∗y2D+4∗x2

D∗
xE∗y2C∗y3D+x2

D∗y5C∗y2D−x2
D∗y4C∗y3D−x2

D∗y3C∗y4D+x2
D∗y2C∗y5D+2∗xD∗x2

E∗y5C∗y2D−
7∗xD∗x2

E∗y4C∗y3D+5∗xD∗x2
E∗y3C∗y4D+xD∗x2

E∗y3C∗y2D−xD∗x2
E∗y2C∗y3D−4∗xD∗xE∗

y4C∗y3D+8∗xD∗xE∗y3C∗y4D−4∗xD∗xE∗y2C∗y5D−x2
E∗y5C∗y2D+5∗x2

E∗y4C∗y3D−7∗x2
E∗y3C∗

y4D+3∗x2
E∗y2C∗y5D)/(yD∗(2∗xD−1)∗(−x2

C∗xD∗yD−xE∗x2
C∗yD−2∗xC∗x2

D∗yC+2∗
xC∗x2

D∗yD+2∗xE∗xC∗xD∗yC+2∗xE∗xC∗xD∗yD+x3
D∗yC−3∗xE∗x2

D∗yC−3∗xD∗
y2C∗yD+3∗xD∗yC∗y2D+xE∗y2C∗yD−xE∗yC∗y2D)∗(xD∗yC−xD∗yD+xE∗yC−xE∗yD−
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x3
D∗yC+2∗x2

D∗yD+2∗xC∗x2
D∗yC−2∗xC∗x2

D∗yD+x2
C∗xD∗yD+x2

C∗xE∗yD+3∗x2
D∗

xE∗yC−3∗xD∗yC∗y2D+3∗xD∗y2C∗yD+xE∗yC∗y2D−xE∗y2C∗yD−2∗xC∗xD∗yC+2∗
xC∗xE∗yC−4∗xD∗xE∗yC+2∗xD∗xE∗yD−2∗xC∗xD∗xE∗yC−2∗xC∗xD∗xE∗yD)).

The determinant of second matrix is
(−3∗x5

C∗x4
D∗yD+4∗x5

C∗x3
D∗xE∗yD+3∗x5

C∗x3
D∗yD−x5

C∗x2
D∗x2

E∗yD−4∗x5
C∗x2

D∗
xE∗yD−x5

C∗x2
D∗y3D+x5

C∗xD∗x2
E∗yD+4∗x5

C∗xD∗xE∗y3D−3∗x5
C∗x2

E∗y3D+3∗x4
C∗x5

D∗
yD−4∗x4

C∗x4
D∗xE∗yD+3∗x4

C∗x4
D∗yD+x4

C∗x3
D∗x2

E∗yD−4∗x4
C∗x3

D∗xE∗yD−2∗x4
C∗

x3
D∗yC∗y2D+3∗x4

C∗x3
D∗y3D−6∗x4

C∗x3
D∗yD+x4

C∗x2
D∗x2

E∗yD−12∗x4
C∗x2

D∗xE∗y3D+
8∗x4

C∗x2
D∗xE∗yD+x4

C∗x2
D∗yC∗y2D+x4

C∗x2
D∗y3D+2∗x4

C∗xD∗x2
E∗yC∗y2D+9∗x4

C∗xD∗
x2
E∗y3D−2∗x4

C∗xD∗x2
E∗yD−4∗x4

C∗xD∗xE∗y3D−x4
C∗x2

E∗yC∗y2D+3∗x4
C∗x2

E∗y3D+3∗
x3
C∗x6

D∗yC−4∗x3
C∗x5

D∗xE∗yC−6∗x3
C∗x5

D∗yC−6∗x3
C∗x5

D∗yD+x3
C∗x4

D∗x2
E∗yC+8∗

x3
C∗x4

D∗xE∗yC+8∗x3
C∗x4

D∗xE∗yD−6∗x3
C∗x4

D∗y2C∗yD+6∗x3
C∗x4

D∗yC∗y2D+3∗x3
C∗

x4
D∗yC+3∗x3

C∗x4
D∗yD−2∗x3

C∗x3
D∗x2

E∗yC−2∗x3
C∗x3

D∗x2
E∗yD+8∗x3

C∗x3
D∗xE∗y2C∗

yD−4∗x3
C∗x3

D∗xE∗yC−4∗x3
C∗x3

D∗xE∗yD+6∗x3
C∗x3

D∗y2C∗yD−2∗x3
C∗x3

D∗yC∗y2D−
6∗x3

C∗x3
D∗y3D+3∗x3

C∗x3
D∗yD−2∗x3

C∗x2
D∗x2

E∗y2C∗yD−6∗x3
C∗x2

D∗x2
E∗yC∗y2D+x3

C∗
x2
D∗x2

E∗yC+x3
C∗x2

D∗x2
E∗yD−8∗x3

C∗x2
D∗xE∗y2C∗yD+24∗x3

C∗x2
D∗xE∗y3D−4∗x3

C∗x2
D∗

xE∗yD−2∗x3
C∗x2

D∗y2C∗y3D+3∗x3
C∗x2

D∗yC∗y4D−3∗x3
C∗x2

D∗yC∗y2D+x3
C∗x2

D∗y3D+2∗
x3
C∗xD∗x2

E∗y2C∗yD+2∗x3
C∗xD∗x2

E∗yC∗y2D−18∗x3
C∗xD∗x2

E∗y3D+x3
C∗xD∗x2

E∗yD+
8∗x3

C∗xD∗xE∗y2C∗y3D−12∗x3
C∗xD∗xE∗yC∗y4D+4∗x3

C∗xD∗xE∗yC∗y2D−4∗x3
C∗xD∗

xE∗y3D−6∗x3
C∗x2

E∗y2C∗y3D+9∗x3
C∗x2

E∗yC∗y4D−x3
C∗x2

E∗yC∗y2D+3∗x3
C∗x2

E∗y3D−3∗
x2
C∗x7

D∗yC+4∗x2
C∗x6

D∗xE∗yC+3∗x2
C∗x6

D∗yC−x2
C∗x5

D∗x2
E∗yC−4∗x2

C∗x5
D∗xE∗yC+

6∗x2
C∗x5

D∗y2C∗yD−6∗x2
C∗x5

D∗yC∗y2D+3∗x2
C∗x5

D∗yC+3∗x2
C∗x5

D∗yD+x2
C∗x4

D∗x2
E∗

yC−8∗x2
C∗x4

D∗xE∗y2C∗yD+16∗x2
C∗x4

D∗xE∗yC∗y2D−4∗x2
C∗x4

D∗xE∗yC−4∗x2
C∗x4

D∗
xE∗yD−3∗x2

C∗x4
D∗yC−3∗x2

C∗x4
D∗yD+2∗x2

C∗x3
D∗x2

E∗y2C∗yD−10∗x2
C∗x3

D∗x2
E∗yC∗

y2D+x2
C∗x3

D∗x2
E∗yC+x2

C∗x3
D∗x2

E∗yD−24∗x2
C∗x3

D∗xE∗yC∗y2D+4∗x2
C∗x3

D∗xE∗yC+
4∗x2

C∗x3
D∗xE∗yD−4∗x2

C∗x3
D∗y3C∗y2D+6∗x2

C∗x3
D∗y2C∗y3D−6∗x2

C∗x3
D∗y2C∗yD−3∗x2

C∗
x3
D∗yC∗y4D+5∗x2

C∗x3
D∗yC∗y2D+3∗x2

C∗x3
D∗y3D+24∗x2

C∗x2
D∗x2

E∗yC∗y2D−x2
C∗x2

D∗x2
E∗

yC−x2
C∗x2

D∗x2
E∗yD−8∗x2

C∗x2
D∗xE∗y2C∗y3D+8∗x2

C∗x2
D∗xE∗y2C∗yD+12∗x2

C∗x2
D∗

xE∗yC∗y4D+4∗x2
C∗x2

D∗xE∗yC∗y2D−12∗x2
C∗x2

D∗xE∗y3D+2∗x2
C∗x2

D∗y3C∗y2D−3∗x2
C∗

x2
D∗yC∗y4D+2∗x2

C∗x2
D∗yC∗y2D−x2

C∗x2
D∗y3D+4∗x2

C∗xD∗x2
E∗y3C∗y2D+2∗x2

C∗xD∗x2
E∗

y2C∗y3D−2∗x2
C∗xD∗x2

E∗y2C∗yD−9∗x2
C∗xD∗x2

E∗yC∗y4D−9∗x2
C∗xD∗x2

E∗yC∗y2D+9∗
x2
C∗xD∗x2

E∗y3D−8∗x2
C∗xD∗xE∗y2C∗y3D+12∗x2

C∗xD∗xE∗yC∗y4D−4∗x2
C∗xD∗xE∗yC∗

y2D+4∗x2
C∗xD∗xE∗y3D−2∗x2

C∗x2
E∗y3C∗y2D+8∗x2

C∗x2
E∗y2C∗y3D−9∗x2

C∗x2
E∗yC∗y4D+2∗

x2
C∗x2

E∗yC∗y2D−3∗x2
C∗x2

E∗y3D+3∗xC∗x7
D∗yC−4∗xC∗x6

D∗xE∗yC+3∗xC∗x6
D∗y3C−

2∗xC∗x6
D∗y2C∗yD−6∗xC∗x6

D∗yC+xC∗x5
D∗x2

E∗yC−4∗xC∗x5
D∗xE∗y3C−8∗xC∗x5

D∗
xE∗y2C∗yD+8∗xC∗x5

D∗xE∗yC−6∗xC∗x5
D∗y3C−2∗xC∗x5

D∗y2C∗yD+6∗xC∗x5
D∗yC∗

y2D+3∗xC∗x5
D∗yC+xC∗x4

D∗x2
E∗y3C+10∗xC∗x4

D∗x2
E∗y2C∗yD−2∗xC∗x4

D∗x2
E∗yC+8∗

xC∗x4
D∗xE∗y3C+24∗xC∗x4

D∗xE∗y2C∗yD−16∗xC∗x4
D∗xE∗yC∗y2D−4∗xC∗x4

D∗xE∗
yC−3∗xC∗x4

D∗y4C∗yD+6∗xC∗x4
D∗y3C∗y2D+3∗xC∗x4

D∗y3C−4∗xC∗x4
D∗y2C∗y3D+5∗xC∗

x4
D∗y2C∗yD−6∗xC∗x4

D∗yC∗y2D−2∗xC∗x3
D∗x2

E∗y3C−22∗xC∗x3
D∗x2

E∗y2C∗yD+10∗xC∗
x3
D∗x2

E∗yC∗y2D+xC∗x3
D∗x2

E∗yC+4∗xC∗x3
D∗xE∗y4C∗yD−4∗xC∗x3

D∗xE∗y3C−20∗xC∗
x3
D∗xE∗y2C∗yD+24∗xC∗x3

D∗xE∗yC∗y2D+3∗xC∗x3
D∗y4C∗yD−2∗xC∗x3

D∗y3C∗y2D−2∗
xC∗x3

D∗y2C∗y3D−xC∗x3
D∗y2C∗yD+3∗xC∗x3

D∗yC∗y4D−xC∗x3
D∗yC∗y2D−xC∗x2

D∗x2
E∗

y4C∗yD−6∗xC∗x2
D∗x2

E∗y3C∗y2D+xC∗x2
D∗x2

E∗y3C+4∗xC∗x2
D∗x2

E∗y2C∗y3D+15∗xC∗x2
D∗

x2
E∗y2C∗yD−18∗xC∗x2

D∗x2
E∗yC∗y2D−4∗xC∗x2

D∗xE∗y4C∗yD+8∗xC∗x2
D∗xE∗y2C∗y3D+

4∗xC∗x2
D∗xE∗y2C∗yD−12∗xC∗x2

D∗xE∗yC∗y4D−4∗xC∗x2
D∗xE∗yC∗y2D−xC∗x2

D∗y4C∗
y3D+3∗xC∗x2

D∗y3C∗y4D−3∗xC∗x2
D∗y3C∗y2D−2∗xC∗x2

D∗y2C∗y5D+3∗xC∗x2
D∗y2C∗y3D+

xC∗xD∗x2
E∗y4C∗yD+2∗xC∗xD∗x2

E∗y3C∗y2D−6∗xC∗xD∗x2
E∗y2C∗y3D−3∗xC∗xD∗x2

E∗
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y2C∗yD+9∗xC∗xD∗x2
E∗yC∗y4D+5∗xC∗xD∗x2

E∗yC∗y2D+4∗xC∗xD∗xE∗y4C∗y3D−12∗
xC∗xD∗xE∗y3C∗y4D+4∗xC∗xD∗xE∗y3C∗y2D+8∗xC∗xD∗xE∗y2C∗y5D−4∗xC∗xD∗xE∗
y2C∗y3D−3∗xC∗x2

E∗y4C∗y3D+9∗xC∗x2
E∗y3C∗y4D−xC∗x2

E∗y3C∗y2D−6∗xC∗x2
E∗y2C∗y5D+

xC∗x2
E∗y2C∗y3D−x7

D∗y3C+4∗x6
D∗xE∗y3C+x6

D∗y3C+x6
D∗y2C∗yD−3∗x5

D∗x2
E∗y3C−8∗x5

D∗
xE∗y3C+4∗x5

D∗xE∗y2C∗yD+3∗x5
D∗y4C∗yD−2∗x5

D∗y3C∗y2D+x5
D∗y3C−3∗x5

D∗y2C∗yD+
7∗x4

D∗x2
E∗y3C−5∗x4

D∗x2
E∗y2C∗yD−4∗x4

D∗xE∗y4C∗yD+4∗x4
D∗xE∗y3C−4∗x4

D∗xE∗y2C∗
yD−3∗x4

D∗y4C∗yD−x4
D∗y3C+2∗x4

D∗y2C∗y3D+2∗x4
D∗y2C∗yD+x3

D∗x2
E∗y4C∗yD+2∗x3

D∗
x2
E∗y3C∗y2D−5∗x3

D∗x2
E∗y3C+7∗x3

D∗x2
E∗y2C∗yD+4∗x3

D∗xE∗y4C∗yD−2∗x3
D∗y5C∗y2D+

3∗x3
D∗y4C∗y3D−x3

D∗y3C∗y4D+3∗x3
D∗y3C∗y2D−3∗x3

D∗y2C∗y3D−x2
D∗x2

E∗y4C∗yD+x2
D∗x2

E∗
y3C−2∗x2

D∗x2
E∗y2C∗y3D−2∗x2

D∗x2
E∗y2C∗yD+4∗x2

D∗xE∗y4C∗y3D−4∗x2
D∗xE∗y3C∗y4D−

4∗x2
D∗xE∗y3C∗y2D+4∗x2

D∗xE∗y2C∗y3D+x2
D∗y5C∗y2D−x2

D∗y4C∗y3D−x2
D∗y3C∗y4D+x2

D∗
y2C∗y5D+2∗xD∗x2

E∗y5C∗y2D−7∗xD∗x2
E∗y4C∗y3D+5∗xD∗x2

E∗y3C∗y4D+xD∗x2
E∗y3C∗y2D−

xD∗x2
E∗y2C∗y3D−4∗xD∗xE∗y4C∗y3D+8∗xD∗xE∗y3C∗y4D−4∗xD∗xE∗y2C∗y5D−x2

E∗y5C∗
y2D+5∗x2

E∗y4C∗y3D−7∗x2
E∗y3C∗y4D+3∗x2

E∗y2C∗y5D)/(yC∗yD∗(2∗xD−1)∗(xD+xE−
2∗xC∗xD+2∗xC∗xE−4∗xD∗xE)∗(xD∗yC−xD∗yD+xE∗yC−xE∗yD−x3

D∗yC+2∗
x2
D∗yD+2∗xC∗x2

D∗yC−2∗xC∗x2
D∗yD+x2

C∗xD∗yD+x2
C∗xE∗yD+3∗x2

D∗xE∗yC−
3∗xD∗yC∗y2D+3∗xD∗y2C∗yD+xE∗yC∗y2D−xE∗y2C∗yD−2∗xC∗xD∗yC+2∗xC∗xE∗
yC −4∗xD ∗xE ∗yC +2∗xD ∗xE ∗yD−2∗xC ∗xD ∗xE ∗yC −2∗xC ∗xD ∗xE ∗yD)).
If we substitute the values of xD and yD into these one can easily verify that
each of the expressions evaluates to 0 as desired, which proves indeed that lines
NSV,OTW,PUZ, and QR are concurrent.

□

Schiffler’s theorem follows as the special case of this by taking E = A.

Figure 1. Illustration of theorem 2.1 where we take E to be the
midpoint of A and D.
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Figure 2. Zoomed in illustration of Figure 1.
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