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1. INTRODUCTION

Schiffler’s theorem [1] is a recent result in triangle geometry from the 1980’s.
It states that if one partitions a triangle into three others by the incenter and
the vertices, then the Euler lines of those three triangles and the original are

concurrent. Here, we give a generalization of this result using ideas from [2| and
3]

2. REsuLT

Theorem 2.1. Let A, B, and C denote the vertices of a given triangle.
Let D be the incenter of A, B, and C.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line C'D such that CG : DG = AE : DE.
Let H be the midpoint of E and F .

Let I be the midpoint of E and G.

Let J be the midpoint of F' and G.

Let K be the midpoint of D and E.

Let L be the midpoint of D and F.

Let M be the midpoint of D and G.

Let lines AL, BK , and DH intersect at point N.

Let lines BM, CL, and DJ intersect at point O.

Let lines AM, CK, and DI intersect at point P.
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Let Q) be the circumcenter of A, B, and C.

Let R be the nine point center of E, F, and G.

Let S be the circumcenter of A, B, and D.

Let T be the circumcenter of B,C, and D.

Let U be the circumcenter of A,C, and D.

Let V' be the nine point center of D, E, and F.

Let W be the nine point center of D, F', and G.

Let Z be the nine point center of D, E, and G.

Then lines NSV, OTW, PUZ, and QR are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1,0).
C' has coordinates (z¢, yo).
( Z‘C+\/$C+y% Yo )‘
Lry/2g+yg+4/(xe =12+ " 14y/ag+yd+1/ (zc—1)2+u
E has coordinates (zp, Z242).
(1+
(

D has coordinates

E, rp

F has coordinates w, D).

G has coordinates (x¢ + %D‘”C% Yo + .IE(ny yc))‘

H has coordinates (3(zp + 1+ IE(””D Uy, 2EiD).

I has coordinates (3(zp + zc + xE(?D zc)y 217E1/D+§/§D($D w5y,
J has coordinates (ID(“C“H;CZS%D*C”C*U, 2xEyD+§/xCLEmD z8)y.

K has coordinates (%(a:D +xR), %(ZJD + xigD))
(wp + 1+ 2£E2=1) L(yp 4 22i2)),

TD

L has coordinates (1
(

M has coordinates

. D~ TDTE—ZTD+T
N has coordinates (— xi T yggjz&f)).
. x TE+rox rToTE+rTpT +x
O has coordinates ( D—TETLC ?f) CTETIDTE D TpYc+rpyYyp— CCEyC—I—xEyD)
Tp— xE 3zp—zE
—xoxptxox 2 —xpx —
P has coordinates (—¢*RTECEE_TH DL | —TDYC—TDYDITBYC_TRYD )
rp—3xp rp—3xp
xo(x 1)+
@ has coordinates (3, %)
2 1 dzp—2zc—1) 4z +y2(zp—zg)+trp(zi—zo)+zp (zo—a?
R has coordmates(”’( zct HzE( Tp—2zc ), BYcYp+yo(@n Ei B(zg—zc)+ep(ec c)).
T D TDYC
zp(x 1)+
S has coordinates (3, %)
x =+ + —za:+a:+a::c+a: ro—13 —x +zp+
T has coordinates ( T&YD —ThYoHYEYD —ycyh Ty — Yp —TeTpHTetTory cyp—Tc—ah~Tpyetrptyd— yo)
2(10?40 mDyc-i-yc yD) 2(1‘CyD zpyc+yc—yp)
. :vcyD wDyc+ycyD ycyD —wcxp+xcacD+mcyD—nyc
U has coordinates ( 2(zcyp—=pYc) ' 2(zcyp—<DYC) )-
. 2 1 2xp—1 3rg+xzp)trprr(x 1)—z3, +x2
V has coordinates (xD( Tpt iHE( zpl), vp(Eretep) - AGL R D).
XD TDYD

W has coordinates

(=((zp — p)yoyd — (TEYE — TpYe + 2xcrprE — 20pTp — Tt + Tp + (T —
1)$D(2$D+$c+1))yD+($D—1)((3ZCD—2$C—1)$E+$D($D+2xc+1))yc)/(4xD<($c—
Dyp—(rp—1)ye)), (xe—1)Brp+ap)yh—2((xp+rc—2)rp+rp(rp—r0))ycyp+
(xp —)(xp —2p)ye+ (o — 1)(xp — 1)(2p — xc)rp — (v — 1)ah + (20 — 1)(20 +
a3, — (v¢ — Dwerp)/(4zp((xe — Dyp — (vp — Dyo)))-

Z has coordinates

(—((zg — 2p)ycy? + ((xp — 2p)y2 + (2% — 2zcap)rp — 2w07% — 222p)Yp +
((32% — 2wcxp)rp + o5 + 2xc2%)yc)/ (4xp(zcyp — wpyc)), (xc(B3xr + xp)ys —



BENJAMIN LEE WARREN 244

2@prp+rcrp+ah—xcrp)ycyp+ap(xp—xp)yt+rcrp(xp —x0)rE —TOTT +
zgx}h)/(4xp(zeyp — Tpyc)))-

Line NSV is given by the equation

y = ((3zp — xp)y? + (xp — Vaprp — 323, + 322)x + ((vp — 2)xp + 22)y3 +
(rp — 1)*xprg + x} — 23)/((2ep — 1) (2 + 2p)yp)

—
(BEE) —y +ys —zs(PEE) = 0.

Line OTW is given by the equation

y = ((xryp + 2pYyp — Tryc + xpyc)/(Bep — vr) — (Teyp — Yp — ToYe + Y& +
TeTh — Th — 1Tp +Tp + 2% — x0)/(2(zcyp — Yp — Tpye + yo)))(x — (TprE —
rerp —rp+15 +xcxp+2p)/(Brp —2E8)))/(xprE —TeTE — TR+ 1% + x0T +
zp)/(3xrp — xp) — (=yeyh + veyp + 23yp — Yo — rhyc + ye)/ (2(xcyp — yp —
rpyc +yc))) + (reyp + rpyp — TEYe + xpYc)/(3xp — k)

—
w(22=00) —y +yr —wr(22=25) = 0.

Line PUZ is given by the equation

y = (((=zpyp — Tpyp + Teyc — rpyc)/(xe — 3xp) — (TcYh — TpYe + Te] —
xzwp)/(2(xcyp—rpyc)))(@—(—rpretrcre—ap—rcrp)/(xp—3xp)))/((—rprE+
zoxg — 3 — xcxp)/(p — 3xp) — (—ycyh + Yeyp + x&yp — vhyc)/(2(xcyp —
rpyc))) + (—reYp — Tpyp + Teyc — vpyc)/ (e — 3Tp)

—
() —y +yu —au(EE2EE) = 0.

Line QR is given by the equation

y = ((4rpycyp + (vp — 2p)ye + (3¢ — vo)rp + (2o — 2¢)zp)/(4rDYc) — (Y& +
(e —1)ze)/(2yc))(x—1/2))/((4zp — 2zc — V)zp+ (2zc + 1)zp)/(42p) — 1/2) +
(W& + (zc = Dzo)/(2y0)

<~
(Gamey) U T yr —wr(za=0) = 0.
We evaluate the determinants
s g pg(ms)
det [IB7H 1 yp — ap(1070)
By ()
and
mowe gy (Bt
det | 22225 =1 yr — zp(22220)
R NG =)

The determinant of first matrix is

(—=3xadxabxyp+A*xrd T 1 pryp+3xad 5k yp— i xTh ¥ 1KY p—AKTEHFTH KT g
YD —TE*TLRY D+ TLHRT DR TERY D+ ARTEHRT DR RFY s — SR TR T L KY S + 3K TR TH* Y p—
xR THHRT YD+ IR TERTHRYD+TEHTH x Tk Y p — AR EHTH ¥ T pxyp — 24T kT *
YorkYH+Ixr kY — Ok T ik T kY p+r bk T x 0k Y p — 1 2%TE KT kT pry S + 8% Tk
TLHRT YD TR T ) RKYCKY B+ T ERT DK YD+ 25T ERT DRI HRYCKY D+ IR TE*T pRTE* YD —
2RI LHRT DR TH*Yp —AKTEHT DR T R*YDH — TER DGR Yo * YD+ 3% TE* Tk YS) + 3% s %1% *
Yo — 4T x 2% xxpryc — 65 TP kT kYo — 6% TE R Ky p + T xrh x TRy + 8 T KT ] *
TE*Yo+8xxdxTh* 1 pxyp — 6% xd 1t x Y2 xyp+6xTE R L xycRYH +3RTL kTR Yo+
Skr ] xyp — 2k T AT KT KY o — 2T HFTH ¥ T kY DK TERT L kT pryZkyp — AT
Thxrpryc —A* T xxh * T pryp +0x TPk kYL Ry p — 25 Pk Th kYo kYT, —Ox P kT *

Y3 +3xxd k% kyp — 24 Te kL R DL K Y2 YD — O TR TH KT LAY KY T T LT HFRTERYo+
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TLHRTHRTLKYp — 8k T A TH T pry2xyp+24%TdkThH kT prys —ARTE % TH* T Ry p — 2%

L2 YRRy + 3R TR TH R YK YL — SRTL AT R YCHKY T+ Tk TH K YD+ 25 TR T p* Tk
YEHRYD 25T HRT DR T ERYCHY D — L8X T H T DTk Y )+ T kT pRTEL*Yp+8K TS+ p*T p*
YERYH — 1243 k2 p kT pRYcRY D HARKTE AT DT pRYc kY H — AR TERT DRI pRYDH — 6% TPk
TLxy2ry + 9% 1 x Lk Yoy — rd xRy R yYH +3x xR L xyd — IxaxZxx T xyc+ 4%
2 x28 xw pryc+3x i x2S xyc — 1Lk T h xRy — AR XL R TH ¥ T pRYc+Ox LR R YRk
Yp —Ox LT h kYo YD+ 3502 kT kYo + 3 XLk TH kY p+TE T x X kYo — 8* TL kT ] *

TE*Y2xyp+ 165 1L 50 hx T prycxyH —Ax XLk THHRT pryc— AR TER TR T pRYp — 3% TE ok

Th*yo—3*%x 2T Hxyp+ 25020 k0L xyExyp — 105024 T % DL YYD+ TR TH R TE*

Yo+ ai T x xRy p— 24K TE AT KT pRYcHRYHHARTE AT KT pRYc+ARTEHRTH ¥ T kY p—
dxaZxxd x YR kY +06xrE 51 )2y —6xx i k1 ) yZxyp — kTR ) YR YL+ DR TE*
T RYo*YH+3RTL kT YD + 245 DL K TH R DL KYCKY T — TE kTR T LK Yo — To* Tk Th*
Yp —8kTL KT ¥ T kYL kYD + 8K TERTH R T g Y2y p+ 12522 %1% x T pryc Y+ Ax Tt *
Thkr pryoxyh —12% 2 0% x X gy + 25 TER T Ry K YD — 3R TERTH RYCHRY T+ 2% TE K
LYY —TLH T x5+ AR XL H T DR TLRYSH YD + 2% TLH T p* TG *YEH YD — 2k xE %1 p*
TLHYZ YD — VR TL KT DRI LR Yo HY H — VR TL KT DR DLk Yo K YD+ IR TE* T p*TE %Y — 8k
TLAT DRI pHRYSRY D+ 12524 X DRI pRYCHY b — AKX XL KT p* T pFYoxYH+ARTERT DT gk
Y — 2% Tk TRy K Y D+ 8k T LR LR YE kYD — I XL A TR Yo K Y )+ 2K T LR TERYC* YT — Sk
T2 xx%xy +3xr ok T xyc— Ak oxaxx pryo+3xwoxal xyd — 2k x okl xyky p— 6%
To*RTH kYo TR THRT LYo — AKX T ORI R T pFYS — 8¥ TR T * T Rk YL Y p+8*To*TH*
TE*Yc —OxTok ¥ YS — 2% Lok TH kY2 xYp+O*To*TH kYo r YD+ 3k ok TH R Yo+ T o *
TH*RT Y+ 10%T kT H*THkY2 YD — 2KT ORI DR THRYo+8RT oI H T pryg+24% T ok
Th* T pxytxyp—16xro*xTh* T pkyc*kyhH —A*T ok THRT p*Yc —3kTo* T *Ydxyp+6%
TOXTHHRYSHRYD KT CHT L RYS — AT O* T HRYZHRY D +DRT Ty Y p —O*To*Th YOk

Yh — 24Tk} Tk Y — 22% Do T K T LK Y2 A Yp+ 105 Tox T ¥ TR YR Y D+ TR ThH *

TLxyc+ A TR TR T pRYSRY D — AR TR TH KT prYs —20% T ok TH R T prYEFYp+24% T ok

Th*x pryckyH+3%TorTHRYLkyp — 25 TR TH R YD x YL — 2RI R T R YE Y — TR T *
y%*yD+3*xc*x3D>|<yC>x<y4D—xc*x%*yc*y%—xc*xzD*mZE*yé*yD—G*xc*x%*x%*y%*
Yh+ro*krh kLR yS + A roxxh x 1ok yExyS + 15k w ok x xxydkyp — 18xxokTh *
xQE*yC*y%—él*xc*xQD *xE*yé*yD+8*xc*.7:2D*;1:E*y%*y%+4*mc*m%*xE*y%*yD —
12%T o * T T pRYc*Y ) —ART ORI H R T pRYo* YT — L oKD HRYERY D +3x T+ T * Y *yhH—
SRTCHRT T YA YT — 2K T KT DR YBKY D+ KT CHRT ] KYZAY D +TOHT DRI HRYLKY p+2KT ok
TpRTL*YSAYH — O TORT DRI L*YZHYD —3¥TO*T p*TH*YS*YD+IXTCHT pHFTH* Yok
YD DRI O*T DTk Yo* YD+ AKX T ORI DRI p*YS xS — 12%To* T p* TRy Y H+ 4% T ok
T DT pRYSx YD +8KTC*T X T p*Y2 K YD — AT T DT p*YEFYS — KT o*x XYL * YD +
Dk o * TLFYS K Y — T CHRTLRY K YD — O Tk T LR YZFY D+ TR TLHYZ Y — Ty + 4k
28 xr gy o8k yd + 18 k2 xyp — 3k xx ok yS — 8k kT gy + A% TH ¥ T pRYEFYp+
3*x%*yé*y[)—Q*x%*yé*y%—kx%*yg—3*:5%*y%*yp—{—7*$‘}3*x%*y%—5*x4D*mQE*y%*
Yp —4AkTHRT gyt xyp AT RT pRYS — AT LR T pRYZ YD — 3x T }YSKY D — T H*RYS+
2k xyE Ry 25 xyRxyp +rh Rk xhkylkyp+ 2% rh krhxyd xyh — bk krtxyl +
Txxhkx %k Y2k yp+ AT kT gyt xyp — 2% 15 kYR kYD + 3% 1% kYL oky P —rh kY ky T+

3 Yk yH —3kxh ) yLxyh —ah k1L kYt xyp+ a2 k1L xyd — 2xwh %22k y2 Ky, — 2%

T x XLk YE kYD + AR x T pRYLRYS — AT ¥ TRy Y — Ak T * T p YL kYD + Ak Th *
TEHRYERYHFIDFYSHY D —THRYLHYD — D *YEHFYDTTD*YEHY D+ 25T p*TT*YLHYH —
THT R TLRYSFY D +DRT D DL YS K YL +T DR TELRYS YD — T p*TRHRYS K YD —A* T p* T p*
YEHYD H8KT DT pHRYS Y b — AT DRI pRYEHY D) — T HRYD YD +DRT LY SHY D — THTLH Y2 *
yh+3xxaxyixyd) /(yp* (2% xp— 1) (— 22 *T p*yYp —Tp*TE*Yp — 25T *TH*Yo+ 2%
TOHRTHRYD+2¥T R TR pRYC+2XTR*TCHRTpRYD + T %Yo — ST Rk *Yo — 3+ T p*
YE*YD3XT pRYCKYH T pRYEFYD — T E*Yc kYD )* (T p*Yc—T p*Yp+T EXYc —Tp*Yp—
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T xYc+2%TH kY D+ 2K TCHRTH*Yo — 2K TO*TH ¥ Yp+TEkT p*Yp+TE*T p*Yp+3%T5*
xE*yC—3*mD*yC*yQD+3*mD*y%*yD—FxE*yC*y%—xE*y%*yD—Q*xc*xD*yc+2*
xc*ng*yC—4*xD*g:E*yC+2*xD*a:E*yD—Q*Q:C*Q:D*xE*yC—2*a:C*$D*:EE*yD)).

The determinant of second matrix is

(—3%xy*xTh*Yp +A* Tk TH ¥ T p*Yp + 3% TL kT Y p — T kT ¥ TH*Yp — Ak Tk 1% *
TEHRYD — Lok T H*Y b +TEkT DRI L*YD+AKTLHT DR T pkYs) — SR T HTL*YD +3* T 5T *
Yp —AkTEH TR T pRYp+3KTERT LR YD+ TR T D x XK Y p — AR TERTH KT p*Yp — 2% Tk
Thxyoxyh+3xrEx ) *yh —Oxx bk xyp+ab kb xxhkyp — 125 x5k 0 xRy +
BRTE AL KT pHRYD+TE* T K YYD+ TEHRTH YD+ 25T E* T p*x X * Yo xyh+IRTE*T p*
TLHYD — 2K TE* TR T YD —AKTEHT DHRT pRYS — TEHF T LR YY)+ 35T+ T kYT + 3%
rd 528 xyo —dxaxd kT kT pryc —6xxd k1 xyo — 6k L kT *yp+ad KT H R T LR Y+ 8%
T HTH R T p*Yo+8x TR T H*x X pkYp — 63T kT H*YE kYD + 65T kT H xycHRYL + 3K T *
Thryc+3*xrixathxyp — 2% w1 % 1L xyc — 2xxd kT k2L kY p+ 8% T x 1 x T R R YL *
yp—A*rd 11tk wpryc — Ak ik Tk gy HOx TR xYZ YD — 2R TY KT YR YH —
G g x T YD + 3% Tk T ¥ Yp — 2¥ Tk TH ¥ DL YZ kYD — Ok TS Tk Tk YR YD+ T
ThRTELRYCHTEHRTH D% YD — 8K TGk T T T pryEkYp+ 24523 %09 %1 ey — Axxd 2 *
Tp*Yp—2xd 1}yl Ry +3xxd k1L ) Yo kYD — IR TERTL R Yok YH + T x 0D Ky + 2%
T AT pRT LR YR RYD 25 TR T DRI LR YoKYDH — 185 T xx px XLk Y S + T x T p TR YD+
8k Tl T p* T pxyE xS — 1252 T T pryckY ] HARTERT DR T YR YE — AT KT p*
TE*Ys —OkTd kLA YZ YD+ O TE R ALK YK Y b — TE AT LR YYD+ IR T KT K YD — 3k
232D xyct+dxri xS xr pryc+3xxd 2l xyo—aZxrhxxkyo — Ak iR TH* T pRYc+
602 3% % Y2 kY p — 6% 02 % T kYo kYD +3* XLk TH kYo + 3k LT *yp+ TR h R 0% *
Yo —8*TEkTH kT pHYExyp+ 1652 XL kT pryoxyh —Adx Lk TR T pryc —AxTERT ] *
Tp*Yp— 3% kT H*Yc— Ik XK T *Yp+ 25 0Lk ThH kT hxyEkyp — 105 0% % 0% % 1 h vy ok
YH+TE ) x 0k Yo+ TR T R Th Yy p — 24k LA T ¥ T prycRyH HARTE T xRy o+
dkx 2 xxhkr pryp — AR TR xykyh +6x L 20 xydxyd —6kr i xxh xyZoxyp — 3kl *
Th*yoxy D+ TL T RYcHY B IR TR T Y+ 245 DL A DD KT KYCHY T — TR T DR Tk
Yo —TEHRTH R TR Yp — 8k XLk X ¥ T p Y2 Ky + 8% 1L k1 h x x gyl yp+ 125 1L x1h *
TEXYoRY D HARTL R TR T pryc*Y s — 1 2% TE R T D, T p*YD + 25 X2k TH kY2 kYD — S TE*
TLRYCHY H 25T * T R YY) — TERT DY + A TE KT DR TR YYD+ 25 T2 T p* Tk
YEHYD — 2% TEx X px XL K Y2 A YD — KT KT pRTLRYCHRY T — IRTEH T p* TR Yo * YD+ 9%
TEHT pHRTLxY D — 8% X2k T DT prYS Y +12% T2 %X p* T pFkYc*Y H— AR TE R T p* T pFYCc*
YH+H AL KT prT pry S — 2% E kT Ry kY + 8K TE kT E YL kYD — OkrE R E YRy H+ 2%
T AT YckY D — 3Tk L YD+ 3% oxx L xyo — Ak ok TS kT pryc+3kroxal xyd —
2xxo*krxydkyp —6xxo* kYo +ToR T x TRy — AR T o TR T pR YL —8x oKk T *

TE*YEFYD+8RTCHkTH* T p*Yc — Ok To*ThH*Ys — 2% Lo+ Th* Y2 kY p+ 0k Tk ThH*yo*
y%+3*xc*$%*yc+xc*x%*x%*y%+10*xc*$%*x%*yé*yp—2*xc*m‘b *x%*yc—i—S*
To*kTh Ty +24%To*xTh* T gk YLk yYp — 16x Tk T h* T px Yo xYH — AR TR TH* T p*
Yo —3*To*TH*YLxyp+O*xT* T Hx Y kYD + 3k T ok TH*YS — Axxo* T H R YEFRYD + DR T oK

4 02 4 2 3 .02 4003 3 72 202
THHRYERYD— Ok kT ¥ Yo*RY T — 2K T ORI ¥ T * Yo — 22k Lok ¥ T 1%y Gk yp+10%z 0%

THRTLHRYOHY D+ TR T ¥ DK Yo +AKT R TH T pFYLxyp —dxTo*TH*T prye— 20510 *
ThkT pry2ayp+245ToxTH ¥ T pkYc*kYH+ 3% ToRTHRYL*Yp — 2K T ox T Y kYT — 2%
TO*THHRYZHYD — TR THRYEFYD+3KTO* T ¥ Yo * Y| — TORTH*Yo* YD —To*Th * Th*
YoHYD—OkTo*TH R TR Y Y+ T ORI DR TLRYS -+ AR T R TH ¥ Tk Y2xy D+ 1D*T ox 0D *
TLxy2xyp — 18%x T ox XL kT LK YK YD — AT X TR T pHY kY p+8*To*xTH*T pxyE*yD +
kT o* T RT pRYSFYD — | 2% XCHTH R T pFYO*Y T — AR T ORI D ¥ T RYCHYDH — TR TH* Yk
Y+ 3Rk THRYS kY b — BRI R TR YS YD — 2R T C*TH Y2 * YD+ 3K T o* T * Y2 * YD +
TOHRT DRTLRYSKRY D+ 25 TORT DR TR Y kYT —OXTO*T DT LR YS K YD — kT *T p*TE*
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YEHFYD+IRTO*T D *TLHRYC*Y b+ DR T ORI DRI LYo K YD +A* T T p*T p*Ysxys —12%
TOXTD*RTERYeHY b+ ART ORI DRI pFYSH YD +8XXCH T p*T p* YL YD —A*T* T p*T p*
yé*y%—3*xc*x%*yé*y%+9*xo*x%*yg*yﬁ)—xc*x%*yé*y%—6*xc*x%*y%*y%+

2,23 .7 .3 6 30,6 203 16 402 5 2 403 5
xC*xgE*yC*%D_xD*gC+4*xD*'EE*Z;{C_HBD*yC_ng:yC;(yng*:gD*xE*g/C_28*37D*
TEXYo+A*T D T p*Ye*xYp+3*TH* Yok Yp — 2% T * Yok YhH+TH* Yo —3*Th*YoxYp+

4,2 ,.3 4,92 ,.92 4 4 4 3 1 2
7*37D*xa*yc;_5*xD*4xE*Syc*yD4_4*2$D*§’3E*1/c";yD‘;4*xD*%E*yg_li*xD*xE*yg*
YD —3*¥Tp*Y*YD — T kYo + 2% T RYEF YD+ 25T *xYekYp+TH*TH* Yo *Yp+2%x T *
TLxy oyt —Dkah kL x Y+ TR % 0Lk Y2y p +ARTH R T pryEFYp — 2% 1D * YD x Y +

3 ond 3 3.3 4 3 03 02 3.,,2..3 2 92 4 2,2
SKTDHRYCHYD —Tp¥Yo*YpT3*TD *Yo YD —3* T *Yo Y p —Tp¥Tp*Yo¥Yp T H* T+
Yo — 2% x LK y2oxkyD — 2k wh % w L kY2 ok Yp+A*TH R T pRYS Ry — AT R T pRYS Ry —

2 3 02 2 23 2 05 2 2,43 2 3 4 2
4;kxD5*xE*yC*y§)+45*1"D2*$E*?JO*Q2D+TD*Z;UC*QD_$D2*y%*yzi—xD*y%*yD3+fF2D*
Yo XYp 25X p*TH*YSFYD — (T D} TR ¥Y kYD FOXT DX T *Yo*xYp T T p* TR *¥Y*YhH —

2 ,,2 .3 4,.3 3 .4 2,.5 .2 5
$2D*xE*gC*3{lD_?fl*xD*xZE*%C*Z{lD+8*x2D*$2E*y5c*yD_4*xD*xE*yC*yD_xE*yC*
Yp+5*xpHRycxyp — TR xyexyp+3xrpxytxyp) / (Yoxyp* (2xxp—1)*(xp+ap—
2% T o*Tp+2%To*kTp— 4% T p*Tp)*x (T p*Yo—Tp*Yp +TE Yo —TE*Yp —ThH*yc+2x
ThxyYp+2%To*kTh* Yo — 2% To*TH*Yp + XL Tp*Yp+TE*Tp*yp+3%TH*Tp*yo —
3k p*YCHKYH+IXT D Y2 HYD+TERYCHKY D —TE*YS*Yp — 2K TCH T p*Yo+ 2% To* T p*
Yo —A*Tp*xTp*x Yo +2*%Tp*TpkyYp — 2% To*xTp*Tp* Yo — 2% To*Tp* TR *Yp)).
If we substitute the values of xp and yp into these one can easily verify that
each of the expressions evaluates to 0 as desired, which proves indeed that lines

NSV, OTW, PUZ, and QR are concurrent.

Schiffler’s theorem follows as the special case of this by taking £ = A.

FIGURE 1. Illustration of theorem 2.1 where we take E to be the
midpoint of A and D.
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FIGURE 2. Zoomed in illustration of Figure 1.
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