International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 (©IJCDM

Volume 9, 2024, pp. 230-233.

Received July 11, 2024. Published on-line December 31, 2024.

web: http://www. journal-1.eu/

(©The Author(s) This article is published with open access'.

The Seven Circumcenters Theorem

BENJAMIN LEE WARREN® 2
University of Binghamton, Mathematics,
4400 Vestel Pkwy E, Binghamton, NY 13902
e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. INTRODUCTION

Miquel’s theorem [1] is an example of a theorem where the construction involves
choosing a random point on each side of a given triangle. Here, we will build the
same construction as in Miquel’s theorem but will demonstrate the existence of a
different point than the Miquel point.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point on line AB.

Let E be a point on line AC'.

Let F' be a point on line BC'.

Let G be the circumcenter of A, D, and FE.
Let H be the circumcenter of B, D, and F.
Let I be the circumcenter of C, E, and F'.
Let J be the circumcenter of D, E, and F.
Let K be the circumcenter of G, 1, and J.
Let L be the circumcenter of H, I, and J.

Let M be the circumcenter of G, H, and J.
Then lines DM, EK, and F'L are concurrent.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

D has coordinates (zp, )

E has coordinates (zg, #£22).

F has coordinates (zp (xp - 1(;2%4)).

G has coordinates

(20/2, (25 % ye) /(2 % 26) — (zc * (2p/2 — 25/2)) ).

H has coordinates

(zp+1)/2,((xzr — 1) *y2 + (xc — 1)?x2p — (xc — 1)**x2p) /(2% (zc — 1) x yc)).
I has coordinates

(—((zo*xp— (e — 1) *xp —x0) * Y2+ (v¢ — 1)?* 2o *xp — (xc — 1) x 2t x2p —
rh+22)/(2% (xe — 1) *x20), (22 x2p — (vc — 1)* %25 —xc) *yc) /(2% (xc — 1) *
ro)+ (g — 1) *zc*xxp — (xg — 1) * o *2p)/(2 % yc)).

J has coordinates
(—(zp*(zrp—1)x(zo*rp—x0*TR+TE—T0) %Yo+ (vo—1)**x0*TR* 1% — (T0 —
Vsxix(xp—xp)*(zp+zp)*rr+(vo—1)*xsx0% — (vo—1)**xo*xh*xp— (10 —
Dxzixzh) /(2% (xc—1)xxox((xp—xo*xp)*xp+ ((xo— 1) *xp —T0) ¥ TE + 10 *
zp)), (xéx(xp—xp)*rh — (22 %25 — 2% Lo *Th+ a5+ 2% % xxp — 2% 25 %2 p ) * T p+
(o —1)*,zp*at+aixwp—aixrp)xyé +(vo—1)? %2t * (g —zp)*x 2% — (vc —
12«22« (zg—zp)x(xp+ap)*xxp+(vc—1)?*xzi*xwp*xah — (ve—1)?xxk x 1k *
rg)/(2x(xc—1)*zc*x((xp—xo*xp)*xxp+((vc—1)kxp—ac)*Tp+Tc*xp)*Yc)).
K has coordinates

g = —((xo*rp—xo*xp+Tp—x0)* (To*TE*xTp+TRp*Tp —To*Tp*Tp — To *
x2E+x%E+xc*xD*xE—xD*xE—xc*xE—mE+mC*xD)*yé+(xc—1)*3:0*(2*:15%*
xE*:rzF—a:E*a:QF—Q*xQC*xD*a:2F+$C*xD*:1:2F—4*$%*$%*$F+2*$C*$2E*xlm—x%*
wp+4>kxc*$D>kxE*;1:F 2¥XO*XDRTR*TF — Q*xc*xE*a:F—{—xc*xD*xF—{—Q*xo
xD*:Up—i—Q*a:C*xE Q*xc*xE Q*xc*xp*xE+xC*:UD*xE+xD*a:E+2*xC*:cE+
xc*xE xc*xD*a;E+xD*xE Z*xc*xD*:cE—l—xc*xE xc*xD xc*xD)*yc—i—
(xe—1)>xadx(zp—xp)*as— (xc 1)2xad*x(zp—xp)*((2%xc—1)xxp—2p)* TP+
(xo—1)* %zt xah — (xo —1)?xxdx (xo+ 1) *xp*ah + (vo — 1) xad xad xxp) /(4%
(re—1)*xo*(Tp*Tp —To*Tp*Tp+TokTp*Tp—Tp*TE —TOXTE+Io*Tp)*Y2)
and

Y = —(Tp*(ToxTp—To*Tp+TE—T0 ) %Y+ To* (25T % x px 1% —AxTE R T pR TR+
TOHRTEH T+ TERTp* T — Ak TE A Tk T p+ 85 X2 kXL * T p — TR R TEX T p+ 3% T L * T+
DRTZ AT DKL RT p— 2K T KT DRT pHT p— 2RTE KT kT pA-AkTEHRT kT p— 2K TERT DX T p+
Q*x%*x%—4*x2c*x3E+2*xc*x3E—3*x%*x0*x%+6*xc*xp*a;2E—3>kxD*:v2E+2*a:3é*
T — XKLL — T o* T — 2K TR T DRI p+ 25Xk T DT p+ Tk T — 24 X2 % T g+ T 5% T ) *
Vit (re—1)2x2dx((ro—2)*xp+rp)*1%H— (:L'c—1)*x%*(2*x20*x2E—4*xc*x2E—|—3*
14— 2%xc*krp*rp+2xro*krh— 19 ) *rp+(vo—1) % xbkrd — (vo—1)*xd* (3x (w0 —
Dxxp—rc)*xx%+2%(xo—1)*xxdxxpx((xe—1)*xp—1c)*xp+(rc—1)*Tt*2%) /(4%
(e —1) %22 % (Tp*Tp —To*Tp*Tp+To*Tp*TE —Tp*TE —TOXTE+TO*Tp)*Yc).
L has coordinates

v = —((zo*xp—To*Tp+Tp—20)* (To*T% —To*TE*Tp+ 2% Tp*xTp — To*Tp*
Tp—XCo*Tp+TOo*Tp*Tp —Tp*Tp — xE—i—acC*xD)*yC—i—(xo—1)*:1:0*(2*:1;20*
xF—2*a:C>k:cF 4*:cc*xE*xF+6*:cc*:cE*xF 3% Tp*Th — 24 TL xTp* T+ 3%
TORTPRTH— 24Tk T+ 2Kk Tk Ta+ 2k Xe 4 T L% T p — A% Lok X+ Tp+Th* T p +4%
TLRTp*Tp*Tp — O Lok Tp* TR Tp+ 24T p* Tp*Tp+ 25T % TpkTp — 2% Lo * T p*
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TR+ TokTH*Tp+24%X5 %X pkTp — 2% To*Tp*Tp+TE*Tp —TokTp — 2K TEH*Tp*
TL 34Tk Tp*T% —Tp*TL+TO* T — Lok TH*Tp+ T *Tp — 2% T5*Tp*Tp+ 2%
T*Tp*Tp+To*Tp—To*Th —Toxxp)xyb+ (vo— 1) *xixrd — (v —1)3 % 2% *
(2xzc— 1) *xp+ (vc—2)*xp)* 0%+ (xo —1)3*2i x (o * 2% + 2% To*Tp* TR —
2xxpxrp—ah)xxp— (zo— 1) * i xrp*xah+ (vo— 1) *aixah*xxg) /(4% (vc —
D sz (Tp*Tp —To*Tp*Tp+To*Tp*Tp —Tp*Tp — To*TE+To*Tp) *ys)
and

yr = —((xp—1)*(zo*xrp—zc*rp+rr—20) *xyst(v0—1)* (2% 2 2% — 2% a0t x 2% —
LRI AT PR D0+ ARTE AT phT % — IR DK T R0+ 3RTE*T p* T3 — AT k5 + Ak T2 %05+
2RI AT LA T p— 2K XL KT LK T — TR T HH T p+ T H* T p— 2T KT DRT kT p+ 2% TORT D *
TEHTp+ 0% TE kT g p — Ak TE T pH T p+ AT ORI g T p — 6% TE %D pr T p+3kxd % T p— 3%
TEHTp—TEHT pRIL+2KT CH T p* T — T p* T — 2K Lok T+ 3K E* T % — T o* T+ 25T 5%
Tp*Tp—2%TC*T T p—2% T kT p—T okt p+3%xxtxxp—r+ad ) xyd+(vo—1) *xl*
rh—(ze—1)3*zox((2xat+1)xxp—xo*(3xxp—rc+1)) x5+ (v0—1)3*10% (02 %
TLAX*TL— 25T 0T pRT R+ 24T pRT g+ 2% XL KT p— 25T o T2 — 25T ok p ) ¥ T p—(To—
1)3xa2*(zp+rc)x2h+(ve—1)xxo* (2%w0— 1) * a2 xxp+(vc— 1) * a2 *xx%) [ (4%
(rc—1)2*%x0*(Tp*Tp —XO* TP ¥Tp+TC*TP*Tp—Tp*TEp — Tk TR +TC*TD)*YC).
M has coordinates

vy = —(vp*(zp—1)*(vo*xp —ro*rp+rE—10)*ys+ (vo— 1) *To* (2% TO* TR *
x%—xE*a:QF—xc*ﬁD*xQF—Q*xo*x%*xp+x2E*xF—2>x<xD>x<xE>x<xF—Q*xc*xE*
:EF~|—3>1<3:C*a:QD*$F+2*xc*xD*xF+xc*a:D*x%—:UD*a:ZE—i—xc*xQE—?)*xo*x%*
Tp+3%x0h*Xp+24To*Tp*Tp +To*Tp —3*To* 0% —To*xTp) *xys + (ro—1)3*
tix(zp—ap)*rh — (xo—1)?**xix(xp—xp)* (To*Tp+To*xTp —2%Tp) xTp +
(xo—1)**xdxxp*xah— (vo—1)? %22 x (zo+1)xahxxp+ (xo—1)?x 22 x2%) /(4%
(c—1)*To* (Tp*Tp—To*Tp*Tp+TO*Tp TR —Tp*TE —TC*TR+TC*Tp)*Ye:)
and

yv = ((wo* (xp—zo*xp)*x 2%+ (xo — 1) % 0% — 2% 10 *xp+ 2% T2 xTp) * Tp +
(re — 1) * (¢ — 1) % xp — xc) x 7% + o * xp — x5 * xp) * Y& + (vo — 1)* x 20 *
(rp —xoxxp)* 2%+ (e — 1) % wo* (T * 2% —4xTo*Tp*Tp+ 2% Tp*Tp + 2 %
2% 2% —xo*xrh) kxp+ (xo— 1) x2i* ((ve — 1) xxp —xc) * 0% — (xo — 1) * 10 *
rpx((xo—1)*x(2%xxc—1)xap—2%xxi)xxp — (voc— 1) x2d x2%) /(4% (xc — 1) *
Tox (Tp*xXp —To*Tp*Tp+ To*xTp *Tp — Tp*xTp — Lo *x Tp+ To*Tp) *Yo).
Line DM is given by the equation

P(BE22) —y 4y — rp(BE2E) = 0

Line F'K is given by the equation

P( )y 4y rp(HTE) =

Line F'L is given by the equation

(LE) —y+yr —ap(22E) = 0.

Suppose that not all three lines are parallel.

One can then substitute the above values into the following matrix and calculate
that

YmM—YD YmM—YD
Ty—Tp 1 yp — xD(xNI_xD )
det | #5222 —1 yp—xp(P=2E) 1 =0
YL—Yr _ _ YL—Yr
TL—TF 1 yr xF(mL—wF )

as desired. 0
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FiGUurg 1. Illustration.
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