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1. INTRODUCTION

In a given triangle, pick a point and construct the cevians. We prove that seven
particular circumcenters associated to this construction give rise to three partic-
ular lines which are either all parallel or concurrent.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be some point in the plane.

Let lines AB and CD intersect at point E.

Let lines AC' and BD intersect at point F'.

Let lines AD and BC' intersect at point G.

Let H be the circumcenter of A, E, and F.

Let I be the circumcenter of B, E, and G.

Let J be the circumcenter of C, F, and G.

Let K be the circumcenter of E, F, and G.

Let L be the circumcenter of H, I, and K.

Let M be the circumcenter of H, J, and K.

Let N be the circumcenter of I,.J, and K.

Then lines EL, FM, and GN are either parallel or concurrent.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).
D has coordinates (zp, yD)
E has coordinates ((x¢ * yp — xp *yc)/(yp — ye), 0).

F has coordinates ((xc *yp)/(zc *yp — xp *yc + yc), (Yo *yp)/(xc * yp — xp *
yo +yo))-

G has coordinates ((zp * yc)/(—zc *yp +yp + Tp * yc), (Yo * yp)/(—xc * yp +
Yp +Tp *Yc)).

H has coordinates

((xexyp—zp*yc)/(2x(yp—yc)), (xox((xc*yp)/(2xxc*yp — 2% T p*Yyc+2%yc) +
(ze*xyp—xp*yc)/(2%yc—2%yp)))/ye+We*yp)/ (2xxoxyp —2%xp*yc+2%yc)).
I has coordinates

(weyp—20+50) (yp—ye) +1)/2 —((4+ (50— 1) 40) s —yor+ -+ 25 (0
1)k p)xyp+(zo—1)*(xp—1)*xp*y2) /(2xyc*(yp—yc)*((xc—1)*yp—rp*yc))).
J has coordinates

(((2%ze—1)*xy2 +2%xd, — 2% 22) xyh —yo* ((2xxp — 1) *y2 +xc* (vo* (2% 2p —
1)+ 1)) 5+ (wp — 1) xp ), (2 (6 — 1) 5 yp —2p 310) * (20 5y — (wp — 1)+
yo)), —(((28 —zo+1)*ye +a¢ —2xat+at) *yp+ye*yp+(1—ap)xxp*ye+(1—
zo)*xox(xp—1)*xp*yd)/(2xyc*((xc—1)*yp —xp*yc)*(xoxyp—(rp—1)*yc))).
K has coordinates

(—(((2xxc—1)*y2 —2x2%+3xxt — 2L ) *y% —yox (2% xp+4*xx0—3)*y2 — (v —1)*
xQC*(Z*(5*;1:0—1)*a:D—?)*a:c—1))*yé—i—y%*((4*xD+2*a:C—3)*y%—2*xc*xD*
(1022 —9%xc+1)xzp— (2xz0—1)* (320 —1))) * Y% — Y2k (2% xp — 1) *y2 — 2%
xc*xD*(xD*(2*(5*xc—3)*mD—9*xc+5)—|—xc ) xy3+(1—zp)*xh*((10%zc—
3)xxp—2%xc—1)*yt*xyp+(rp—1)?*2% % (2xxp+1)*y2) /(4% (yp —yc) * ((xc —
)*yp—(xp—1)*yc)*((xc—1)xyp —zp*yc)*(xc*yp —(xp —1)*yc)*(zc*yp —
rp*yc)), —((rc— 1) *xo* (Y2 + (vc —1)* %22 x9S — 2% yo* (2% o xxp* Y2 —Tp *
Vi —wE kYL + 2% 22k xp — DR TR Tp+ARTE kT p — XL kT — XY+ 2% T —TH ) ¥ YD+
2k (3t xyd — 3w pryd — 3k ri kYt +3kxokyb+5xxh vt — 10kl x 1% + 551k
1} —5xxbxxp+10x2d xxp —5*xxi*xp)*yh — 2% (2% — 2% T *Tp+T0) K YD *YDH +
(1—zp)*xp*ysx* (Y2 +5%(xoc—1)*xxo*(xp—1)*xp) *xy%h +2% (xp— 1) 2k x%) * (2%
ro—1)xxp—xc)*yexyp—(vp—1)**xxhxyl) [ (4xycryp*(yp—ye)*((vc—1)*yp—
(xp—1)*yc)*((xc—1)*yp—ap*yc)*(zc*yp—(xp—1)*yc)*(xc*yp—rp*yc))).
L has coordinates

v = = ((yr —ym) ¥y + (=y7 Ty — 7 +05) * Yre +ym* v+ (=Yg + 0 — Th) *
yr+ (27 — %) *yn) /2 * (w1 — vu) * yx + (v — 2x) * yr + (Tx — 1) * yn))
and

yr = ((zr —xp) *y% + (v — o) x Y2 + (v — x1) * Y5 + (1 — 2g) * 2% + (2% —
) xxg+agrri—ahxrr) /(2% (v —zg)*yx + (vg —xx) *yr + (xx — 1) *yw)).
M has coordinates

wy = (s —yu) * i + (—y7 +yi — 25 + %) % yx +ym *y7 + (—yi + 2% —
af) xys+ (25 — 2% ) xyn) /(2% (xg —zu) *yx + (v5 —2x) * Yy + (T —25) *yn))
and

yu = (x5 —xg) Y5 + (g —2x) ¥y + (o5 —25) ¥ yi + (25 — vg) x5 + (2 —
) xrgtagras—ahxxy) /(2% (xy—xm)xyx +(xg —rr)*y;+ (T —17) *Ym)).
N has coordinates

oy = —((ys —yr) * Yk + (—y5 + i — a5+ 7)) *yx +yr xy5 + (—y7 + 2% —27) *
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ys+ (25 —x3) *yr) /(2% (xg — 1) * yr + (21 — k) * ys + (Tx — ) * Y1)
and

yn = (x5 — o) xyf + (o7 — xx) * Y5 + (g —25) %y + (05 — 1) * 2% + (2F —
) xxg+arxad—atxwy)/(2x(vy—xp) *yr + (xr — ) *ys + (T —27) * yr)).
Line EL is given by the equation x(£=4E) — y + yp — rp(L=LE) = ().

TL—TE T, —TE
Line F'M is given by the equation z(2=25) — y + yp — wp(L2E) = 0.
Line GN is given by the equation x(%) —y+yg— xc(gx:gg) = 0.

Suppose that D is chosen so that these three lines are not parallel.

One can then substitute the above values into the following matrix and calculate
that

L—YFE L—YE
R el )
det | 222 —1 yp —zp(BEE) | =0
YN—YG _ _ YN —YG
nvee b Yo~ 7e(GI=E)

which verifies that lines EL, FM, and GN are indeed concurrent as desired. [

FiGurg 1. Illustration.
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