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1. INTRODUCTION

The Euler line [1] is the line that passes through the centroid, circumcenter, and
Exeter point (among many others). Here, we give generalizations of the latter
two points and demonstrate that they both lie on a line which is a particular
generalization of the Euler line.

2. RESULTS

Theorem 2.1. Let A, B, and C' denote the vertices of a given triangle.
Let D be some point in the plane.

Let line C'D intersect the circumcircle of A, B, and C at point E.

Let line BD 1intersect the circumcircle of A, B, and C' at point F.

Let line AD intersect the circumcircle of A, B, and C' at point G.

Let the lines tangent to A and B intersect at point H.

Let the lines tangent to A and C' intersect at point I.

Let the lines tangent to B and C' intersect at point J.

Let lines AB and C'D intersect at point K.

Let lines AC and BD intersect at point L.

Let lines AD and BC intersect at point M.

Let the circle passing through K, L, and M intersect line AB at point N.
Let the circle passing through K, L, and M intersect line AC at point O.
Let the circle passing through K, L, and M intersect line BC' at point P.
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Then,

1. Lines HE,IF, and JG are concurrent at point ),

2. Lines HK,IL, and JM are concurrent at point R,

3. Lines HN, 10, and JP are concurrent at point S, and
4. D,Q, and R are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp,yp).

E has coordinates

(((xcyp — xpye)(We(yp — ye) + (o — 1)(zp — 2¢)))/(Ye((yp — ye)* + (xp —
zc)?)), (((zc —yp — (xp = Dye)(@eyp —xpyc))/ (ye((yp —ye)*+ (xp — zc)?)))-
F' has coordinates

((yp(ye(yp +(xp = Dye) + (vc — Dac(zp — 1))/ (e yh + (xp — 1)), (yp((yé +
(rc = Dxe)yp — (¥ — Dye))/(ye(yp + (xp — 1)%))).

G has coordinates

(@p((g2 + (zc — Dec)yp + wpyo))/ el + #3), (g2 + (e — Dac)yp +

tpye))/ e (yp + 1p)))-
H has coordinates (3, m)
2
I has coordinates (Ig(xic_ﬁl)/c , —2(chc_1)).
2 2
J has coordinates (“cc¥e v,
xo 2x¢

K has coordinates (F<4R—=pYC ()),

Y

yD—yc
L has coordinates ( L , deiD ).

) nyD*xnyCJFyC TcYp—TpYctyc
M has coordinates (— i e ).

) zcyp+rpyc+yp’ —zcyp+rpyc+yp
N has coordinates

(— (20— )y — b+ 20— 2y — 20 (ep + 10— Ly — (e — Da2(2rp
)y} +v2((2zp — 1)yE — 2zxcxp((Bre — 2)zp — 2x¢ + 1))y% + 2(22¢ — 1)(2p —
Dapytyp—(xp—1)%abye)/ (2((xe—1)yp—(zp—1)yc)((xc—1)yp—apyc)(xcyp—
(p — Dye)(zcyp — zpyc)), 0).

O has coordinates

(—(zc((2re—Dyg —a&+22¢ —23)yp —2yc((wp+ac—1)ye — (vc — )22 (22p —
D)y + y2(2zxp — 1)y2 — 2zcap((3zc — 2)xp — 220 + 1))y} + 2(22¢ — 1) (2p —
Dapydyp—(ep—1)22hyd))/ 2we+ad)yp(yp—ye)(xe—1)yp—(xp—1)yo) (o —
Dyp —2pyc)), —(yo((2rc — 1)y — a6 + 228 — 28)yp — 2yc(xp + 20 — 1)y2 —
(o — D)z (2xp —1))yh +y&((22p — 1)yg — 2zcxp((3rc — 2)xp — 220 + 1))yp +
2(2v¢ — 1)(zp — Dahydyp — (vp — 1)’xhys))/(2(ye + 28)yp(yp — yo)((ve —
Dyp — (zp — Dyo)((rc — 1)yp — zpyc))).

P has coordinates

(422 =3z +1)yi + 2k —xt —2d + 22y} — 2yc(((B3zc — Dzp+ (xc — 1) (220 —
D))y + 2(xc — 1)%222p)ys, + v2&((22p(zp + 3xc — 2) — 3zc + 1)yE + 2(z0 —
1)?xcap(3zp — 2))yh — 2(zp — Drpye (e + (e — 1)((22¢ — N)zp — 20))yp +
(zc=1)(zp—1)*2hyt)/(2(ye +(xc—1)*)yp(yp —ye) (xcyp — (vp —1)yc) (xoyp —
zpyc)), (Yo((2ze — Dy + a2 — 238 + ad)yp — 2yc((zp + 2o — Dy + (zc —
D2ro(2en — D)yb + 5((2ep — 15+ 2re - (30 — Dap — dre +1) +
2re ~ Vo — 220~ V(an — 1epybyn + (op — 1 ahyb)) /(2 + (ze -
1)*)yp(yp — yo)(zeyp — (xp — Dye)(zeyp — xpyc)))-
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Line HFE is given by the equation
y = ((=(((ze¢ = Dyp — (zp — Vyc)(xeyp — zpye))/(ye((yp — yo)* + (vp —
20)?)) —yo/(2y¢ + 228 —22¢0))(x — ((xoyp — pye) (Wo(yp —yo) + (ve —1)(zp —
zc)))/ (o ((yp —ye)* +(xp—20)*))))/(1/2 = ((xcyp — pye) (Yo (yp —yo) + (vo —
1) (zp—2c)))/(we((yp —ye)*+(xp—2c)?))) + (((xe = Dyp — (xp — Dye) (xeyp —
zpye))/ (o((yp — yo)* + (xp — x¢)?))

Line I/ F' is given by the equation

y = ((=(un (& +(vc = Dzc)yp — (p—Dye))/ (yo(yh + (@p —1)%)) —yc/(2(xc —
D)z —(y& + 2t —xc)/(2(xe — 1))/ ((y& + 28 —xc)/(2(xe —1)) = (yp (Yo (yp +
(zp — Dye) + (v¢ — Dac(zp — 1))/ (ye(yp + (2p — 1)%))) — ye/(2(zc — 1)).
Line JG is given by the equation

y = ((ye/2xc) — (o ((ye+ (o —D)ze)yp+apye)) /(e (yh +5))) (x — (zp((y& +
(zo—1D)xe)yp +rpye))/Welyp+2p)/ (Ye+ag+ze)/(2xe) — (xp((ye 4+ (2o —
1)233)3)1/13 +apyc))/(ye(yb + b)) + (yn(ye + (zc — Dae)yp +xpye)) /(ye (yh +
Lines IF and JG intersect at point () which has coordinates

zg = (Yo ((ve + (xc — 1)?)(ye + ze(xe + 1) (vg + 22y (vh + 23) — (& + (20 —
Dae)(yé+re(re+1))yp (e +(xe—1)xe)yp+rpye) (yh+(@p—1)*)+2pyc (yé +
(zo—D)xe) (e +(ro—Dze)yp+rpyc) (Yp+(rp—1))) +2(xc —1) (Y& +xo(rc+
D)yp (e + (xe — Dxe)yp +xpye) (ye(yp + (xp — Dye) + (v¢ — Dao(zp — 1)) —
2zcxpycyp(ye + (ze — Dxe)yp +zpye) Yo (yp + (xp — Dye) + (¢ — xe(wp —
1)) = 2(z¢ — Dapyeyp((ye + (x¢ — Vae)yp + xpye)(ye(yp + (p — 1)ye) +
(ro — Dro(rp — 1)) = 2x02p (Y + (xe — D2o)yp((ye + (xe — Dae)yp — (vp —
Dye)(ye+ (ve —Dze)yp+apye))/ (o ((yb +25) (Yo (Yo (ye + 18 +ac) +yo(yé+
v —xc))(yp+ (2p —1)*) =2(zc — Dyeyp (e (yp + (xp — )ye) + (v¢ — 1)ze(zp —
D) +2(xc — 1) (Y& + 28 +20)yp((ye + (v¢ — Dxe)yp — (xp — Dye)) — 220 (ye
xg — zo)yp((We + (xc — Dae)yp + zpye)(yh + (xp — 1)?) — 2zcxpye((
(o — Daxo)yp +xpye)(yh + (xp — 1)?)) +4(ze — Droyh (yé + (2o — Do)y
zpyc)(Yelyp+ (xp—1)ye) + (xc —Dae(rp — 1)) —4(xe — Dacxpyp ((ye + (x
1)930)3/13 — (zp — Vye)((¥& + (x¢ — Dze)yp + xpyc))

Yo = (Yo(yo((ye + (vo — 1*) (& + 22 )yb(yp + ) + (& +zo(ze +1))yn((
(zo —D)xo)yp +xpyc)(yp+ (xp —1)*) —2pyc((yé + (2o — )xe)yp +xpye)(
(zp — 1)%)) = 2(z¢ — Dapyn((ye + (e — Vze)yp — (xp — Dye) (¥ + (zc
Dze)yp +xpyc)) —2xcyoyn (e + (vo —1)ze)yp +xpye) (ye (yp +(xp — 1)ye)
(zo — Dac(zp — 1)) + 2(ze — (W + vo(ze + 1))yp((We + (v — Dae)yp
(zp = Dye)((y& + (xc — Dze)yp + zpye) — 220 (Y + (2c — Dzo)yh (Y& + (z¢
Dze)yp — (xp — Dye) (v + (xe — Dze)yp + zpye))/ (Yo (yp + 5) (Yo (yo (v +
re 4 w0) +yo(ye + 28 — o)) (yh + (xp — 1)%) = 2(xc — Dyoyp(ye(yp + (xp —
Dye) + (z¢ — Dro(zp — 1)) +2(ve — 1) (Y& + 28 + x0)yp((ye + (xe — Dae)yp —
(rp—1yc)) —2xc (Y2 +at —xc)yp (Y& + (xo—Dzc)yp+apye) (yh+ (xp—1)%) —
2zcxpyo((ye + (xe — V)re)yp + xpye)(yph + (xp — 1)%)) + 4(ze — Daeyp((ve +
(zc¢ = Dac)yp + zpyc)(ye(yp + (vp — Vye) + (o — Dzc(zp — 1)) — 4(zc —
Dxcrpyp((e + (e — )ze)yp — (xp — 1)ye) (¥ + (xo — Dxe)yp + xpyc))-
We then verify that @) lies on line H E since we calculate

((=((zc = Vyp = (xp — Vye)(weyp — xpye)) /(e ((yp — yo)* + (xp — 2¢)?)) —
yo/ué + 20% — 2x¢)) (Yo (e + (xc — 1)) (Wé + zc(ze + 1)) (Wé + 22y (vh +
v3)— (et (re—1)re) (Yo +ro(ze+1))yp (Y& + (e —1)ze)yp+rpyc) (Yh+ (0
1)*)+zpye(ye+(re—1)zc)(ye+(rc—1)zc)yp+aoyc) (Yh+(rp—1)%) +2(zc —
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D(ye +ac(re+1)yp((ye + (vc = Dre)yp +xpye)(ye(yp + (2p — Dye) + (vo —
Dac(rp —1)) = 2x0xpycyp((ye + (xe — zo)yp +2pye) (Yo (yp + (2o — Dye) +
(ze¢ — Dze(zp — 1)) = 2(ze — Dapyeyn((Ye + (xc — Dxe)yp + wpye) (Yo (yp +
(zp — Dyc) + (z¢ — Dae(erp — 1)) — 2zcxp(yé + (¢ — Dze)yp((ye + (zo —
Dao)yp — (xp — Dye)(vé + (vc — Dxe)yp +xpye)) / (ye (v +25) (ye (yo(yé +
1t + xe) +yo(ye + 23 — 20))(yh + (2p — 1)?) = 2(ve — Dyoyp(ye(yp + (2p —
Dye) + (v = Dre(zp — 1)) +2(zc — 1) (Y& + 28 + x0)yp((ye + (xe — Dae)yp —
(xp—1D)yo)) —2z0(ye+18—20)yp (Y& +(xc—1)zc)yp+apye) (yp +(rp —1)%) —
2zcpye((ye + (xo — Dae)yp + zpye) (yp + (xp — 1)%)) + 4(ze — Dreyp (v +
(zc — Dzc)yp + pyc)(Yolyp + (rp — Dye) + (¢ — Vro(rp — 1)) — 4(xc —
Dazcxpyp((ye + (e — Dae)yp — (xp — )ye)(ve + (xe — Dae)yp + vpyc)) —
((xeyp — zpye)Welyp — ye) + (xc — 1)(xp — z¢)))/(ye((yp — yo)?* + (zp —
z0)*))))/(1/2 = ((xcyp — pye) (e (yp — ye) + (ve — 1)(zp — z¢)))/ (e ((yp —
yo)? +(rp—10)?))) +(((xc = Dyp — (xp — Vye)(xcyp —rpye))/ (o ((yp —yo)* +
(xp — x¢)?)) — (Yo (yo (Y& + (xe — 1)*)(ye + 22)yh(yh + 25) + (Y& + zo(zo +
D)yp((ye+ (vc —Dac)yp +xpye)(yph + (xp —1)*) —2pyc((y¢ + (xc — 1)zc)yp +
zpye)(yp + (xp —1)*)) = 2(xc — D)apyp((y& + (rc — 1)ze)yp — (xp — Dye) ((y& +
(o —1)zo)yp +xpyc)) — 2xcycyn ((ye + (o — Dze)yp + xpye) (Yo (yp + (2p —
Dye)+ (ve —Dre(rp —1)) +2(ze — 1) (ye +xc(re +1))yh (v + (2o — Dro)yp —
(zp — Dye) (W& + (zc — Vze)yp + zpye) — 220(yé + (xe — Dae)yp ((ye + (zo —
Dze)yp — (xp — Dye) (& + (v — V)ze)yp + 2pye)) /(e ((yh + 25) (ye (e (v +
re 4 w0) +yo(ye + 28 — o)) (yh + (xp — 1)%) = 2(xc — Dyoyp(ye(yp + (xp —
Dye) + (v = Dro(zp — 1)) +2(zc — 1)y + 28 + x0)yp((ye + (xe — Dae)yp —
(zp—1)ye)) =220 (yé+13 —x0)yp((ye+ (vc —1)ze)yp+apye) (Yp+(xp —1)%) —
2zcxpyo((ye + (xe — Vre)yp + xpye)(yph + (xp — 1)%)) + 4(zve — Daeyh (ve +
(zc¢ = Dac)yp + zpyc)(ye(yp + (vp — Vyeo) + (o — Dze(zp — 1)) — 4(z0 —
1)%C$D(§/D((y§ + (2o — Dae)yp — (xp — Dye) (& + (v — Dae)yp + 2pyc)))
Line HK is given by the equation

y = (ye(yp(r—2c)—yo(r—p)))/(Ye+(rc—1)zc) (220 —1)yp— (220 —1)y0))-
Line L is given by the equation

y = —(yo(((Brc —2)yp — (vp — Dye)r — (y& +22)yp)) /(2o (ye + (o — 2)(vo —
D)yp — (xp — Dyé — (wc¢ — Dzc(zp — Dyo).

Line JM is given by the equation

y = (ye(((3zc —)yp —xpyc)z — (Y& +a¢ +xc)yp + xpyc))/((xc — 1) (ye + 2% +
2c)yYp — Tpye — (e — 1)xcrpyc).

Lines HK and IL intersect at point R which has coordinates

zr = (Y& + zve(re + 1)) ((22ve — Dyt + 2(zc — V’ze)yp — yo(2rpys — yo +
datapyd — 222y + 22twp — driap + 2vcxp — b + 2E)yp + (xp — VDapyl +
(o —Dzo(zp—1)rpyd)/(2(((32¢ —3xc+ 1)y +3x6 — 628 +322)yh —yo (220 —
1)(2zp—1)ye+2(zc—1)zc((2zc—1)zp—2c))yp+(2p—1)2 DY+ (20— )3 (Tp—
1)szgc))

yr = (Yo((y& — 2(zc — Vxo)yph — yo(yé — 2(2x¢ — Vap + xc(ve +1))yp — (vp —
Dapyd))/ (2(((3x2 —3xc+1)ye +3x¢ — 61 4322 )yh —yo (200 —1)(22p — 1)yg +
2(rc — Dao((2zc — V)ap —z0))yp + (xp — Vapyl + (vc — Vzc(zp — Drpyd)).
We then verify that R lies on line JM since we calculate

(ye(((Bzc — Dyp — 2pye) (W + zc(ze + 1)((22¢ — 1)ye: + 2(zc — 1)*zc)yh —
yo(2xpyt — v + datapyd — 222y + 2atap — datap + 2xcxp — b+ xh)yp +
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(zp — Drpye + (o — Dac(zp — Drpyz) /(2(((322 — 3xc + 1)yg + 3x¢ — 6ag +
3x¢)yp — yo((2ze = 1)(2rp — 1)yé + 2(z¢ — Vao((2zc — Dap — zc))yp + (1p —
Drpye + (xc — Daelep —epy))) — (We + 2 +2c)yp +xpyc))/(ze — 1) (Y2 +
vt +xc)yp — wpye — (ve — Vacrpye) — (ye((yé — 2(xe — Do)y — ye(yé -
2(2zc — Dap +xc(ze+1))yp — (xp — Dapyd))/(2(((3z4 — 3zc + 1)yE + 3zt —
622 + 322 )yp — yo((2zc — 1)(22p — 1)yg + 2(zc — Drc((22¢ — 1)zp — 20))yp +
(xp — Dazpys + (xc — Vac(zp — Dzpyd))) = 0 as desired.

Line HN is given by the equation

g = —(yele — 1/2)/((52 + 22% — 200) (2 — Vi — b + 2 — )y —
2yc((zp+ac—1)y¢ — (xc — )2t (2zp — 1))yp +ye((2zp — Dy — 2zcp((3zc —
2 —2rc-+ 1)gh +2(2rc—1)(en— Vabybym — (rp 1)y /(2w o —
(zp — Vye)((ze — Dyp — xpyc)(royp — (xp — Vye)(®cyp — zpyc)) +1/2)) —
o (242 + 202 — 22c).

Line 10 is given by the equation

v = (v (2 — 1y — b + 223 — 22 — 2uo((wp + 20 — Dy — (20 -
Dz (2xp —1))yd +y&((2xp — 1)yt —2zc2p((B3rc —2)zp — 220+ 1))y +2(220 —

D(zp — Dapytyp — (xp — 1)*2hyd))/ (2we + 22)yp(yp — yo)((ze — Dyp —
(p — Dye)(ve — Vyp — vpyc)) — yo! 2(xe — 1)) (x — (v& + 28 — xc)/ (2(zc —
D))/ (ze(((2ze = Vyg — ¢ + 208 — 28)yp — 2yc((xp + v0 — 1)yg — (2 —
DzZ(2zp —1)yd +y2((2xp — 1)y —2xcxp((B3xc —2)xp — 220 +1))y% +2(220 —
)(zp —Dahydyp — (xp —1)*2hys)) / (2We + 28)yp (yp — yo ) (ze —1)yp — (xp —
Dye)((xze — Dyp — xpyc)) + (v& + 22 — 20)/(2(ze — 1)) — yo/(2(xc — 1)).

=

ne JP is given by the equation

((ye/(2zc) = (ye(((2rc—1)yg+oe —22¢+28)yp —2yc(Tp+ac—1)ye+(zo—
) xc(2$D — 1))y% +y%~<<2l’p — 1)y%—|—2($c — 1)LL’D((3LL’C - 1)=73D —4xc+ 1) +2($C —
Jre)yh—2(2xc—1)(wp—1)zpytyp+(xp—1)°xhye))/ (2(ve+ (@ —1)*)yn(yp —
ye)(@eyp — (xp = Vye)(@eyp — xpye)))(@ — (vé +at +xc)/(2x0))) /(e + 2t +
ve)/(2xc) = (4ag — 3zo + V)yé + 2 — x¢ — a¢ + 22)yp — 2yc((Bzc — Dap +
(e — 1)(2xc — 1))y2 + 2(xc — 1)%22xp)y + v2((2zp(zp + 3xc — 2) — 32 +
Dy¢+2(xc —1)*zcrp(3ep —2))yp — 2(xp — Depye (v + (we — 1)((2zc — 1)rp —
ve))yp + (xc = D(wp = 1)°2hys) /(2w + (we — 1)*)yn(yp — ye)(weyp — (xp —
Dyc)(zcyp — xpyc))) + ye/(2xc).
Lines HN and IO intersect at point S which has coordinates
rs = (((2zc — 1)y2 + (4ad, — 5zt + 3xc — V)yd + (222 — bl + 4z, — 2%)ye)y) +
(=2zp — 220 +2)yS + ((—22% + 220 — 2)xp — 4xd, + 622 — doc + 2)ys + (228 —
222)xp — 22} + 4xd — dad + 228 )y + (228 — 62 + 62t — 228 xp) Yy, + ((22p —
Dyé + (—2zcx) + (228 + 2)zp — 27 + v — Dy + (228 — dag)ah + (dag —
228 )xp +xh — 22y + (=223 + 8zt — 1023, + 4a)a?, + (=228 + 4al, — 4ol +
4ad, — 22t )xp + 2% — ad — 2f + 2)yo)vh + ((2xea?, — 2zocxp)yd + ((4ad, —
202) 1 + (22 — 4ad)ap)ys + ((—4ad + 622 — 2x0)xd + (222 — 22¢ + 42, —
602+ 220) 7 + (2 — 2000y + (72 — 2C)oh + (20~ 202 + (12—
e (252 ~ ey + (e — 52+ (Ao — 62+ 2ae)ep — 2+
3t — xo)ys +ad — 3xl + 3zt — 2 yh + ((xp — oh )y + ((—4al + dwe — 1)a%, +
(—4a3 41022 —6xc+1)zp+228 — 322 +x0)yd + (3wt — 62 + 322 )2 + (—4ad +
Tu, — 20 — )i + 208 — A+ 258y + (55 — o)yl + (4% — dug +
Da + (4ol +4xc— Vap)ys + ((—4ad + 622 — 220)xh + (3wt — 5o+ 220) 2% +
(=3x¢ +4at, — a)wp)yd )yp + (28 — xe)op + (2xc — 2a8)wp + (8 — v) 7] )ye)
and ys = —(((2zc —2)y2 (220 —1)yg — vt +22¢ — 28 )yp —2yc(xp+ro—1)ye —
(vc = 1)32(22p — 1)yp +y&(22p — 1)yg — 2zcap((3rc — 2)2p — 270 + 1))y +

— =
N
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(4zc — 2)(zp — V)ahytyp — (xp — 1)%2hy¢)?)/((2y¢ + 228)(ye — yp)yp((zp —
Dyc — (zo = Dyp)(wpye — (xc — Dyp)) + 2ue (vt + ¢ — xc)(zeyp — (vp —
Dye)(zeyp—apye)((2ze—1)y¢ —a¢+20¢8 — a3 )yp—2yc((wp+ac—1)y¢ — (vc—
Dat(2xp = 1)yp + e ((22p — Dyg — 2xcxp((3rc — 2)wp — 2xc +1))yp + (4zc —
2)(wp = Drhyéyp — (wp = D*whye)) /((29& + 228) (Yo —yp)yp) + (2cyé (voyp —
(zp — Dye)(@eyp — wpye)(((2rc — Dy — o6 + 208 — ad)yp — 2yc((wp + v —
Dyé — (ze — Dzz(2zp — 1)yd, + v&((2zp — Dy2 — 2zcxp((3zc — 2)xp — 270 +
D)yp + (4zc = 2)(zp — Dabytyp — (xp — 1)*xhye)) /(258 + 222 ) (ye — yp)yp) +
ve(((2ze = )yt — a¢+ 2a¢ — a)yp — 2yc((wp + xc — V)ye — (v¢ — 1)ag.(2xp —
D)yp +y&((2ep — V)y¢ — 2xcap((Bre — 2)wp — 2xc + 1))yp + (doe — 2)(xp —
Dapytyp — (xp — 1)*2hye)) /(e — 2)ye 2y + 228 — 2x0) (220 — 1)ye —
v+ 208 — ag)yp — 2yc((wp + xo — Vy¢ — (ve — Dag(2ep — 1))yp + y¢((20p —
Dy — 2zcxp((3zc — 2)xp — 220 + 1))yh + (4o — 2)(zp — Vabhydyp — (xp —
D?2hye)?) /(258 + 228) (ye — yp)yp((xp — ye — (xc — Dyp)(@pye — (v —
Dyp))+((zp—1)ye = (xc —1)yp)(xpyc — (zc —1)yp)(zoyp — (2p —1)yo) (zcyp —
rpye)((we(dwe = ye(((2we — V)y¢ — x¢ +22¢, — a8)yp — 2yc((vp + 30 — )yg —
(xc — )22 (2zp — 1)) y3 + y2((2zp — D)y2 — 2zc2p((Bre — 2)zp — 220 + 1))yh +
(4zc—2)(xp—Vrpytyp — (xp—1)*xhye)) /(298 +222) (ye —yp)yp ((wp —1)ye —
(zc = Dyp)(zpye — (xc — Vyp)) +yo 2y + 228 — 22¢) — 2yc (e + 28 — ) +
(2ze —2)ye(2y2 + 238 — 22¢) (xcyp — (xp — Dye)(weyp —2pyc) ((2ze — 1)y —
x¢ + 238 — 18)yp — 2yc((xp + 2o — Dyt — (xe — Dag(2zp — 1))yh +ye((2xp —
Dy — 2zcxp((3zc — 2)xp — 220 + 1))yh + (4o — 2)(zp — Vabydyp — (xp —
12y (o 25) (e — o)) | 92+ 20— 20)(2re L — b+
228, — 2 )yp —2yc((wp+ac — 1)yg — (o — 1)ag.(2xp — 1))yp +y& ((2xp — L)yé —
2zcwp((3rc —2)rp — 20 +1))yp + (dve — 2)(xp — Dabylyp — (zp — 1)*xhyc).
We then verify that S lies on line JP since we calculate

((ye/(2zc) = (yo(((2ze — V)y2 + ¢ — 228 +28)yp — 2yc((xp + 20 — 1)y + (o —
D2ro(2en — 1)yb + y((2an — Ly + 2(re — Dap(Bre - Dap — dre +1) +
e~ Vel — 22n0— )(ep— 12aoybyn + (rn — 1 2rbyb))/ Q- (re —
D) yp(yp —ye)(@cyp — (xp—1)ye)(xcyp —xpye))) (((2xc — 1) yg + (4o, —bag +
3rc—1)yd+ (223 —bxt+4xd —2i)yo)yh+ ((—22p — 220+ 2)yS + (225 + 220 —
2)xp — 4xd + 625 — dve + 2)yd + (228 — 222)wp — 203 + 4xl, — dad, + 222 y2 +
(228, — 622 + 628 — 228)xp)yD + ((2xp — V) yh + (=207 + (204 + 2)ap — 24 +
re — Dy + (222 — 42d)2% + (4ol — 228)xp + ot — 22)yd + ((—22 + 8z —
1028+ 4ak) 2 + (—228 + 4ol — 4ol + 4ad, — 222 ) wp + 28 — 23 — 2l + 28 )ye ) yh +
(e~ 2aeapyle 4 (b — 202)% T (2% — 42 )oYy + (Ao + 60 —
2xc)xh+(20¢ — 20 +H4xg — 678+ 2x0) 1] + (238 —228) 7D )ye )yp+ (28 —20) 7] +
(e — 202 + (12 — ) ) /A7 — weibalh + ((ro — 72w + (4 —
622 + 2x0)rp — 208 + 3wk — xo)yd + 28 — 32 + 3zt — 2d)yd + ((wp — 2%)y2 +
(—4z2 +4dac— 1) ot + (—4ad + 1022 — 6zc + )ap + 228 — 322+ xo)yd + (3t —
62, + 3x2)xh + (—4ad + Tod — 228, — 22)xp + 222 — 4xl, + 228y )ys + (2% —
rp)yd+ ((42% — 4z + 1) ah + (—4at +4xc — V)ap)yd + ((—4xd + 622 — 2x0) 2 +
(3z¢ — bxk + 2xc)rh + (—3xf + 4z — 22)xp)vd)yp + (2% — zo)xh + (220 —
202V + (7 — ) r)) ~ (4 + 72 +70) (e )/ (u + 7 20 () —
(422 = 3zc+ Dyt +ag — v —at+ 22 )yp — 2yc(((3zc — Vap + (20 — 1) (2z0 —
D))yz + 2(xc — 1)*2x22p)ys + v&((2zp(xp + 3xc — 2) — 320 + 1)y2 + 2(20 —
1)?zeoxp(3zp — 2))y% — 2(xp — Dapyd(vé + (ze — 1)((2x¢ — V)ap — x¢))yp +
(zc—1)(zp—1)*xbye) /(22 + (zc —1)*)yp(yp —yc)(zcyp — (xp = yc)(wcyp —
e oo+ 2ac) — (—(2re—2)3 (B~ Dbt 22— a2y — 2y (-t
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zo — Dye — (xc — D)ag(2zp — 1)yp + ye((22p — y¢ — 2vcxp((3re — 2)zp —
2zc + 1)yp + (4o — 2)(zp — Dabydyp — (wp — 1)*zhy¢)?) /(292 + 228) (yo —
yp)yp((xp —1)yc — (e — )yp)(xpyc — (xc—1)yp)) + (2ye(ve + 22 —xc) (xeyp —
(zp — Dye)(zeyp — 2pye)((2ze — 1)yg — ¢ + 22¢ — 28)yp — 2yc((zp + 20 —
Dy¢ — (zc — 1)t (2zp — 1)yp +ye((2ep — 1)yé — 2zczp((3zc — 2)zp — 220 +
D)yp + (4xe —2)(zp — Dabylyp — (xp — 1)°23ye)) /(242 +222) (yo —yp)yp) +
(2vcyg(zoyp — (xp — Dye)(@eyp — 2pyc)(((2x¢ — )yg — v6 + 22 — 38 )yp —
2yc((zp +2c — D)y — (vc —1)3¢(2zp — 1))yp +y&((22p — Dy —2xcap((3zc —
2)zp—2zc+1))yp+(4zc—2)(xp—1)zhyyp—(xp—1)*xhyd)) /(292 +222) (Yo —
yp)yp) + vt ((2vc — Dyé — x¢ + 228 — a2 )yp — 2yc((xp + 2 — Dy — (v —
Dz (2xp — 1)yp +y&(22p — 1)y¢ — 22cap((3zc —2)zp — 220 +1))yp + (doe —
2)(zp — Dabylyp — (xp — 1)*zhye))/((22e — 2)ye (292 + 222 — 22¢)(((27c —
Dyg — o + 228 — 22)yp — 2yc((xp + ¢ — V)yg — (v — 1)2g(22p — 1)y3 +
v&((2zp —1)y2 —2xcxp((3rc —2)xp — 220+ 1))yhH + (dac —2)(zp — 1) x%hydyp —
(zp—1)*2hye)?) /(258 +232) (ye —yp)yp((xp — )ye — (e —1)yp) (pye — (T —
Dyp))+((xp—1)yc —(zc —1)yp)(@pyc — (vc —1)yp)(@cyp — (xp —1)yc)(xcyp —
zpyc)((ze(dze —4)yo(((2ze — 1)yg —x¢ + 22 — 22 )yp — 2yc((zp + 20 — 1)y —
(ve = Dag(2zp — 1)yp +ye((22p — 1)yg — 22cwp((3xc — 2)7p — 200 + 1))y +
(4zc—2)(xp—1)abytyp —(xp—1)°xhye)) / ((2ye+222) (yo —yp)yp(zp—1)ye —
(zc — Dyp)(zpye — (vc — Vyp)) +yo(2yé + 22¢ — 22¢) — 2yc(ye + x¢ — 20)) +
((2zc —2)ye 2y +23% — 2x¢) (zcyp — (xp — V)ye) (xcyp — xpye) ((2xc — 1)y —
r¢ + 228 — xg)yp — 2yc((@p + xc — Vyé — (vc — 1)t (2zp — 1))yp + ¥ ((2xp —
Dy2 — 2zcxp((3zc — 2)xp — 220 + 1))y% + (dze — 2)(xp — Vatydyp — (zp —
D22%y)) /(298 + 222) (yo — yp)yp) +ye (2ye + 222 — 220) (220 — 1)ye — ¢ +
22% — 22)yp — 2yc((zp + 20 — Vye — (xc — Daz(2zp —1))yp +ye((22p — 1)y —
2zcp((3rc—2)rp—220+1))yp+(drc—2)(xp—1)ahytyp—(vp—1)*r)ye))) = 0
as desired.

Line DR is given by the equation

y = (((ye (W2 — 2(zc — Dac)yh — yo(ye — 2(2xc — )ap + ze(ze +1)yp + (1 —
zp)rpye))/(2(((32¢ — 3zc + 1)yg + 3ag — 62 + 322)yp, — yo((2zc — 1)(20p —
Dy + 2(zc — Vae((2zc — Vap — z¢))yp + (xp — Dapyd + (vo — Dae(zp —
Dzpyz)) —yp)(z — zp))/ (Y& + zc(ze + 1) ((2z¢ — 1)ye + 2(zc — 1)*2c)yh —
yo(2xpyd — v + datapyd — 22tyE + 2zt ap — datap + 2xcxp — xh 4 1k )yp +
(xp — Dapyt + (xc — Daclzp — Dapyd)/(2(((3z% — 3zc + 1)y + 3z — 623 +
322)yp — Yo ((2zve — 1)(2zp — Dy +2(zc — Do ((2x0 — 1)zp — 2¢))yp + (20 —
Dzpye + (vc — Daelzp — Dapyg)) — 2p) + yp.

We then verify that () lies on line DR since we calculate

(e (g — 2(zc — Dxe)yh — yolye — 2(2z¢ — Dap + ze(ze + 1))yp + (1 —
zp)xpys))/(2(((32% — 3xc + 1)y2 + 3¢ — 62 + 322y} — yo((2ze — 1)(22p —
Dy + 2(zc — Dae((2zc — Vap — z¢))yp + (xp — Dapyd + (vo — Dae(zp —
Dxpyg)) —yp) (yo((vé +(xo—1)*) (Y& +ro(ze+1)) (e +22)yb (b +2h) — (ye +
(zc — D) (Y2 +zc(ze + 1)yp((ye + (zc — )zc)yp + zpye) (yp + (xp — 1)%) +
zpyc(ye + (xc — Dae)(y¢ + (xc — Dae)yp + zpyc)(yh + (xp — 1)%)) + 2(zc —
D(ye +zc(ze +1)yp (¥ + (xo — Dxe)yp +zpye) (Yo (yp + (xp — Dyo) + (2c —
Dac(zp —1)) = 2zcxpycyn((ye + (xc — Dac)yp + 2pye) (Yo (yp + (xp — Dye) +
(zo = Dae(rp — 1)) = 2(xe — Dapyeyn (e + (v — 1ze)yp + 2pye) (Yo lyp +
(zp — Dye) + (zc — Drclzp — 1)) — 2zcp(yg + (zc — Dzo)yp((ye + (vc —
Dze)yp — (zp — Dye) (W2 + (zc — Dae)yp + pye))/ (ye((yh +25) (o (ye (v +
a8+ xc) +yo(ye + vt — xe))(yp + (wp — 1)*) = 2(xe — Dyeyn(ye(yp + (vp —
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Dye) + (zc — Dzo(p — 1)) + 2(xc — 1)(ye + 22 + zc)yp((ye + (o — Dzo)yp —
(zp—1)yc)) —2vc (Y& + 38 —vc)yp((Ye+ (xc —zc)yp +rpye) (yp +(xp —1)%) —
2xcxpyo((Ye + (xo — Vwe)yp + xpye)(yph + (xp — 1)?)) + 4o — Dazeyh (v +
(zc — Dzc)yp + pyc)(yYo(yp + (rp — Dye) + (v¢ — Vro(rp — 1)) — (2 —
Dzerpyp((ye + (o — Vxe)yp — (xp — Dye) (e + (ze — V)xe)yp + tpye)) —
xp))/(((¥& + ze(re + 1) ((2rc — Vye + 2(xe — 1)*20)yh — yo(22pyée — yé +
datxpyd — 2atyd + 2xtap — dakap + 2xcxp — 26 + %) yp + (xp — Dapyd +
(zc—1)zc(zp—1)zpye)/(2(((328 — 3z +1)y¢ +3x¢ — 62+ 322 )yh —yo( (220 —
1)(2{L‘D—1)y%«—|—2(l‘c—1)5(]0((2[Ec—1)(13D—Jic))yD—i—(CL’D—1)$Dyé«+(xc—1)l’c<l’p—
Dapy))—2p)+yp—((yo(ye (Y& +(xe—1)*) (e +x2)yp (vp+oh) +(yé +ro(re+
D)yp((ye+(xo —Dze)yp +2pye)(yph + (vp —1)?) = xpyc((yé + (2o — Dae)yp +
zpye)(yp + (rp —1)*)) = 2(zc — Dapyp((y2 + (xo — Dze)yp — (vp — Dye) ((y& +
(xzc —Dae)yp +2pyc)) — 2xcycynh (ve + (e — )ze)yp + 2pye) (Yo (yp + (xp —
Dye)+(ve—1)zc(rp—1))+2(xc —1)(y¢ +ro(re+1))yh ((ye + (ve —Dre)yp —
(zp — Dye)(ye + (zc — Dxe)yp + rpye) — 2x0(y2 + (vo — Dre)yh (Y + (e —
Dao)yp — (xp — )yo)(yé + (xe — Vzo)yp +2pye))/ (Yo (v + h) (Yo (yo (v +
13+ 20) + ye (e + 16 — v0))(yp + (xp — 1)) = 2(z¢ — Dyeyn(ye(yp + (xp —
Dye) + (xc — Dac(zp — 1)) + 2(we — 1)(y¢ + 22 +2c)yp((We + (vc — Dxe)yp —
(xp—1)ye)) =220 (ye+12 —x0)yp((ye + (vo —zc)yp+2pyc) (Yp+(xp —1)%) -
2zcxpyc((yé + (e — V)ae)yp + xpye)(yph + (vp — 1)) + 4(zc — Dzeyh(ve +
(xe — Dze)yp + 2pyc)(ye(yp + (p — Dye) + (xe — Nac(rp — 1)) — 4(ze —
1)ﬁf$pygﬂ(y%‘%(xc-—1)$c)yD-—($D-—1)yc)«y%‘+($o‘—1)$c)yD-Fnyc)» =0

o~ TN — T

g

In reference to A, B, and C, when we take D to be the centroid, then () becomes
the Exeter point, R becomes the circumcenter, and line DQ R becomes the Euler
line.
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