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1. INTRODUCTION

The Gergonne point [1] is the point of intersection of the vertices of a triangle
with the points that are tangent with the incircle. It is denoted X (7) in Clark
Kimberling’s Encyclopedia of Triangle Centers. Here, we give a result which gives
the existence of this point as a special case.

2. REsuLT

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.

Let D be some point in the plane.

Let lines AB and C'D intersect at point E.

Let lines AC' and BD intersect at point F'.

Let lines AD and BC intersect at point G.

Let the circle passing through E, F, and G intersect line AB at point H.
Let the circle passing through E, F, and G intersect line AC' at point I.
Let the circle passing through E, F', and G intersect line BC' at point J.
Then lines AJ, BI, and CH are concurrent.
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192 (GGENERALIZATION OF THE GERGONNE POINT

Proof. We use the first few coordinates calculated in [2].
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (z¢, yco).
D has coordinates (zp,yp).
(
(

E has coordinates (F¢42—"R¥C (),

F' has coordinates ToYD ’ Yycyp ).
TcyYp—Tpyct+yc $CyD_$5y5+yC
CcCYD

: Tpyc
G has coordinates (—ﬂfcyD+$Dyc+yD’ —rcYp+rpyc+yp )

Circle EFFG is given by the equation

(r = (=(((2v¢ — Vyz — 22 + 3xt — 23)yp — yo((22p + dwe — 3)ye — (v —
D22 (2(5z¢ —1)xp —3zc —1))yp +y2((4xp + 220 — 3)y2 — 22cxp (1022 — 920 +
Dazp—2xc—1)(3zc—1)))yd —y2((2xp— 1)y —2xcxp(p(2(5xc —3)xp — 920+
5 +zc—1))y% — (zp — )23 ((10z¢ — 3)zp — 22¢ — V)ydyp + (xp — 1)%2% (22p +
Dye)/(4yp — ye)((xe — Dyp — (xp — V)ye)(ze — 1)yp — xpye)(xeyp — (xp —
Dyc)(reyp — xpye))))? + (y — (—xgy) + 4adxpycy) — 228ycyp + 3¢y —
Sutahyeyh + Srtapysyh — 10x8apycyy + dxbycyl — gy + 10z adydyl —
10xdxpydys + 8xdxpycyd — 2xdycy + xdyd + dxiabyty? — 102225 ydy?, +
5’5%36%5/%% — SxGThYEYD + STETDYEYD — 20T pYcYD + BTEYLYD — 2TLYSYD —
r2y2yS —dxcxhydyp+10zcrhydyp —Srerhyeyh —8zrcxhylyp+10zcaytyh +
28cTDYSYD — STeTHYLYD — ATeTpYSYD + 4rcrpytyd + 2Tcydyh — 3Toysyp +
royeyh + Thye — 3rhyl + 20hydyp + 3rpye — 4rhydyp — ahys + 20hydyp +
THYSyh + 20Dy yh — 3rhycyp — Toyeyb + 3rpydyh — 22 pydyh)/ (4ycyp (Yo —
yp)(We+xeyp—xpyce)(yp —rcyp+rpye)(TEyh —2TcT pYcyp+Teycyp —Teyph+
hye — Ty + xpycyn)))® — ((xeyp — zpye)/ (yp — ye) — (—((2zc — V)yg —
223 + 3zt — 22)yh — yo((2xp + 4z — 3)yE — (vo — V)22 (2(5xc — 1)xp — 30 —
D))yp + y2((4xp + 220 — 3)y2 — 2xcxp((102% — 9zc + V)zp — (220 — 1)(320 —
D)y —ve((2xp—1)y2 —2zcxp(xp(2(5rc—3)rp— 920 +5)+20—1))yh — (1p—
a3 ((10x¢ = 3)xp — 220 — )ybyp + (vp —1)*2D (2xp + 1)ye) /(4(yp — yo ) ((vo —
Dyp — (xp — ye)((ze — Lyp — xpye)(zeyp — (xp — 1)ye)(weyp — xpye))))* +
((=2&yp+4ag e pycyh—28ycyp+31eyp—5r6rhytyp+5r62 pyeyp—102¢Tpycyh+
drtycyp — 3atyp + 10x¢ahytyp — 10atapytyp + 8xtapycy) — 2atyoyp +
xbyh + 5atrpybyh — 10atabyyh + 51tahycyp — SrEahyiyp + SrErpytyp —
20t pYcyp + 3TEYSYD — 2T8YSYDH — TeYEYD — Arorhybyp + 10x0rpydyp —
Srorbytyh—8rorhytyp+10zcrhytysh+2rcrhyeyp—dTorhytyh—4rcr pyys+
ArcxpyYSyph+2r0YSyh —3Tcysyn T royeyh Y —3rhye+2rhyyp +3THye —
AT HYeyp —ThYe 20 hyeyp+r Yty H 20 HYeYh —3ThYeYh—T DYy 3T DYy h—
2xpyeyd)/ (Aycyp(ye — yp)(ye + xcyp — Tpye)(Yp — xcyp + voyce)(xEyh —
2zcxpYcyp + Teyoyp — Toyh + Thyd — Tpyd + Tpycyn)))?) = 0.

H has coordinates

(—((Qze — )yg — xt + 208 — 22)yp — 2ye(zp + 20 — V)yg — (w0 — 1) g (22p —
D)yp +ye(2zp — 1)y¢ — 2zczp((3zc — 2)p — 2z0 + 1))yh + 2(23¢ — 1) (2D —
Dapyéyp—(rp—1)’rhye)/ 2(re—1)yp—(rp—1)ye)(rc—1)yp—rpyc)(Tcyp—
(p — Dye)(xcyp — xpyc)), 0).

I has coordinates

(—(ze(((2ve—1)yg —xp+20% — 28 )y — 2yc((wp +axe —1)ye — (v — 1) 23 (22p —
D)3+ y&((2xp — 1)yE — 2xcap((B3zc — 2)xp — 2x¢ + 1))y3 + 2(2x0 — 1) (2p —
Dahydyp—(xp—1)2hyd))/ 2ye+at)yp(yp—ye)(ze—1)yp—(rp—1)yo)((xc—
Dyp —zpyc)), —(ye(2zc — Vy¢ — 2 + 22 — 22)yp — 2yc((zp + 20 — yg —
(ve = Dag(2zp —1)yp +ye((22p — 1)yg — 2vcrp((3xc — 2)p — 220 + 1))y +
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2(2zc — V)(xp — Dapylyp — (vp — 1)*ahys))/(2(y¢ + 28)yp(yp — yo)((zc —
Dyp — (zp — Dyc)((xc — L)yp — zpyc)))-
J has coordinates
(422 =3z + V)i + 2l —xt —ad +22)yh —2yc(((Bzc — Dap+ (xc — 1) (220 —
D)yé + 2(xe — V*xgap)yp + yo((2ep(ap + 3zc — 2) = 3vc + Dyé + 2(ze —
?xcrp(Brp — 2))yp — 2(xp — Dapyg (yé + (vo — 1)((2z¢ — V)ap — xc))yp +
(zc—1)(zp—1)*xhye) /[ (2(ye +(xc = 1)*)yp(yp —ye) (@cyp — (xp — )y ) (xcyp —
zpye)), (e (((2re — Vg + a¢ — 22 + a8)yp — 2yc((vp + 2c — yg + (v —
1)2$C<2ZL‘D - 1))yf7 + y%((?x[) — 1)y% + 2(1’0 — 1)ID((3IC - 1)JZD - 4170 + 1) +
2(zc — Dzo)yh — 22vc — ) (zp — 1)*xpytyp + (vp — 1)°2hyé))/ (2(y2 + (ve —
1)*)yp(yp — ye)(zcyp — (zp — Dyo)(zcyp — xpyc)))-
Line AJ is given by the equation
y = 2(((ye(((2zc — )ye + at — 22¢ + 22)yp — 2yc((zp + 2c — Dy + (vc —
) (Bxc — )ap —dzc + 1) +
2(xc — Dze)yh — 2(2vc — ) (zp — 1)*xpytyp + (vp — 1)*2hyé))/(2(y2 + (vc —
1D*)yp(yp —ye)(@eyp — (xp —Dye)(@eyp —wpye))) /(42 —3ve + 1)y2 + ¢ —
rh—xd+225)yh —2yc((Bre —Dap+ (vc—1)(2zc —1))y2 +2(xc — 1)?zc2p)ys +
v&((2zp(zp + 3zc — 2) — 3xc + 1)y2 + 2(xc — 1)*zcxp(3zp — 2))y3 — 2(xp —
(v + (e — 1)((2r ~ Vrp ~ )y + (e~ 1(rp — 1abye) /(2 +
(o = 1)) yp(yp — ye)(xeyp — (xp — Vye)(xeyp — vpyc))))-
Line BI is given by the equation
y = —(ye((2zc—Dyt—at+22¢—a2)yp—2yc((xp+ac— 1)yt —(xc—1)at(22p—
D)y} + v ((2zp — 1)yC —2zcrp((3ze — 2)xp — 220 + 1))yD + 2(2xc —1)(z
Drhyeyp — (xp — 1)*xhye) (@ — 1))/ (—zc(((2zc — 1)y2 — ¢ + 228 — 28)yp —
2yc((zp +zc — 1)yg — (vc — 1)22(22p — 1))y + ¥ ((2xp — 1)?/0 2zcwp((3xc —
2)zp — 2zc + 1)yh + 2(2z¢ — V)(zp — Dapyyp — (xp — 1)*xhyd) — 2(y2 +
2¢)yp(yp — yo)((zc — Dyp — (zp — Dyo)((ze — L)yp — zpyc)).
Line C'H is given by the equation
— ye — (yol — 2e))/(~(((2e — )y — o + 2% — 2)b — 2ye((wp + 10—
Dyz — (zo — DxZ(2zp — 1))y3 + v&2((2xp — V)y% — 2zcxp((3z0 — 2)wp — 200 +
)i + 2020¢ — Viap — Vebgdun — (2p — 1Vadyb)/ e — Dy — (op -
Dyc)((ze = Vyp — xpyc)(xcyp — (xp — Vyc)(@cyp — 2pyc)) — xc).

Lines AJ and BI intersect at the point K which has coordinates

(—((ztyp—Azdxpycyp+22iycyh—2xLyh+613xhysyh —40ET pYeyh+4TeT DYy —

20k ycyy + fv?:yi% - 4xcx%y?;yn + 4xcx%ycyp — dwcrhydyd + 2xcxpysyl +
2rcyyD — 2xcyeyp + JJDyc 203y + 22yt yp + 1hys — 22y yp — 2 pytyh +
2C YYD + Yeyh — 2ycyD + yo%)(%‘éy% — datxpycyp — rHyp + 6xRa Yty —
dxtxpytyp + 8xtwpyoyh — viyp — 4atahytyp + 613 hybyp — 12020 hy2yh —
2022 pyeyp+8rtrpydyh —Arkrpyoyh —4rtydyd +A4atyiyh+aiyh+rcrhyt—
2rcrhyd + 6rcrdhydyp + rerhyd — Srerbhydyp + 6xcryiyh + 6rcTpysYY —
6rcrpyeys + 2xcxpysyp — 4rcrpyiyh — 3reyiyh + 6rcydyd — 3rcyiyp —
TpYe+20hys — 20y yp — 20 YYD + 20D YEYD — Thys + 20h YYD + 2T Yy —
4xpy&yh +22pyyd +utyb —2yeyb+uiyb))/ (Axtycyp —3ryd —24x L pydyh +
16x(xpycyp + 1225yeyD — 24xEycyp + 1225yD + 60xgahytyh — 3208 D yeyh —
60z xpydyd + 11628 x py2ys, — 5628 x pycyl, + 4 yiyh + 1228y y3 — dal iyl —
A8xytyd +52xycyh — 18alyd — 80z abytyp + 24xpabydy + 12008 by byp —
216220 ytyd + 96x3ahydyl — 24t rpyltyd — A8xiapybyp + 24xxpydyl +
192222 pydys— 204xCny%y%+72x5chycyE+123:5CycyD+4nycyD—24:1:CyCyD

36x2ysyn + 12x3ygyh + 1203ty — 52xiycyp + 1228y} + 60z6xhydyd +

D —
4
D
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4 .4 4,4 4
B o Dy NN (3 S o o SN 4 4
c0ag oYY~ T ¢pYc¥n G DyC4yD6+ Torpyclp — 100zcrpYyeyp —
CTDYEYD — 12262 pyeyp + 120262 pyeyp + 108162 pycyn — 60r6epyeyD —
216§C:§D7ycyD+416gxca:Dy%y%—40x4cxpycy£+12m4cygy%—42$4Cyéy%—8xéyéy?)+
44$3cygy1g+336wcyc%%—14$4cy%y%—48$4cy2cy%+24w4cycy5—31:‘5@/%—243%1:%%1/%—
82aahycyp + 60@)0%%11%3/% — 408w pylyp — 200w pyiyp — 80Tt hyeyp —
A8reapyeyp + 80rgrpyeyp + 1600 pyeyl, — 120a¢apycyp + A8reapycyp +
120zgahyeyp + 12xcf§%y8y% — 24020 yeyp — 104adabylyp + 120zt ahylyp +
W96z apycyp — Wdreahyeyp + d0reapylyh — A8rerpyeyp + 17620 pyey) +
16:E30nygyé) — 19§x3cxgyéy% — T2xdxpylyl, + 64zt xpydyh + 962 wpydy?, —
52282 pyeyp + 8LTpycyp + dreyeyp — 32weyeyp + 60reycyp + 4rtyoyp —
A0x8yeyp—12reyeyp8reyeyb 120t yeyp —Avgycyp Hreabycypt 24eeahyey -
120ahyeyp — 36182pyeyp + 4B1eabyeyl + 60atapylyp + 1206apybyp -
60rtapyeyl — Srerpyeyn — Adagrpyeyp + 10eeapytyn — 120a¢xpycyp -
dagapycyp + 240cgahyeyp + Waeahyeyp — 12005ahytyp — 320Eapyeyp +
20azxpycyn — 120e0pyeyl + T2a¢rpycyp — 2080cabycyp — Srgapyeyp +
Z9§xgl‘gy%yp + 322xcxp7y%y% — 10022ahycyh — 38xtabysyp + 24a2abylyp —
a:C:EZDyCyf N 12xox2Dycyf + 10022xpylyd — 200222 pydy — 4xirpylyd +
i‘lgl’%wgyoy% + 12ugapyeyn — 30x¢apyeyp — 12ugepyeyp + Arerpyyl +
eYeyD —STEYeYp - 822yt yp +3208yeyp +4reyyp — 4202y cyh + 200t yyp —
QnyCEg)/D;8xchyCyD+24xcx%yéyD—24xca:6DyGCy%—24xcx5Dy%y2D+24xcx%ygy%—
24$CZ7D?7/CQD + 52xcxpylyd, — 16zcrhydys + 60xcxhydys, — 120xcapylyd, +
SxCnygygtmxcx%ygy%—32xcx%ygy%+24xcx‘})ygy%—48xcx%y%y%+176xcx%y7 Y —
192xcx2Dygy£+4xcx%ygy%+64xcx%ygy%—SxCx?byéy%—l—chx%ygy%—96xcx%y(7;2%l—)l—
196xchgC%/D — 152xc€%4ygy% + 40zcrhytyd — 8rcxpylyd + 16zcTpylyd +
igxcfpggyﬁ—%gcgpycygg8fcxpy%y%+796xcxpy?;y%—52xcxnyéy%+8xcxpy?;yz)+
cyeyp—12rcycyp +dzoylyh+12xcydy) —12xcydyn —4rcytyd+12xcyltyd —
Aoy Tyl —Ar byt + Ayl yp+ e ybyp— abybyh + 6rtyt —120hyl -+
PR v T PR TS o7 w4 S DO A A 1
B oo L o) "Dy D 4 1:% 03 4D970?JD TpYoyp —8rpycyp +
Thyeyp —A2hycyp +opye + 44ahyeyp —Arpygyp — Uaphyeyp +4rpyeynh —
4x2pygy153+28x§)ycy1>—56x?byéy%+44x%y%y%—12x%y%y%+4x%y%y%—6x%y%y%—
8nyc;/D5+28ny7éy% +4ahyeyh —42rhylyp +24rhydyph —4rhysyh — 4T pydyp+
13@%%;%@%%%6—12xpygy%+12ny?;y%+4ny%yE—12xpyéy%+4wpyéy%+
Yeyp — 4ycyn + Buey 4yeyp +yiuh), —(ye(reyh — 4xdxpyoyh + 20dycyh —
2xcyg+36xcx[)ycy%—4x%xpy%y%+4x%xgycy%—Qx%ycy%—i-x%y}‘_‘)—4xcx%yéyD+
dxcahytyp 42301%%% + 22T pYEYD + 2TcyeyD — 2TcyYp +TDYE — 2Thy +
20pycyp Jgﬂfpyo—%%y%y/n—2$Dyéy%+2xayéy%+yéy%—Qy%y%+y%y4D)(fC‘é~y4D—
drgrpycyp + 20t ycyh — 2xtyp + 62ahyeynh — 8r3rpytyh + 8rrpycyh +
2xcycyD2—42wcycy%+x%y%—4xcw%y%yD+8wcw%y%yD—8:ccx2Dy%y%—4xony%yD+
10:;0:519@/0%1) N drcxpycyd — 2xcyYyh + 2T oYy D — 2xcyYeyp +2rcycyH + T hYs —
256Dyg+22xpgc§w+xjpyé—4w%y%yp+2x%y%y%+2myéy%—2:1:Dy%yi”>+2xpy%yp—
QID;/cg/Dﬁ—ycyDJr?ycy%—y%yi%))/ (42dyoyp—3atyh—24r62 pytyh+162te pycyp+
12202y — 24x0yoyp + 1205y} + 6008 ah,ydyh — 32080yt — 60¢ 2 pyty; Y
1628yl — S008-oyoyh + Labybyl + 120852 — datyey’ — ASabytefy +
52x5cyc2:yg—618x6cy%—80x%$%yéy%+24x%x%y%y%+120$%$2Dyéy40—216x%x%y2?y%+
96$C§Dyc2yD — 24xdxpytyl — 48z xpytyd + 24xdapydyl + 19203 pydyd, —
204yl + T2 apyoyl + 1200yt + Ardubyb — 2Aedyih — 61yl +
gﬁﬁyjp%%@;?@m%+mﬁﬁ+m%%%%+w%%%%—
rerbyeyh + 180xcahycyp — 60xcabylyp + 60scabyyp + T2reabylyh —
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60zcapyyp — 278xtabylyp + 2T6xahytyp — 100xtahyty — 60stapydyp —
12282 pydys + 120252 pylys + 108zt e pytyh — 602tz pydyl, — 216282 pyey +
160282 py2ys — 402t e pycyh + 12282y, — 42zt yty — 8xbytyh + 4dxtydyh +
3628yl — 1xtydyh —A8utydyh +24xtycy], —3utyh —24xt ahybyb —32ad ahydyh +
60zt pycyp — 40xtapylyp — 20a¢abylyp — 80adabylyp — 48xtahylyn +

80zt apyeyp + 160xtapyeyp — 1200t abycyp + A8xgabyeyy, + 1200t abyeyr +

12zt xpytyh — 2403t ahyeyp — 104adabyeyd, + 1200 abylyp + 196t abylyp —
Hdxdadydyd + 402 a5 y2yS — 48xdapylyl, + 17628z pyd vy}, + 16xdapydyd, —
19228 pylyp — T2etepytyp + 64xtapylyp + 96x¢apyyp — 52r8xpytyp +
8r¢wpycyp+HATyeyn—321¢ytyp+60x8ytyh+Hrtytyp — A0t ytyh — 12wyt yp+
8rtytyp + 1203 ydyp — 4xdycyp + 4t ahylyp + 24 ylyn — 1208 pylyp —
3622 yeyt + 48xEahydys + 60xiahylyd, + 1222xhylyp — 602iahylyr, —
8x2ahydyh—4data by yd+10zi o hydyh — 1202t ylyd — 4t atylyp+24022 2y yh+
Wagwpyeyp — 120u3wpyeyp — 320whyeyn + 203 xpyiyp — 1208whyéyp +
120tabylyh — 26815 xhyeyp — 8rgahytyp + 296xabylyp + 3206 hylyp —
100z hyiyh — 38xtabylyn + 2408abyeyp — dagabybyh — 1208xpybyp +
100x20xpygy%j — 200x%xpygy% — 4x%nyéy% + 148x%xpyéy% + 12x%xpyéy% —
3628w pyeyD — 1205w pytyh + 4t pyyp + Argyeyh — 8rtyeyn — 8utyeyp +
3208yeyp+Aatylyp—A420¢ytyd+200t Yty —208ytyh—Srethylypt+24rcahybyn—
24xcxbyly? — 24xcrhyly? + 24rcadylyd — 24xcrhylyp + 52xorhySyd —
16zcxhydys + 60zcrhyiys — 120ocxbhylyy + 8rorbylyp + 60zcxhylyd —
R2xcrphylyd + 24xcrhydydh — Brerhytyd, + 176xcrdhylyd, — 192zcxbhylyl +
drordydyd+64rcrhydyd—8rcrhydyh+12xcxhyyt —96zcrhylysh+196xcrhydy T —
152zcxhyys + 40xcrdbytys — 8rcxpylyy + 16xcxpylyd, + 16zcxpylys —
68xcxpytyp—8rer pYeyYH+9I6TcTpYLYH—52TcT DYEYH+8TeT DYSYHFHATCYEY D —
12208y +Hrcybyh+12xcyeyn —12ecydyh —4ecytyp+12z0ybyd —4xcydyp+

r'hye — 4 hye+H4rpyoyp H455yeyp —4ahyeyh +62%y¢ — 1205yl yp +H4ahyeyh —
12zhyeyp+24hyeynh —4abye —12ahylyp +120hycyp —8xhyeyn + 122yt yn —

A2z pytyp + wpye + 44epylyh — 4epylyp — 1apydyp + 4 pylyh — 4rhyeyn +

282 hyeyp —56xhybyh+44rhyeyn— 122yl yp+4rhyeyp —6rhyeyh —8rhylyp+
280y YD +4ATHYSyH — 420 hylyp 240yl YD —4rhybyh —4r pyeyp+122 Dyl Yy —
dxpylys — 122pySys + 122 pylyl, + 4xpy2yh — 122 py2ys + 4z pysyS + y8yh —
4ytyd + 6yeyd — eyp + ybybh))-

We then verify that this point lies on line C'H since we subsitute the above values

and calculate that

o — (o —20)/(— (26 — 1) — b +20% — 3 )b — 2y (e + 2 — 1)~

(e — Dzt (2zp — 1)y +v2((2zp — 1)yd — 2z02p((3xc — 2)xp — 220+ 1))y% +
220~ 1)(p — iy — (1n — 1abyb) /(e — Voo — (ep — ye) (e
Dyp —zpyc)(zcyp — (xp — Dyo)(xcyp — xpyc)) — xc) — yx = 0 as desired. [

The theorem of the Gergonne point follows when the circle in the construction
is taken to be the incircle, for which D and the mentioned point of concurrence
coincide.
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C

FIGURE 1. Illustration of theorem 2.1.
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