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1. INTRODUCTION

Many results exist regarding concurrent cevians of a given triangle, such as Ceva’s
theorem [1]. Here, we will demonstrate the existence of a particular result related
to cevians which are not concurrent.

2. RESuULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.
Let D be a point on line AB.

Let E be a point on line AC.

Let F' be a point on line BC.

Let lines AF and C'D intersect at point G.

Let lines BE and C'D intersect at point H.

Let lines AF and BE intersect at point I.

Let J be the midpoint of A and H.

Let K be the midpoint of E and G.

Let L be the midpoint of B and G.

Let M be the midpoint of D and 1.

Let N be the midpoint of C and I.

Let O be the midpoint of H and F'.

Then,

1. the triples of points (J, K,N),(J, L, M), and (L, N,O) are each collinear.
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2. the triples of lines (CD,JO,KL),(AF,KL,MN), and (BE,JO,MN) are

each concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).
C' has coordinates (z¢, yc).
D has coordinates (zp, )

E has coordinates (zg, “£22).
(

tp, (1) 7e57))-

F' has coordinates
G has coordinates
((xe =) xaxp*xazp)/((xp —1)*xxp —xp +x0), (xp * Yo * (xp — 1)) /(vc —xp —
Tp+Tp*xTp)).

H has coordinates

((xo*xxp +xc*xp —xp*xp — o *xp *xxp)/(xc —xp *xTR), (Tp * yo — xp *
xg*yc)/(rc —xp *xxER)).

I has coordinates

(—(xg*xzp*(vc— 1) /(¢ —xc* g —To*xp + 2 *x2p), —(Tp * Yo * (xp —
1)/(x¢ —zc*xxp —xc*xxp+xp*TFR)).

J has coordinates

((1/2) x ((x¢ * xp + xc * xp —xp *x g — xoc * xp *x xg)/(xc — xp *x xg)), (1/2) *
(zpxyc —xp*xxp*xyc)/(xc —xp *TR))).

K has coordinates

((1/2) % (zp + (zc — 1) *2p x2p)/((xp — 1) * T — zp + 20)), (1/2) * (P22 +
(xp*xyc* (xp —1))/(xc —xp —xp +xp *TR))).

L has coordinates

(1/2) % (g = V) *xxp*xzp)/(xp — 1) *xp —xp +2c) + 1), (1/2) * ((xp * yo *
(xp —1))/(xrc —xp —xFp +2p *TF))).

M has coordinates

(1/2)x (zp+ (—(zp*xxpx(xc—1))/(vc —xc*xp —To*xxp+TRp*xFR))), (1/2)*
(—(xg*yc*(xp—1))/(xc —xc*Tp —xc *Tp + Tp * TR))).

N has coordinates

((1/2)* (e + (—(zp*xxp*x(xc—1))/(rc —xc* g —xo*Tp+TR*xR))), (1/2) *
(yo + (—(xpxycx (xp—1))/(v¢c —xc*xp —xc *Tp +xE *TFR)))).

O has coordinates

((1/2)% ((xc*xp+axc*xp—xp*rp—xc*xp*xp)/(xtc—xp*rp)+xr), (1/2)*
(zgp*yc —xp*rp*yc)/(xc —xp * xp) + (xp — 1)(900 -)))-

Line JK is given by the equation

y=(((rg*yc —zp*rp*yc)/(2* (xc —xp*2g)) — ((xp* (xr — 1) xyc)/(zp *
Tr — 2 —Tp+x0) + (E *yc)/vc)/2) * (x — (—xc * Tp * Tp — Tp * Tp + Tc *
xp+axoxxp)/(2x(xc —xp*xp))))/(—xc*xp*xp —xp*Tp+To*Tp + T *
xp)/(2* (x¢ —xp*xxp)) — (e — 1) xxp *xxp)/((xp — 1) * xp — xp + ) +
ZL’E)/Q) + (l’E *Yo — ITp *x T * yc)/(z * (JIC — Xp * IE>>

We verify that NV lies on line JK since we calculate
((xpxyc—xp*xxp*xyc)/(2*x(xc—xp*xp))— ((xp*(xp—1)*yc)/(zp*xp—2F —
2p+30) + (25 430)/70)/2) * (1/2) (w0 + (— (@ * 20 * (20 — 1)) (0 — 20+ 75 —
To*xrp+xp*rp))))—(—roxxp*xxp—rp*xrp+roxxpt+roxxp)/ (2% (ro—xp*
zg))))/((—zexrp*rp—rp*rp+rc*xrp+roxrp)/ (2% (xc—xp*xg))— (((xo—1)*
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xpxxp)/((xp—1D)*xp—xp+ac)+2E)/2)+(xp*xyc—Tp*Tp*yc)/ (2% (xc—xp*
vg)) = ((1/2)(yo + (= (@p*yc* (vp —1))/(vc —vc*xp —Tc* TP +TE*TF)))) =0
as desired.

Line JL is given by the equation

y = (((zp*xyc—zp*xp*xyc)/ (2% (xc—xp*xp))— (xpx(xr—1)*yc) /(2% (zp*xp—
rp—2p+xc)))x(x—(—ro*xp*xp—Tp*xrp+roxxpt+ro*xxp)/(2%(xc—xp*
zg))))/((—zecxxpxxp—xp*rp+rexrp+ro*xrp) /(2% (vc—rp*rE))—((rc—1)*

zpxrp)/((xp—1)*zp—rp+rc)+1)/2)+(xp*xyc—rp*xp*yc)/ (2% (vc—Tp*xE)).
We verify that M lies on line JL since we calculate

(kg *xyc —xp*xxp*xyc)/2x(xc —xp*xxp)) — (xp* (xrr — 1) *yc)/(2 % (xp *
xp—xp—xp+ac)))*(((1/2)(xp+ (—(zp*xxp*x (xc — 1)) /(xc — vc *TEp — TC *
rpt+rpxxp)))) — (—xc*xxp*rp —xp*Tp+ro*Trp+ro*rp)/ (2% (xec —xp *
zg))))/((—ze*xp*rp—rpxxp+roxxg+roxxp)/(2*%(zc—zp*xg)) — (((zo—
Vxxp*xxp)/((zp—1)*xxp—apt+ac)+1)/2)+(xp*yc—xp*xxp*xyc)/ (2% (zc —
xpxxp))— ((1/2)(—=(zp*xyc* (xp—1))/(xc —xc* g —xc*xp+ap*TFR))) =0
as desired.

Line LN is given by the equation

= (((yo— (zpx(xp—1)*xyc)/(rp*xrr—rc*rp—xc*rR+20))/2— (Tp* (TP —1)*
)/(2*(xD>x<xF rp—rp+xc)))k(x—(((xc—1)*zp*rp)/(rp—1)*zp—xp+xc)+
)/2))/(( —((ze—1)*zpxxp)/(xpxrr—xcxrp—roxrp+rc))/2—(((xc—1)*x p*

93F)/((ZUD—1)*93F—$D+$O)+1)/2)+($D*(l"F—1)*90)/(2*(33D*5EF—$F—ZUD+93C))-
We verify that O lies on line LN since we calculate

(Yo — (e (xp—1)xyo)/(Tp*rp —To* 2P —To*Tp+20)) /2 — (Tp* (TP — 1) *
yo)/ 2% (xpxxp—xp—xp+a0)))*((1/2)((xe*xp+ 20 * 28 —Xp * TR — T *
xp*xxp)/(xtc—xp*rp)+trr))— ((xc—1)*xzpxzp)/(xp—1)*xp —xp+x0)+
1)/2))/((xc—((ze—1)*zp*xp)/(zpxrr—xo*rp—xo*xrp+xc))/2— (((xc—1)*
xp*xxp)/((xp—1)xzp—2zp+xc)+1)/2)+(xp*(xrp—1)*yc)/ (2% (rp*xp—2F —
xD;g;C)g—((1/2)((xE*yc—xD*xE*yc)/(xc—wD*:cEH(mF—1)($ 7)) =0
Line CD is given by the equation

() —y +ye — ve(:2%-) = 0.

TC—ZD Tc— xD

Line JO is given by the equation
x(yJ*yO) —y +yj _ xJ(zu*yo) =0.

Tj—ZO Tj—TO

Line KL is given by the equation
l.(yK_yL) —y + YK — xK(yK_yL) — 0.

LIKTELL TK—TL
Line AF is given by the equation
r(4E) —y = 0.
Line M N is given by the equation
T(PE) =yt yy — on(PE2Y) = 0.

Line BF is given by the equation

o() —y — Lete .

We then verify that the triples of points (J, K, N), (J, L, M), and (L, N,O) are
each collinear by substituting the above values into the following matrices and
calculating that

Yyc Yyc
2 -1 ye —zo(3S5)
det | M20o 1y~ (B0 | =
YK —YL _ _ YK —YL
TR—TL 1 yx xK(fCK_IL)
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TR

det | 252 —1 yx —ap (L) | =
YM—YN _ _ YM—YN
—YE -1 _ —YE
1—_mE 1—mE_

det | B2te 1y, g (i | 2
YM —YN _ _ YM —YN
DI -1 yy — e (B

as desired.

One can verify even further that these points of concurrency are the midpoints of
AGHI. O

FIGURE 1. The triples of points (J,K,N),(J, L, M),
and (L,N,0O) are each collinear and the triples of lines
(CD,JO,KL),(AF,KL,MN), and (BE,JO,MN)

are each
concurrent.
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