International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 (©IJCDM

Volume 9, 2024, pp. 205-211.

Received June 28, 2024. Published on-line December 31, 2024.

web: http://www. journal-1.eu/

(©The Author(s) This article is published with open access'.

Generalization of the Jha-Savaran Theorem

BENJAMIN LEE WARREN? 2
University of Binghamton, Mathematics,
4400 Vestel Pkwy E, Binghamton, NY 13902
e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. INTRODUCTION

The Jha-Savaran theorem [1] is a recent result which generalizes the Napoleon
theorem [2] that the centroids of the equilateral triangles constructed on the sides
a triangle form an equilateral triangle. Here, we give a generalization of the former
result using the centroid generalization discussed in [3].

2. RESULTS

Theorem 2.1. Let A, B,C, D, E, and F be the vertices of a given hexagon.
Let A, B, and G form an equilateral triangle on the hexagon.

Let B,C, and H form an equilateral triangle on the hexagon.

Let C, D, and I form an equilateral triangle on the hexagon.

Let D, E, and J form an equilateral triangle on the hexagon.

Let E, F, and K form an equilateral triangle on the hexagon.

Let A, F, and L form an equilateral triangle on the hexagon.

Let M be some point in the plane.

Let N be a point on line GM.

Let O be the point on line HM such that HO : MO =GN : MN.
Let P be the point on line IM such that IP: MP =GN : MN.
Let Q) be the midpoint of N and O.

Let R be the midpoint of N and P.

Let S be the midpoint of O and P.

Let lines GS, HR, and I1(Q) intersect at point T.
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Let U be the point on line JM such that JU : MU = GN : MN.
Let V' be the point on line KM such that KV : MV =GN : MN.
Let W be the midpoint of P and U.

Let Z be the midpoint of P and V.

Let Ay be the midpoint of U and V.

Let lines ITA1, JZ, and KW intersect at point Bj.

Let C1 be the point on line LM such that LCy : MC7 = GN : MN.
Let Dy be the midpoint of N and V.

Let Ey be the midpoint of N and CY.

Let Fy be the midpoint of V and CY.

Let lines GFy, KEy, and LDy intersect at point G;.

Then T, By, and G form an equilateral triangle.

Proof. Without loss of generality, we will work in Cartesian coordinates.

We split the problem into two cases: where the triangles are external to the
hexagon and where they are internal to the hexagon.

Case 1: the triangles are all external to the hexagon.

A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yc).

D has coordinates (xp,yp).

E has coordinates (g, yg).

F has coordinates (xp, yr).

G has coordinates (1/2, —3'/2/2).

H has coordinates (v¢/2 + (3Y2yc)/2 + 1/2,yc/2 — (342 (zc — 1))/2).

I has coordinates

(ve/2+wp/2 — (3290) /2 + (3Y2yp) 2, yo /2 + yp /2 + (3%(zc — 20))/2).

J has coordinates

(zp/2+2p/2+ (3'2yp)/2 — (3"2yp)/2,y£/2 + yp/2 — (3"*(vp — D)) /2).

K has coordinates

(25/2+2r/2 = (3"%yp) /2 + (3'Pyr)/2,y5/2 + yr/2 + (3'*(x5 — x£))/2).

L has coordinates

(er/2 — (32yr) 2, yp/2 + (3Y221) /2).

M has coordinates (7, Yar)-

N has coordinates (2, (yar(2zx — 1) — 3Y2(zp — 2n)) /(220 — 1)).

O has coordinates

(zorn —on (e — 200 +1) +32yo(ea —an) /(220 — 1), (ynr (228 — 1) + (Yo —
3% (zo — 1)) (xa — )/ (2200 — 1)).

P has coordinates

((ZL’M(.TC +xp — 1) - IN(ZEC +xp — QJ]M) - 31/2yC(~TM — CL’N) + 31/2yD(xM —
wn))/2ea = 1), (yur 22y — 1) + (23 — 2x) (yo +yp +32(zc —xp))) /(222 —1)).
@ has coordinates

(JJN/2+ (ICIM —LL’N(IC — 2.73]\/[ + 1) +31/2yc(l’M - JIN))/(Q(Q.IM - 1)), (yM(4l’N —
2) + (yo — 34220 (@ — 2n))/(daas — 2).

R has coordinates

(l'N/z—i‘(ZCM(lL'C—i—l'D— 1) —I'N(.’L'C+£L’D—2£CM) —31/2y0<$M—.’L'N>+31/2yD($M—
$)1\§))/(2(2$M_1)), (ymr(don —2)+ (xp —2n) (Yo +yp—3"(zp—x0+1))) /(4w p —
2)).

S has coordinates
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(a2 + 2p — 1) — an(22¢ + p — 4oy + 1) + 3V 2yp(zar — an))/(dzas —
2), (ymr(4xn —2) + (xm — 2n)(2yc + yp — 3% (xp — 1))/ (4zn — 2)).

T has coordinates

(—(zpm(22¢ + 2p) — o8 (200 +2p — daps +2) + 3V 2yp (28 — 2n)) /(205 — 637 +
2), —(yM<4IN — 2) + (l’M — xN)(Zyc + Yp — 31/21’D))/(2ZEN - 6JIM + 2))

U has coordinates

(xp(rp + 2 — 1) — ay(rp + 2 — 22) — 3Y2yp(oy — 2n) + 3V 2yp(zy —
wn))/ (2 — 1), (yar 22y — 1)+ (war —2n) (yp +ys +3"*(xp — 25))) /(222 — 1)).
V has coordinates

(zp(zg + 2p — 1) — an(zp + 5 — 220) — 3V 2yp(zar — 2n) + 3V 2yp(zy —
wn))/2ea = 1), (yar 2oy = 1) + (20 — 2n5) (Y +yr +3"2 (25 — 2r))) /(220 = 1)).
W has coordinates

(—(zn(ze + 20p + 25 — 423y) — 20r(T0 + 22D + 25 — 2) + 3290 (20 — TN) —
31/2yE(:1:M—3:N))/(4$M—2), (yM(49:N—2)—1—(:I:M—xN)(yc+2yD+yE+31/2(xc—
2p))/ (A2 —2)).

Z has coordinates
((xM(IC—Fl‘D—1)+$M(xE+$F—1)—IN($0+$D—2JZM)—IN($E+xF—2xM)—
3%y (xp —an) +3Y2yp(x —an) — 3 2yp(za —2n) + 3V 2yr(zvn —on)) /(4 ar —
2), (yM(4xN—2)+(xM—xN)(yc+yp+yE+yF+31/2(xc—mp+xE—xF)))/(4xM—2)).
A; has coordinates

(—(zn(zp + 225 + 2p — 4ap) — 0r(Tp + 225 + 25 — 2) + 3V 2yp(2yr — TN) —
3 2yp(en —an)) /(4o —2), (ymr (4o —2) + (20— 2n) (yp +2yp +yr +3"2(2p —
zr)))/(dzy — 2)).

B has coordinates

(xn(wc+2vp + 225 +xp —4T)) — T (30 + 20D + 278 + 28 — 2) + 3Y 2y (20 —
on) =32 yp(zn —an)) /(208 — 6230 +2), —(yar(don —2) + (20 —2n) (Yo +2yp +
2ue + yr + 3% (xc — xr)))/(2zn — 623 + 2)).

(' has coordinates

(—(LEN(.%'F — 2.1'M) — QﬁM(l'F - 1) + 31/2yp(:cM — .’L’N))/(Q.’L'M — 1), (yM(2xN — 1) +
(yr +3"2ap) (2 — 2n))/ (220 — 1)).

D; has coordinates
((1/2)(1’N+($M(I’E+IF—1)—$N(ZUE+ZUF—21’M)—31/2yE(l‘M—$N)+31/2yF($M—
an))/ e —1)), (ym (4o —2)+ ey —an) (ye+yr =32 (p—rp+1))) /(42 —2)).
FE; has coordinates

(1/2)(zn—(zn(zr—220) —n(zr—1)+32yr(zr—an)) /(220 —1)), (yar (dn —
2) + (yr + 32 (zp — 1) (@ — xn))/(42y — 2)).

F has coordinates
(—(rn(rp+2rp—dzy)—20 (TE+22p—2)+3Y 2y (2 —2N)) /(42 —2), (yns (Ao y—
2) + (l’M — :JcN)(yE + 2yF + 31/21’E>)/<4£L’M — 2))

(1 has coordinates

(zn(zp+22p —4xp +1) —2p (2 + 228 — 1) +3V2yp(zy —2n)) /(20N — 6237 +
2), —(ym 4y — 2) + (var — on) (ye + 2yr + 3Y2(zp — 1))/ (2xy — 6731 + 2)).
We verify that segments T'B; and T'G; are equal in length since we calculate
(zr —2p,)* + (yr —yp,)* — (27 — 26,)* + (yr — ¥&1)?)

= ((—(zm(22¢ + 2p) — on (220 + 2p — daps + 2) + 3V 2yp(2yr — 78))/ (RN —
6xy +2) — ((en(re +2xp+ 22 +xp —dxy) — 2y (vo+22p + 205 +2p — 2) +
3%yc(wn — an) = 3 2yr(ra — an))/(2en — 624 +2)))? + ((—(yar(doy —2) +
(xar — 28)(2yc + yp — 3Y22p))/(2eN — 62as + 2)) — (—(yar(dan — 2) + (w3 —
an) (Yo +2yp +2yp +yr + 32 (zc —ar))) [ (2ex — 62 +2)))” = (((—(zar (220 +
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rp) —an(2rc +ap — 4wy +2)+3V2yp(za —2n)) /(22N — 623 +2)) — (25 (2E +
(= (yar(4on —=2)+(xp—2n) (2yo+yp —3"%2p)) /(208 — 620 +2)) = (—(yar (4w —
2) + (ar — 2n) (e + 2y + 3Y2(xg — 1))/ (2xy — 6227 +2)))?) =0

and we verify that segments T'B; and B;G; are equal in length since we calculate
(xT - xBl)Q + (yT - y31)2 - (('1'31 - 1,01)2 + (yBl - yGl)2)

= ((—(rp2vc+ap) —2Nn 220 +3p — 4720 +2) +3Y2yp (20 —2N)) /(20N — 6331 +
2)—((xn(ze+22p+20p+rp—41 ) — 20 (20 +20p+ 22+ 1P —2) +3Y 2y0 (20 —
an) = 3Pyp(zn —n)) /(208 =620 +2)))* + ((—(ymr(don —2) + (2 —2n) 2yc +
yp—3"2xp))/(2xNn—63+2)) = (—(yar (dxn —2)+ (20 —2n) (Yo +2yp+ 2y +yr+
32 (xc—2r)))/(2en —622+2)))2— (((zn (2 +20p+ 205 +2p —4 ) — 20 (10 +
20p + 25 +xp —2) + 32 yc(zy — on) — 3V 2yp(zy — 2N)) /(22N — 6701 +2)) —
((37N<£IZ'E+2£CF—4$M+1)—LCM(ZL'E+21'F—1)+31/2yE(Z’M—$N))/(2$N—6Z'M+2)))2+
((—(yar ey =2)+ (2ar —28) (Yo +2yp + 2y +yr+3"* (v —2r))) /(228 — 62y +
2)) — (—(ym 4oy —2)+(wp —2n) (yp+2yr+3'2(vp—1))) /(2ex — 624 +2)))?) = 0
which proves the claim as desired.

Case 2: the triangles are all internal to the hexagon.
A has coordinates (0, 0).
B has coordinates (1,0).
C' has coordinates (z¢, yo).
D has coordinates (zp,yp).
E has coordinates (g, yg).
I has coordinates (xp, yp)
G has coordinates (1/2,3'/2/2).
H has coordinates (v¢/2 — (3'2yc)/2 4+ 1/2,y¢/2 + (312 (zc — 1))/2).
I has coordinates
(xe/2+ap/2+ (3Y%yc)/2 = (3"%yp)/2,yc/2 + yp/2 — (3"*(zc — 2p))/2).
J has coordinates
(2p/2+2p/2 = (3"2yr) /2 + (3'%yp) /2,y/2 + yp/2 + (3'*(zp — 2p))/2).
K has coordinates
(2p/2+2p/2+ (3yg) /2 — (3'2yr)/2,y5/2 + yr/2 — (3'*(zp — x£))/2).
L has coordinates
(xr/2+ (3"%yr)/2,yr/2 — (3"%xr)/2).
M has coordinates (27, yar)-
31/2/2—yp

1/2—zp ))
O has coordinates (—(zy(z¢ — 2za + 1) — zoxar + 3V 2yc(zar — 2n))/ (220 —
1), (g 2oy = 1) + (yo + 3 (we — 1) (wm — 2n))/(2xn — 1))
P has coordinates
(zp(ze + 2p — 1) — an(ze + 2p — 2281) + 3290 (20s — 28) — 3Y2yp(T0s —
wn))/2ear = 1), (yar2en — 1) + (23 —2n) (yo +yp — 32 (zc —xp)))/ (221 —1)).
(@ has coordinates
((1/2)(xn+(=(en(ro—200+1) ~zorp+3"Pyo(rr—rN)) /(220 —1))), (ynr (4o n—
2) + (yo + 3"2xc) (xm — )/ (4xar — 2)).
R has coordinates
(1/2)(xy+(zpr(we+rp—1)—zn(vo+2p—220)+3Y 2yc(0r —2N8) —3Y 2y p (201 —
on))/2xa—1)), (ym(don—2) (@ —an) (Yo +yp+3"7*(xp—zc+1))) /(422 —2)).
S has coordinates

N has coordinates (zn,yp + (xn — zar)(



BENJAMIN LEE WARREN 209

(—(xN(Zxc + p — 4.1'M + 1) — xM(Zxc + p — 1) + 31/2yD(33M — .TN>>/<4.CL’M —

2), (ym(don — 2) + (zar — 2n)(2ye + yp + 323 (xp — 1))/ (4zpr — 2)).

T has coordinates

(($N(2$C +xp — 41']\/[ + 2) — QTM(QZUC + QTD) + 31/2yD($M — (L’N))/(QZL’N — 623]\/[ +

2), —(yM<4IN — 2) + (l’M — xN)(Zyc + Yp + 31/2$D))/(2$N — 61‘]\/] -+ 2))

U has coordinates

(xar(zp + 2 — 1) — an(zp + 25 — 2287) + 3Y2yp(xar — vn) — 3Y2yp(za —

zn))/xa —1), (yur (2en — 1)+ (2 — 28) (yp +ye — 3% (xp —25))) /(220 — 1)).

V' has coordinates

(xp(zp + 2p — 1) — ay(xp + zp — 22p) + 31/2yE(xM —TN) — 31/2yp(xM —

an))/(2xa = 1), (yr 2oy — 1) + (23 —2n) (s +yr — 3 (xp —2p))) /(222 — 1)).

W has coordinates

(—(zn(ze + 20p + 25 — 423y) — 2pr(20 + 22D + 25 — 2) — 3V 2y0(z0s — TN) +

32y p(zy —an))/(an —2), (yu (4o —2) + (200 — 28 ) (Yo + 2yp +ye — 34 (xc —

zp)))/(4zy — 2)).

Z has coordinates

((xM(IC—i-.TD—1)+.TM<$E+SCF—1)—ZCN(JJC—i-QJD—QxM)—$N<.TE+$F—2IM)+

31/290(331\4 —I'N) —31/2yD(IEM —93N) +31/2yE(1'M —iUN) —31/2?/F(£EM —ZUN))/(45UM -

2), (yu(don—=2)+(@p—2n) (Yo+yp+ye+yr—3"*(zc—zptap—zp))) /(4o —2)).

A; has coordinates

(—(en(zp + 225 + xp —4dapy) — 2y (2p + 225 + 25 — 2) — 31/2yD(IEM —zN) +

32y p(xar —an))/(4xar —2), (yar (dony —2) + (war — 28) (Yp + 2y +yp — 3 (2p —

zr)))/(4xy — 2)).

B has coordinates

(en(ze+2zp+2xp+ap—4xy) —xy(xe+22p 4+ 20+ 25 —2) — 31/2y0(xM —

an)+32yp(zy —an))/(2en — 620 +2), —(yn (4o —2) + (20 — 2n) (Yo + 2y +

2um +yr — 32 (x0 — xr)))/(2eN — 6221 + 2)).

(' has coordinates

((l’M(.’L'F — 1) — .’L’N(Z’F — 21‘]\/[) + 31/2yp(xM — .Z'N))/(Q.Z'M — 1), (yM(QxN — 1) +

(yr — 3Y22p)(zp — 2n))/ (22 — 1)),

D has coordinates

(1/2)(xn+(zp(zp+ar—1)—zy(zp+ar—223)+3Y2yp(za —on) — 3 2yp(2r —

wn))/(2x—1)), (Y (4o —2)+(@p —2n) (yptyr+32(xp—2p+1))) /(42 —2)).

FE; has coordinates

(1/2)(@n+(zy(zp—1)—zn(zp—220)+ 3 2yp(zy —2N)) /(zr —1)), (yn (4o —

2) + (yr — 32 (xp — 1)) (xp — 2n))/ (423 — 2)).

F has coordinates

((xM(xE+2xF—2)—:vN(xE+2xF—4xM)+31/2yE(:rM—xN))/(4xM—2), (yp(dxy—

2) + (l’M — xN)(yE + 2yF — 31/2$E))/(4xM — 2))

(1 has coordinates

((31/2<xN_~TM)yE_ (4SIIM—2$L’F—IE—1)$N— (2IF+$E—1)$M)/(2($N—3$M+

1)), —(2zn — Vyn — (an — 2a1) 2yr + ye — 3V (xp — 1)) /(2(xn — 32y + 1))).

We verify that segments T'B; and T'G; are equal in length since we calculate

(zr —2p,)* + (yr —yB,)* — (27 — 26,)* + (yr — y6,)?)

= (((wn(2ze+xp — 433 +2) — 200220 +7p) + 3 2yp(20r — 7N)) /(22N — 6237 +

2)—((xn(ze+22p+20p+xp—43 ) —Tar (2o +20p+ 20+ —2) —3Y 2y0 (20 —

an)+3Pyp(zy —an)) /(208 =620 +2)))* + (= (yar(d2y —2) + (23 —23) 2yc +

YD + 31/2ZL'D))/(2IN — GZ‘M + 2)) — (—(yM(4ZEN — 2) + (ZL’M — xN)(yc +2yD +2yE +
_9a1/2 _ _ 2 _ _ _

yr—3"*(xc—2zp)))/ ey —6xy+2)))° — ((((xn(2re+axp —4x ) +2) — 200 (220 +
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xp) + 3 2yp(xa — 2n))/(2eN — 63 +2)) — ((3Y2(xn — 2ar)yp — (4w — 225 —
TEp — 1).7)1\7 — (2.Z’F+SUE — 1)£CM>/<2(SUN —31’]\/[ + 1))))2 + ((—(yM(4a:N — 2) + (xM —
rn) 2y +yp +3Y%xp))/(2zn — 623 +2)) — (—(2228 — Vynr — (x5 — 221) (2yp +
ye =3 (zp - 1))/ (2(zy — 3zm +1))))*) =0

and we verify that segments T'B; and B,G; are equal in length since we calculate
(xT - xB1>2 + (yT - yB1>2 - ((xB1 - xGl)2 + (yB1 - yGl)2>

= ((xn(2vc +7p — 420 +2) — 20 (220 +2p) + 3 2yp (20 — 7)) /(205 — 6201 +
2)) — (en(zc + 22p + 225 + xp — dxp) — 2y (20 + 22p + 225 + 25 — 2) —
31/2yc($M — ICN) + 31/2yp(:1cM — (L’ND/(Q.’L’N — 61‘]\/[ + 2)))2 + ((—(yM(4a:N — 2) +
(s — 5)(2ye + yp + 322p))/(2rN — 62ar +2)) — (—(yar(dzy — 2) + (21 —
en)(Ye + 2yp + 2yp + yr — 32 (0 — 2£)))/ e — 62 +2)))* — (((zn (20 +
2vp + 27p + 2p — 4ay) — wy(vo + 22p + 228 + 28 — 2) — 3V 2yc(zy — TN) +
31/2yp(:vM — a;N))/(2a;N — 6LUM + 2)) — ((31/2<$N — SEM)yE — <4SL’M — 2.TF — Xg —
1):EN — (Q:EF + T — 1).TM)/(2($N — 3$M + 1))))2 + ((—(yM(4xN — 2) + (.’L‘M —
en)(Ye +2yp + 2y +yr — 32 (xc —xr))) /20y — 624 +2)) — (= (2225 — 1)yas —
(e = 20)(2yr +yp — 3% (x5 — 1))/ (2(xn — 32 +1))))*) =0

which proves the claim as desired.

0

The Jha-Savaran theorem follows as the special case of this by taking N = G.

FIGURE 1. Ilustration of theorem 2.1. where we take NV to be the
midpoint of G and M.
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