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1. Introduction

The Euler line [1] is the line that passes through the centroid, circumcenter, and
Exeter point (among many others). Here, we give generalizations of the latter
two points and demonstrate that they both lie on a line which is a particular
generalization of the Euler line.

2. Results

Theorem 2.1. Let A,B, and C denote the vertices of a given triangle.
Let D be some point in the plane.
Let line CD intersect the circumcircle of A,B, and C at point E.
Let line BD intersect the circumcircle of A,B, and C at point F .
Let line AD intersect the circumcircle of A,B, and C at point G.
Let the lines tangent to A and B intersect at point H.
Let the lines tangent to A and C intersect at point I.
Let the lines tangent to B and C intersect at point J .
Let lines AB and CD intersect at point K.
Let lines AC and BD intersect at point L.
Let lines AD and BC intersect at point M .
Let the circle passing through K,L, and M intersect line AB at point N .
Let the circle passing through K,L, and M intersect line AC at point O.
Let the circle passing through K,L, and M intersect line BC at point P .

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Then,
1. Lines HE, IF, and JG are concurrent at point Q,
2. Lines HK, IL, and JM are concurrent at point R,
3. Lines HN, IO, and JP are concurrent at point S, and
4. D,Q, and R are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates
(((xCyD − xDyC)(yC(yD − yC) + (xC − 1)(xD − xC)))/(yC((yD − yC)

2 + (xD −
xC)

2)), (((xC−1)yD− (xD−1)yC)(xCyD−xDyC))/(yC((yD−yC)
2+(xD−xC)

2))).
F has coordinates
((yD(yC(yD+(xD−1)yC)+(xC −1)xC(xD−1)))/(yC(y

2
D+(xD−1)2)), (yD((y

2
C +

(xC − 1)xC)yD − (xD − 1)yC))/(yC(y
2
D + (xD − 1)2))).

G has coordinates
((xD((y

2
C + (xC − 1)xC)yD + xDyC))/(yC(y

2
D + x2

D)), (yD((y
2
C + (xC − 1)xC)yD +

xDyC))/(yC(y
2
D + x2

D))).
H has coordinates (1

2
,− yC

2x2
C−2xC+2y2C

).

I has coordinates (
x2
C−xC+y2C
2(xC−1)

,− yC
2(xC−1)

).

J has coordinates (
x2
C+xC+y2C

2xC
, yC
2xC

).

K has coordinates (xCyD−xDyC
yD−yC

, 0).
L has coordinates ( xCyD

xCyD−xDyC+yC
, yCyD
xCyD−xDyC+yC

).

M has coordinates ( xDyC
−xCyD+xDyC+yD

, yCyD
−xCyD+xDyC+yD

).
N has coordinates
(−(((2xC − 1)y2C − x4

C +2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD −
1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + 2(2xC − 1)(xD −
1)x2

Dy
3
CyD−(xD−1)2x2

Dy
4
C)/(2((xC−1)yD−(xD−1)yC)((xC−1)yD−xDyC)(xCyD−

(xD − 1)yC)(xCyD − xDyC)), 0).
O has coordinates
(−(xC(((2xC−1)y2C−x4

C+2x3
C−x2

C)y
4
D−2yC((xD+xC−1)y2C−(xC−1)x2

C(2xD−
1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + 2(2xC − 1)(xD −
1)x2

Dy
3
CyD−(xD−1)2x2

Dy
4
C))/(2(y

2
C+x2

C)yD(yD−yC)((xC−1)yD−(xD−1)yC)((xC−
1)yD − xDyC)),−(yC(((2xC − 1)y2C − x4

C +2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C −

(xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +1))y2D +

2(2xC − 1)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C))/(2(y

2
C + x2

C)yD(yD − yC)((xC −
1)yD − (xD − 1)yC)((xC − 1)yD − xDyC))).
P has coordinates
((((4x2

C−3xC+1)y2C+x5
C−x4

C−x3
C+x2

C)y
4
D−2yC(((3xC−1)xD+(xC−1)(2xC−

1))y2C + 2(xC − 1)2x2
CxD)y

3
D + y2C((2xD(xD + 3xC − 2) − 3xC + 1)y2C + 2(xC −

1)2xCxD(3xD − 2))y2D − 2(xD − 1)xDy
3
C(y

2
C + (xC − 1)((2xC − 1)xD − xC))yD +

(xC−1)(xD−1)2x2
Dy

4
C)/(2(y

2
C+(xC−1)2)yD(yD−yC)(xCyD−(xD−1)yC)(xCyD−

xDyC)), (yC(((2xC − 1)y2C + x4
C − 2x3

C + x2
C)y

4
D − 2yC((xD + xC − 1)y2C + (xC −

1)2xC(2xD − 1))y3D + y2C((2xD − 1)y2C + 2(xC − 1)xD((3xC − 1)xD − 4xC + 1) +
2(xC − 1)xC)y

2
D − 2(2xC − 1)(xD − 1)2xDy

3
CyD + (xD − 1)2x2

Dy
4
C))/(2(y

2
C + (xC −

1)2)yD(yD − yC)(xCyD − (xD − 1)yC)(xCyD − xDyC))).
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Line HE is given by the equation
y = ((−(((xC − 1)yD − (xD − 1)yC)(xCyD − xDyC))/(yC((yD − yC)

2 + (xD −
xC)

2))−yC/(2y
2
C +2x2

C −2xC))(x− ((xCyD−xDyC)(yC(yD−yC)+(xC −1)(xD−
xC)))/(yC((yD−yC)

2+(xD−xC)
2))))/(1/2−((xCyD−xDyC)(yC(yD−yC)+(xC−

1)(xD−xC)))/(yC((yD−yC)
2+(xD−xC)

2)))+(((xC−1)yD−(xD−1)yC)(xCyD−
xDyC))/(yC((yD − yC)

2 + (xD − xC)
2)).

Line IF is given by the equation
y = ((−(yD((y

2
C+(xC−1)xC)yD−(xD−1)yC))/(yC(y

2
D+(xD−1)2))−yC/(2(xC−

1)))(x− (y2C +x2
C −xC)/(2(xC −1))))/((y2C +x2

C −xC)/(2(xC −1))− (yD(yC(yD+
(xD − 1)yC) + (xC − 1)xC(xD − 1)))/(yC(y

2
D + (xD − 1)2)))− yC/(2(xC − 1)).

Line JG is given by the equation
y = ((yC/(2xC)−(yD((y

2
C+(xC−1)xC)yD+xDyC))/(yC(y

2
D+x2

D)))(x−(xD((y
2
C+

(xC−1)xC)yD+xDyC))/(yC(y
2
D+x2

D))))/((y
2
C+x2

C+xC)/(2xC)−(xD((y
2
C+(xC−

1)xC)yD +xDyC))/(yC(y
2
D +x2

D)))+ (yD((y
2
C +(xC − 1)xC)yD +xDyC))/(yC(y

2
D +

x2
D)).

Lines IF and JG intersect at point Q which has coordinates
xQ = (yC((y

2
C + (xC − 1)2)(y2C + xC(xC + 1))(y2C + x2

C)y
2
D(y

2
D + x2

D)− (y2C + (xC −
1)xC)(y

2
C+xC(xC+1))yD((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)+xDyC(y

2
C+

(xC−1)xC)((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2))+2(xC−1)(y2C+xC(xC+

1))y2D((y
2
C +(xC − 1)xC)yD +xDyC)(yC(yD +(xD − 1)yC)+ (xC − 1)xC(xD − 1))−

2xCxDyCyD((y
2
C +(xC −1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+(xC −1)xC(xD−

1)) − 2(xC − 1)xDyCyD((y
2
C + (xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) +

(xC − 1)xC(xD − 1))− 2xCxD(y
2
C + (xC − 1)xC)yD((y

2
C + (xC − 1)xC)yD − (xD −

1)yC)((y
2
C+(xC−1)xC)yD+xDyC))/(yC((y

2
D+x2

D)(yC(yC(y
2
C+x2

C+xC)+yC(y
2
C+

x2
C−xC))(y

2
D+(xD−1)2)−2(xC−1)yCyD(yC(yD+(xD−1)yC)+(xC−1)xC(xD−

1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C + (xC − 1)xC)yD − (xD − 1)yC))− 2xC(y

2
C +

x2
C − xC)yD((y

2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2) − 2xCxDyC((y

2
C +

(xC − 1)xC)yD + xDyC)(y
2
D +(xD − 1)2))+ 4(xC − 1)xCy

2
D((y

2
C +(xC − 1)xC)yD +

xDyC)(yC(yD+(xD−1)yC)+(xC −1)xC(xD−1))−4(xC −1)xCxDyD((y
2
C +(xC −

1)xC)yD − (xD − 1)yC)((y
2
C + (xC − 1)xC)yD + xDyC))

and
yQ = (yC(yC((y

2
C + (xC − 1)2)(y2C + x2

C)y
2
D(y

2
D + x2

D) + (y2C + xC(xC +1))yD((y
2
C +

(xC−1)xC)yD+xDyC)(y
2
D+(xD−1)2)−xDyC((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+

(xD − 1)2)) − 2(xC − 1)xDyD((y
2
C + (xC − 1)xC)yD − (xD − 1)yC)((y

2
C + (xC −

1)xC)yD+xDyC))−2xCyCy
2
D((y

2
C+(xC−1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+

(xC − 1)xC(xD − 1)) + 2(xC − 1)(y2C + xC(xC + 1))y2D((y
2
C + (xC − 1)xC)yD −

(xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC)− 2xC(y

2
C +(xC − 1)xC)y

2
D((y

2
C +(xC −

1)xC)yD − (xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC))/(yC((y

2
D +x2

D)(yC(yC(y
2
C +

x2
C + xC) + yC(y

2
C + x2

C − xC))(y
2
D + (xD − 1)2)− 2(xC − 1)yCyD(yC(yD + (xD −

1)yC)+ (xC − 1)xC(xD − 1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C +(xC − 1)xC)yD −

(xD−1)yC))−2xC(y
2
C+x2

C−xC)yD((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−

2xCxDyC((y
2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 4(xC − 1)xCy

2
D((y

2
C +

(xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) + (xC − 1)xC(xD − 1)) − 4(xC −
1)xCxDyD((y

2
C + (xC − 1)xC)yD − (xD − 1)yC)((y

2
C + (xC − 1)xC)yD + xDyC)).

We then verify that Q lies on line HE since we calculate
((−(((xC − 1)yD − (xD − 1)yC)(xCyD − xDyC))/(yC((yD − yC)

2 + (xD − xC)
2))−

yC/(2y
2
C + 2x2

C − 2xC))((yC((y
2
C + (xC − 1)2)(y2C + xC(xC + 1))(y2C + x2

C)y
2
D(y

2
D +

x2
D)−(y2C+(xC−1)xC)(y

2
C+xC(xC+1))yD((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−

1)2)+xDyC(y
2
C+(xC−1)xC)((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2))+2(xC−
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1)(y2C +xC(xC +1))y2D((y
2
C +(xC −1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+ (xC −

1)xC(xD−1))−2xCxDyCyD((y
2
C +(xC −1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+

(xC − 1)xC(xD − 1))− 2(xC − 1)xDyCyD((y
2
C + (xC − 1)xC)yD + xDyC)(yC(yD +

(xD − 1)yC) + (xC − 1)xC(xD − 1)) − 2xCxD(y
2
C + (xC − 1)xC)yD((y

2
C + (xC −

1)xC)yD − (xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC))/(yC((y

2
D +x2

D)(yC(yC(y
2
C +

x2
C + xC) + yC(y

2
C + x2

C − xC))(y
2
D + (xD − 1)2)− 2(xC − 1)yCyD(yC(yD + (xD −

1)yC)+ (xC − 1)xC(xD − 1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C +(xC − 1)xC)yD −

(xD−1)yC))−2xC(y
2
C+x2

C−xC)yD((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−

2xCxDyC((y
2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 4(xC − 1)xCy

2
D((y

2
C +

(xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) + (xC − 1)xC(xD − 1)) − 4(xC −
1)xCxDyD((y

2
C + (xC − 1)xC)yD − (xD − 1)yC)((y

2
C + (xC − 1)xC)yD + xDyC))−

((xCyD − xDyC)(yC(yD − yC) + (xC − 1)(xD − xC)))/(yC((yD − yC)
2 + (xD −

xC)
2))))/(1/2 − ((xCyD − xDyC)(yC(yD − yC) + (xC − 1)(xD − xC)))/(yC((yD −

yC)
2+(xD−xC)

2)))+(((xC−1)yD−(xD−1)yC)(xCyD−xDyC))/(yC((yD−yC)
2+

(xD − xC)
2))− ((yC(yC((y

2
C + (xC − 1)2)(y2C + x2

C)y
2
D(y

2
D + x2

D) + (y2C + xC(xC +
1))yD((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−xDyC((y

2
C+(xC−1)xC)yD+

xDyC)(y
2
D+(xD−1)2))−2(xC −1)xDyD((y

2
C +(xC −1)xC)yD− (xD−1)yC)((y

2
C +

(xC − 1)xC)yD +xDyC))− 2xCyCy
2
D((y

2
C +(xC − 1)xC)yD +xDyC)(yC(yD +(xD −

1)yC)+(xC−1)xC(xD−1))+2(xC−1)(y2C+xC(xC+1))y2D((y
2
C+(xC−1)xC)yD−

(xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC)− 2xC(y

2
C +(xC − 1)xC)y

2
D((y

2
C +(xC −

1)xC)yD − (xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC))/(yC((y

2
D +x2

D)(yC(yC(y
2
C +

x2
C + xC) + yC(y

2
C + x2

C − xC))(y
2
D + (xD − 1)2)− 2(xC − 1)yCyD(yC(yD + (xD −

1)yC)+ (xC − 1)xC(xD − 1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C +(xC − 1)xC)yD −

(xD−1)yC))−2xC(y
2
C+x2

C−xC)yD((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−

2xCxDyC((y
2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 4(xC − 1)xCy

2
D((y

2
C +

(xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) + (xC − 1)xC(xD − 1)) − 4(xC −
1)xCxDyD((y

2
C + (xC − 1)xC)yD − (xD − 1)yC)((y

2
C + (xC − 1)xC)yD + xDyC)))

= 0 as desired.
Line HK is given by the equation
y = (yC(yD(x−xC)−yC(x−xD)))/((y

2
C+(xC−1)xC)((2xC−1)yD−(2xD−1)yC)).

Line IL is given by the equation
y = −(yC(((3xC − 2)yD − (xD − 1)yC)x− (y2C + x2

C)yD))/(xC(y
2
C + (xC − 2)(xC −

1))yD − (xD − 1)y3C − (xC − 1)xC(xD − 1)yC).
Line JM is given by the equation
y = (yC(((3xC −1)yD−xDyC)x− (y2C +x2

C +xC)yD+xDyC))/((xC −1)(y2C +x2
C +

xC)yD − xDy
3
C − (xC − 1)xCxDyC).

Lines HK and IL intersect at point R which has coordinates
xR = ((y2C + xC(xC + 1))((2xC − 1)y2C + 2(xC − 1)2xC)y

2
D − yC(2xDy

4
C − y4C +

4x2
CxDy

2
C − 2x2

Cy
2
C + 2x4

CxD − 4x2
CxD + 2xCxD − x4

C + x2
C)yD + (xD − 1)xDy

4
C +

(xC−1)xC(xD−1)xDy
2
C)/(2(((3x

2
C−3xC+1)y2C+3x4

C−6x3
C+3x2

C)y
2
D−yC((2xC−

1)(2xD−1)y2C+2(xC−1)xC((2xC−1)xD−xC))yD+(xD−1)xDy
4
C+(xC−1)xC(xD−

1)xDy
2
C))

and
yR = (yC((y

2
C − 2(xC − 1)xC)y

2
D − yC(y

2
C − 2(2xC − 1)xD +xC(xC +1))yD − (xD −

1)xDy
2
C))/(2(((3x

2
C−3xC+1)y2C+3x4

C−6x3
C+3x2

C)y
2
D−yC((2xC−1)(2xD−1)y2C+

2(xC − 1)xC((2xC − 1)xD − xC))yD + (xD − 1)xDy
4
C + (xC − 1)xC(xD − 1)xDy

2
C)).

We then verify that R lies on line JM since we calculate
(yC(((3xC − 1)yD − xDyC)(((y

2
C + xC(xC + 1))((2xC − 1)y2C + 2(xC − 1)2xC)y

2
D −

yC(2xDy
4
C − y4C + 4x2

CxDy
2
C − 2x2

Cy
2
C + 2x4

CxD − 4x2
CxD + 2xCxD − x4

C + x2
C)yD +
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(xD − 1)xDy
4
C + (xC − 1)xC(xD − 1)xDy

2
C)/(2(((3x

2
C − 3xC + 1)y2C + 3x4

C − 6x3
C +

3x2
C)y

2
D − yC((2xC − 1)(2xD − 1)y2C +2(xC − 1)xC((2xC − 1)xD − xC))yD + (xD −

1)xDy
4
C +(xC −1)xC(xD−1)xDy

2
C)))− (y2C +x2

C +xC)yD+xDyC))/((xC −1)(y2C +
x2
C + xC)yD − xDy

3
C − (xC − 1)xCxDyC)− ((yC((y

2
C − 2(xC − 1)xC)y

2
D − yC(y

2
C −

2(2xC − 1)xD + xC(xC + 1))yD − (xD − 1)xDy
2
C))/(2(((3x

2
C − 3xC + 1)y2C + 3x4

C −
6x3

C +3x2
C)y

2
D − yC((2xC − 1)(2xD − 1)y2C +2(xC − 1)xC((2xC − 1)xD − xC))yD +

(xD − 1)xDy
4
C + (xC − 1)xC(xD − 1)xDy

2
C))) = 0 as desired.

Line HN is given by the equation
y = −(yC(x − 1/2))/((2y2C + 2x2

C − 2xC)((((2xC − 1)y2C − x4
C + 2x3

C − x2
C)y

4
D −

2yC((xD+xC −1)y2C − (xC −1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C −2xCxD((3xC −

2)xD−2xC+1))y2D+2(2xC−1)(xD−1)x2
Dy

3
CyD−(xD−1)2x2

Dy
4
C)/(2((xC−1)yD−

(xD − 1)yC)((xC − 1)yD − xDyC)(xCyD − (xD − 1)yC)(xCyD − xDyC)) + 1/2))−
yC/(2y

2
C + 2x2

C − 2xC).
Line IO is given by the equation
y = (((yC(((2xC − 1)y2C − x4

C + 2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC −

1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C−2xCxD((3xC−2)xD−2xC+1))y2D+2(2xC−

1)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C))/(2(y

2
C + x2

C)yD(yD − yC)((xC − 1)yD −
(xD − 1)yC)((xC − 1)yD − xDyC))− yC/(2(xC − 1)))(x− (y2C + x2

C − xC)/(2(xC −
1))))/((xC(((2xC − 1)y2C − x4

C + 2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC −

1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C−2xCxD((3xC−2)xD−2xC+1))y2D+2(2xC−

1)(xD−1)x2
Dy

3
CyD− (xD−1)2x2

Dy
4
C))/(2(y

2
C +x2

C)yD(yD−yC)((xC −1)yD− (xD−
1)yC)((xC − 1)yD − xDyC)) + (y2C + x2

C − xC)/(2(xC − 1)))− yC/(2(xC − 1)).
Line JP is given by the equation
y = ((yC/(2xC)−(yC(((2xC−1)y2C+x4

C−2x3
C+x2

C)y
4
D−2yC((xD+xC−1)y2C+(xC−

1)2xC(2xD−1))y3D+y2C((2xD−1)y2C+2(xC−1)xD((3xC−1)xD−4xC+1)+2(xC−
1)xC)y

2
D−2(2xC−1)(xD−1)2xDy

3
CyD+(xD−1)2x2

Dy
4
C))/(2(y

2
C+(xC−1)2)yD(yD−

yC)(xCyD− (xD−1)yC)(xCyD−xDyC)))(x− (y2C +x2
C +xC)/(2xC)))/((y

2
C +x2

C +
xC)/(2xC)− (((4x2

C − 3xC + 1)y2C + x5
C − x4

C − x3
C + x2

C)y
4
D − 2yC(((3xC − 1)xD +

(xC − 1)(2xC − 1))y2C + 2(xC − 1)2x2
CxD)y

3
D + y2C((2xD(xD + 3xC − 2) − 3xC +

1)y2C +2(xC −1)2xCxD(3xD−2))y2D−2(xD−1)xDy
3
C(y

2
C +(xC −1)((2xC −1)xD−

xC))yD + (xC − 1)(xD − 1)2x2
Dy

4
C)/(2(y

2
C + (xC − 1)2)yD(yD − yC)(xCyD − (xD −

1)yC)(xCyD − xDyC))) + yC/(2xC).
Lines HN and IO intersect at point S which has coordinates
xS = (((2xC − 1)y5C +(4x3

C − 5x2
C +3xC − 1)y3C +(2x5

C − 5x4
C +4x3

C −x2
C)yC)y

4
D +

((−2xD − 2xC +2)y6C +((−2x2
C +2xC − 2)xD − 4x3

C +6x2
C − 4xC +2)y4C +((2x4

C −
2x2

C)xD − 2x5
C +4x4

C − 4x3
C +2x2

C)y
2
C +(2x6

C − 6x5
C +6x4

C − 2x3
C)xD)y

3
D +((2xD −

1)y7C + (−2xCx
2
D + (2x2

C + 2)xD − x2
C + xC − 1)y5C + ((2x2

C − 4x3
C)x

2
D + (4x3

C −
2x4

C)xD + x4
C − x2

C)y
3
C + ((−2x5

C + 8x4
C − 10x3

C + 4x2
C)x

2
D + (−2x6

C + 4x5
C − 4x4

C +
4x3

C − 2x2
C)xD + x6

C − x5
C − x4

C + x3
C)yC)y

2
D + ((2xCx

2
D − 2xCxD)y

6
C + ((4x3

C −
2x2

C)x
2
D + (2x2

C − 4x3
C)xD)y

4
C + ((−4x3

C + 6x2
C − 2xC)x

3
D + (2x5

C − 2x4
C + 4x3

C −
6x2

C + 2xC)x
2
D + (2x4

C − 2x5
C)xD)y

2
C)yD + ((x2

C − xC)x
4
D + (2xC − 2x2

C)x
3
D + (x2

C −
xC)x

2
D)y

3
C)/(2((x

2
C − xC)y

3
Cy

4
D + ((xC − x2

C)y
4
C + ((4x3

C − 6x2
C + 2xC)xD − 2x3

C +
3x2

C −xC)y
2
C +x6

C − 3x5
C +3x4

C −x3
C)y

3
D +((xD −x2

D)y
5
C +((−4x2

C +4xC − 1)x2
D +

(−4x3
C+10x2

C−6xC+1)xD+2x3
C−3x2

C+xC)y
3
C+((3x4

C−6x3
C+3x2

C)x
2
D+(−4x5

C+
7x4

C − 2x3
C − x2

C)xD + 2x5
C − 4x4

C + 2x3
C)yC)y

2
D + ((x2

D − xD)y
6
C + ((4x2

C − 4xC +
1)x2

D+(−4x2
C+4xC−1)xD)y

4
C+((−4x3

C+6x2
C−2xC)x

3
D+(3x4

C−5x2
C+2xC)x

2
D+

(−3x4
C +4x3

C −x2
C)xD)y

2
C)yD+((x2

C −xC)x
4
D+(2xC −2x2

C)x
3
D+(x2

C −xC)x
2
D)y

3
C))

and yS = −(((2xC−2)y2C(((2xC−1)y2C−x4
C+2x3

C−x2
C)y

4
D−2yC((xD+xC−1)y2C−

(xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +1))y2D +
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(4xC − 2)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C)

2)/((2y2C + 2x2
C)(yC − yD)yD((xD −

1)yC − (xC − 1)yD)(xDyC − (xC − 1)yD)) + (2y2C(y
2
C + x2

C − xC)(xCyD − (xD −
1)yC)(xCyD−xDyC)(((2xC−1)y2C−x4

C+2x3
C−x2

C)y
4
D−2yC((xD+xC−1)y2C−(xC−

1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C −2xCxD((3xC −2)xD−2xC +1))y2D+(4xC −

2)(xD−1)x2
Dy

3
CyD− (xD−1)2x2

Dy
4
C))/((2y

2
C +2x2

C)(yC −yD)yD)+(2xCy
2
C(xCyD−

(xD − 1)yC)(xCyD − xDyC)(((2xC − 1)y2C − x4
C + 2x3

C − x2
C)y

4
D − 2yC((xD + xC −

1)y2C − (xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +

1))y2D+(4xC −2)(xD−1)x2
Dy

3
CyD− (xD−1)2x2

Dy
4
C))/((2y

2
C +2x2

C)(yC − yD)yD)+
y2C(((2xC − 1)y2C − x4

C +2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD −
1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + (4xC − 2)(xD −
1)x2

Dy
3
CyD − (xD − 1)2x2

Dy
4
C))/(((2xC − 2)yC(2y

2
C + 2x2

C − 2xC)(((2xC − 1)y2C −
x4
C +2x3

C − x2
C)y

4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD − 1))y3D + y2C((2xD −
1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + (4xC − 2)(xD − 1)x2

Dy
3
CyD − (xD −

1)2x2
Dy

4
C)

2)/((2y2C + 2x2
C)(yC − yD)yD((xD − 1)yC − (xC − 1)yD)(xDyC − (xC −

1)yD))+((xD−1)yC−(xC−1)yD)(xDyC−(xC−1)yD)(xCyD−(xD−1)yC)(xCyD−
xDyC)((xC(4xC −4)yC(((2xC −1)y2C −x4

C +2x3
C −x2

C)y
4
D−2yC((xD+xC −1)y2C −

(xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +1))y2D +

(4xC−2)(xD−1)x2
Dy

3
CyD−(xD−1)2x2

Dy
4
C))/((2y

2
C+2x2

C)(yC−yD)yD((xD−1)yC−
(xC − 1)yD)(xDyC − (xC − 1)yD)) + yC(2y

2
C +2x2

C − 2xC)− 2yC(y
2
C + x2

C − xC)) +
((2xC −2)yC(2y

2
C +2x2

C −2xC)(xCyD− (xD−1)yC)(xCyD−xDyC)(((2xC −1)y2C −
x4
C +2x3

C − x2
C)y

4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD − 1))y3D + y2C((2xD −
1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + (4xC − 2)(xD − 1)x2

Dy
3
CyD − (xD −

1)2x2
Dy

4
C))/((2y

2
C +2x2

C)(yC − yD)yD)+ yC(2y
2
C +2x2

C − 2xC)(((2xC − 1)y2C −x4
C +

2x3
C −x2

C)y
4
D−2yC((xD+xC −1)y2C − (xC −1)x2

C(2xD−1))y3D+y2C((2xD−1)y2C −
2xCxD((3xC −2)xD−2xC +1))y2D+(4xC −2)(xD−1)x2

Dy
3
CyD− (xD−1)2x2

Dy
4
C)).

We then verify that S lies on line JP since we calculate
((yC/(2xC)− (yC(((2xC −1)y2C +x4

C −2x3
C +x2

C)y
4
D−2yC((xD+xC −1)y2C +(xC −

1)2xC(2xD − 1))y3D + y2C((2xD − 1)y2C + 2(xC − 1)xD((3xC − 1)xD − 4xC + 1) +
2(xC − 1)xC)y

2
D − 2(2xC − 1)(xD − 1)2xDy

3
CyD + (xD − 1)2x2

Dy
4
C))/(2(y

2
C + (xC −

1)2)yD(yD−yC)(xCyD−(xD−1)yC)(xCyD−xDyC)))((((2xC−1)y5C+(4x3
C−5x2

C+
3xC−1)y3C+(2x5

C−5x4
C+4x3

C−x2
C)yC)y

4
D+((−2xD−2xC+2)y6C+((−2x2

C+2xC−
2)xD − 4x3

C +6x2
C − 4xC +2)y4C +((2x4

C − 2x2
C)xD − 2x5

C +4x4
C − 4x3

C +2x2
C)y

2
C +

(2x6
C − 6x5

C +6x4
C − 2x3

C)xD)y
3
D + ((2xD − 1)y7C + (−2xCx

2
D + (2x2

C +2)xD − x2
C +

xC − 1)y5C + ((2x2
C − 4x3

C)x
2
D + (4x3

C − 2x4
C)xD + x4

C − x2
C)y

3
C + ((−2x5

C + 8x4
C −

10x3
C+4x2

C)x
2
D+(−2x6

C+4x5
C−4x4

C+4x3
C−2x2

C)xD+x6
C−x5

C−x4
C+x3

C)yC)y
2
D+

((2xCx
2
D − 2xCxD)y

6
C + ((4x3

C − 2x2
C)x

2
D + (2x2

C − 4x3
C)xD)y

4
C + ((−4x3

C + 6x2
C −

2xC)x
3
D+(2x5

C−2x4
C+4x3

C−6x2
C+2xC)x

2
D+(2x4

C−2x5
C)xD)y

2
C)yD+((x2

C−xC)x
4
D+

(2xC − 2x2
C)x

3
D + (x2

C − xC)x
2
D)y

3
C)/(2((x

2
C − xC)y

3
Cy

4
D + ((xC − x2

C)y
4
C + ((4x3

C −
6x2

C +2xC)xD − 2x3
C +3x2

C − xC)y
2
C + x6

C − 3x5
C +3x4

C − x3
C)y

3
D + ((xD − x2

D)y
5
C +

((−4x2
C+4xC−1)x2

D+(−4x3
C+10x2

C−6xC+1)xD+2x3
C−3x2

C+xC)y
3
C+((3x4

C−
6x3

C +3x2
C)x

2
D + (−4x5

C +7x4
C − 2x3

C − x2
C)xD +2x5

C − 4x4
C +2x3

C)yC)y
2
D + ((x2

D −
xD)y

6
C+((4x2

C−4xC+1)x2
D+(−4x2

C+4xC−1)xD)y
4
C+((−4x3

C+6x2
C−2xC)x

3
D+

(3x4
C − 5x2

C + 2xC)x
2
D + (−3x4

C + 4x3
C − x2

C)xD)y
2
C)yD + ((x2

C − xC)x
4
D + (2xC −

2x2
C)x

3
D + (x2

C − xC)x
2
D)y

3
C))− (y2C + x2

C + xC)/(2xC)))/((y
2
C + x2

C + xC)/(2xC)−
(((4x2

C −3xC +1)y2C +x5
C −x4

C −x3
C +x2

C)y
4
D−2yC(((3xC −1)xD+(xC −1)(2xC −

1))y2C + 2(xC − 1)2x2
CxD)y

3
D + y2C((2xD(xD + 3xC − 2) − 3xC + 1)y2C + 2(xC −

1)2xCxD(3xD − 2))y2D − 2(xD − 1)xDy
3
C(y

2
C + (xC − 1)((2xC − 1)xD − xC))yD +

(xC−1)(xD−1)2x2
Dy

4
C)/(2(y

2
C+(xC−1)2)yD(yD−yC)(xCyD−(xD−1)yC)(xCyD−

xDyC)))+yC/(2xC)−(−(((2xC−2)y2C(((2xC−1)y2C−x4
C+2x3

C−x2
C)y

4
D−2yC((xD+
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xC − 1)y2C − (xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD −

2xC + 1))y2D + (4xC − 2)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C)

2)/((2y2C + 2x2
C)(yC −

yD)yD((xD−1)yC−(xC−1)yD)(xDyC−(xC−1)yD))+(2y2C(y
2
C+x2

C−xC)(xCyD−
(xD − 1)yC)(xCyD − xDyC)(((2xC − 1)y2C − x4

C + 2x3
C − x2

C)y
4
D − 2yC((xD + xC −

1)y2C − (xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +

1))y2D+(4xC −2)(xD−1)x2
Dy

3
CyD− (xD−1)2x2

Dy
4
C))/((2y

2
C +2x2

C)(yC − yD)yD)+
(2xCy

2
C(xCyD − (xD − 1)yC)(xCyD − xDyC)(((2xC − 1)y2C − x4

C + 2x3
C − x2

C)y
4
D −

2yC((xD+xC −1)y2C − (xC −1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C −2xCxD((3xC −

2)xD−2xC+1))y2D+(4xC−2)(xD−1)x2
Dy

3
CyD−(xD−1)2x2

Dy
4
C))/((2y

2
C+2x2

C)(yC−
yD)yD) + y2C(((2xC − 1)y2C − x4

C + 2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC −

1)x2
C(2xD−1))y3D+y2C((2xD−1)y2C −2xCxD((3xC −2)xD−2xC +1))y2D+(4xC −

2)(xD − 1)x2
Dy

3
CyD − (xD − 1)2x2

Dy
4
C))/(((2xC − 2)yC(2y

2
C + 2x2

C − 2xC)(((2xC −
1)y2C − x4

C + 2x3
C − x2

C)y
4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD − 1))y3D +
y2C((2xD−1)y2C −2xCxD((3xC −2)xD−2xC +1))y2D+(4xC −2)(xD−1)x2

Dy
3
CyD−

(xD−1)2x2
Dy

4
C)

2)/((2y2C+2x2
C)(yC−yD)yD((xD−1)yC−(xC−1)yD)(xDyC−(xC−

1)yD))+((xD−1)yC−(xC−1)yD)(xDyC−(xC−1)yD)(xCyD−(xD−1)yC)(xCyD−
xDyC)((xC(4xC −4)yC(((2xC −1)y2C −x4

C +2x3
C −x2

C)y
4
D−2yC((xD+xC −1)y2C −

(xC − 1)x2
C(2xD − 1))y3D + y2C((2xD − 1)y2C − 2xCxD((3xC − 2)xD − 2xC +1))y2D +

(4xC−2)(xD−1)x2
Dy

3
CyD−(xD−1)2x2

Dy
4
C))/((2y

2
C+2x2

C)(yC−yD)yD((xD−1)yC−
(xC − 1)yD)(xDyC − (xC − 1)yD)) + yC(2y

2
C +2x2

C − 2xC)− 2yC(y
2
C + x2

C − xC)) +
((2xC −2)yC(2y

2
C +2x2

C −2xC)(xCyD− (xD−1)yC)(xCyD−xDyC)(((2xC −1)y2C −
x4
C +2x3

C − x2
C)y

4
D − 2yC((xD + xC − 1)y2C − (xC − 1)x2

C(2xD − 1))y3D + y2C((2xD −
1)y2C − 2xCxD((3xC − 2)xD − 2xC + 1))y2D + (4xC − 2)(xD − 1)x2

Dy
3
CyD − (xD −

1)2x2
Dy

4
C))/((2y

2
C +2x2

C)(yC − yD)yD)+ yC(2y
2
C +2x2

C − 2xC)(((2xC − 1)y2C −x4
C +

2x3
C −x2

C)y
4
D−2yC((xD+xC −1)y2C − (xC −1)x2

C(2xD−1))y3D+y2C((2xD−1)y2C −
2xCxD((3xC−2)xD−2xC+1))y2D+(4xC−2)(xD−1)x2

Dy
3
CyD−(xD−1)2x2

Dy
4
C))) = 0

as desired.
Line DR is given by the equation
y = (((yC((y

2
C − 2(xC − 1)xC)y

2
D − yC(y

2
C − 2(2xC − 1)xD + xC(xC + 1))yD + (1−

xD)xDy
2
C))/(2(((3x

2
C − 3xC + 1)y2C + 3x4

C − 6x3
C + 3x2

C)y
2
D − yC((2xC − 1)(2xD −

1)y2C + 2(xC − 1)xC((2xC − 1)xD − xC))yD + (xD − 1)xDy
4
C + (xC − 1)xC(xD −

1)xDy
2
C))− yD)(x− xD))/(((y

2
C + xC(xC + 1))((2xC − 1)y2C + 2(xC − 1)2xC)y

2
D −

yC(2xDy
4
C − y4C + 4x2

CxDy
2
C − 2x2

Cy
2
C + 2x4

CxD − 4x2
CxD + 2xCxD − x4

C + x2
C)yD +

(xD − 1)xDy
4
C + (xC − 1)xC(xD − 1)xDy

2
C)/(2(((3x

2
C − 3xC + 1)y2C + 3x4

C − 6x3
C +

3x2
C)y

2
D − yC((2xC − 1)(2xD − 1)y2C +2(xC − 1)xC((2xC − 1)xD − xC))yD + (xD −

1)xDy
4
C + (xC − 1)xC(xD − 1)xDy

2
C))− xD) + yD.

We then verify that Q lies on line DR since we calculate
(((yC((y

2
C − 2(xC − 1)xC)y

2
D − yC(y

2
C − 2(2xC − 1)xD + xC(xC + 1))yD + (1 −

xD)xDy
2
C))/(2(((3x

2
C − 3xC + 1)y2C + 3x4

C − 6x3
C + 3x2

C)y
2
D − yC((2xC − 1)(2xD −

1)y2C + 2(xC − 1)xC((2xC − 1)xD − xC))yD + (xD − 1)xDy
4
C + (xC − 1)xC(xD −

1)xDy
2
C))−yD)((yC((y

2
C+(xC−1)2)(y2C+xC(xC+1))(y2C+x2

C)y
2
D(y

2
D+x2

D)−(y2C+
(xC − 1)xC)(y

2
C + xC(xC +1))yD((y

2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2) +

xDyC(y
2
C + (xC − 1)xC)((y

2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 2(xC −

1)(y2C +xC(xC +1))y2D((y
2
C +(xC −1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+ (xC −

1)xC(xD−1))−2xCxDyCyD((y
2
C +(xC −1)xC)yD+xDyC)(yC(yD+(xD−1)yC)+

(xC − 1)xC(xD − 1))− 2(xC − 1)xDyCyD((y
2
C + (xC − 1)xC)yD + xDyC)(yC(yD +

(xD − 1)yC) + (xC − 1)xC(xD − 1)) − 2xCxD(y
2
C + (xC − 1)xC)yD((y

2
C + (xC −

1)xC)yD − (xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC))/(yC((y

2
D +x2

D)(yC(yC(y
2
C +

x2
C + xC) + yC(y

2
C + x2

C − xC))(y
2
D + (xD − 1)2)− 2(xC − 1)yCyD(yC(yD + (xD −
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1)yC)+ (xC − 1)xC(xD − 1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C +(xC − 1)xC)yD −

(xD−1)yC))−2xC(y
2
C+x2

C−xC)yD((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−

2xCxDyC((y
2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 4(xC − 1)xCy

2
D((y

2
C +

(xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) + (xC − 1)xC(xD − 1)) − 4(xC −
1)xCxDyD((y

2
C + (xC − 1)xC)yD − (xD − 1)yC)((y

2
C + (xC − 1)xC)yD + xDyC))−

xD))/(((y
2
C + xC(xC + 1))((2xC − 1)y2C + 2(xC − 1)2xC)y

2
D − yC(2xDy

4
C − y4C +

4x2
CxDy

2
C − 2x2

Cy
2
C + 2x4

CxD − 4x2
CxD + 2xCxD − x4

C + x2
C)yD + (xD − 1)xDy

4
C +

(xC−1)xC(xD−1)xDy
2
C)/(2(((3x

2
C−3xC+1)y2C+3x4

C−6x3
C+3x2

C)y
2
D−yC((2xC−

1)(2xD−1)y2C+2(xC−1)xC((2xC−1)xD−xC))yD+(xD−1)xDy
4
C+(xC−1)xC(xD−

1)xDy
2
C))−xD)+yD−((yC(yC((y

2
C+(xC−1)2)(y2C+x2

C)y
2
D(y

2
D+x2

D)+(y2C+xC(xC+
1))yD((y

2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−xDyC((y

2
C+(xC−1)xC)yD+

xDyC)(y
2
D+(xD−1)2))−2(xC −1)xDyD((y

2
C +(xC −1)xC)yD− (xD−1)yC)((y

2
C +

(xC − 1)xC)yD +xDyC))− 2xCyCy
2
D((y

2
C +(xC − 1)xC)yD +xDyC)(yC(yD +(xD −

1)yC)+(xC−1)xC(xD−1))+2(xC−1)(y2C+xC(xC+1))y2D((y
2
C+(xC−1)xC)yD−

(xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC)− 2xC(y

2
C +(xC − 1)xC)y

2
D((y

2
C +(xC −

1)xC)yD − (xD − 1)yC)((y
2
C +(xC − 1)xC)yD +xDyC))/(yC((y

2
D +x2

D)(yC(yC(y
2
C +

x2
C + xC) + yC(y

2
C + x2

C − xC))(y
2
D + (xD − 1)2)− 2(xC − 1)yCyD(yC(yD + (xD −

1)yC)+ (xC − 1)xC(xD − 1))+ 2(xC − 1)(y2C + x2
C + xC)yD((y

2
C +(xC − 1)xC)yD −

(xD−1)yC))−2xC(y
2
C+x2

C−xC)yD((y
2
C+(xC−1)xC)yD+xDyC)(y

2
D+(xD−1)2)−

2xCxDyC((y
2
C + (xC − 1)xC)yD + xDyC)(y

2
D + (xD − 1)2)) + 4(xC − 1)xCy

2
D((y

2
C +

(xC − 1)xC)yD + xDyC)(yC(yD + (xD − 1)yC) + (xC − 1)xC(xD − 1)) − 4(xC −
1)xCxDyD((y

2
C +(xC −1)xC)yD− (xD−1)yC)((y

2
C +(xC −1)xC)yD+xDyC))) = 0

as desired.
□

In reference to A,B, and C, when we take D to be the centroid, then Q becomes
the Exeter point, R becomes the circumcenter, and line DQR becomes the Euler
line.
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Figure 1. Illustration.
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