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1. INTRODUCTION

The Euler line of a triangle [1] is the line passing through the centroid, circum-
center, orthocenter, and nine point center. It is arguably the most iconic line
discussed regarding triangles. There is an analogy of it for quadrilaterals as well
[2]. Here, we will use the generalization of the centroid discussed in [3] and some
motivation from [4] to derive a generalization for the theorem of the Euler line in
a quadrilateral.

2. RESuULTS

Theorem 2.1. Let A, B,C', and D be the vertices of a given quadrilateral arranged
counterclockwise.

Let E be some point in the plane.

Let F' be a point on line AE.

Let G be the point on line BE such that BG : EG = AF : EF.
Let H be the point on line CE such that CH : EH = AF : EF.
Let I be the point on line DE such that DI : EI = AF : EF.
Let J be the midpoint of F' and G.

Let K be the midpoint of G and H.

Let L be the midpoint of H and I.

Let M be the midpoint of F and I.

Let N be the midpoint of F and H.

Let O be the midpoint of G and 1.
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Let lines AK, BN, and CJ intersect at point a.
Let lines BL, CO, and DK intersect at point as.
Let lines AL, CM, and DN intersect at point as.
Let lines AO, BM, and DJ intersect at point c.
Let lines aiag and asay intersect at point P.

Let 8y be the circumcenter of A, B, and C'.

Let B be the circumcenter of B,C, and D.

Let B3 be the circumcenter of A, C', and D.

Let B, be the circumcenter of A, B, and D.

Let lines 3183 and (24 intersect at point Q.

Let v; denote the nine point center of F,G, and H.
Let o denote the nine point center of G, H, and I.
Let 3 denote the nine point center of F, H, and I.
Let v4 denote the nine point center of F,G, and I.
Let lines vy17y3 and o4 intersect at point R.

Let Q, P, and R are collinear in this order and PQ : PR =2AFE : EF.

Proof. Without loss of generality, we will use Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C has coordinates (¢, yc).
D has coordinates (xD, yD)
E has coordinates (zg, yg).
F has coordinates (zp, “£22).

(zp
G has coordinates (1 + w, LLYE ),
(

TE

H has coordinates (z¢ + 2= (ep—c) yo + 2elup—vely
(eozep) (er"2r)
. Tr(Tp—T zryYyetyp(TE—T
I has coordinates (xp + =225, SHEEREEE),

J has coordinates (3(zr + 1+ “”F(f"’E Yy, zpu),

) 1 2 1) 2 -
K has coordinates (mE(gECJr H‘Sﬁé xE Fo— )a mFyEJrgf;xE xF)).
) % p—p— 2
L has coordinates (xE(ﬂ?c-i-fED)'i‘;F( zp—Tp xc)7 zryp+(TE— IF)(yc-i-yD))
g 2rp
- 2
M has coordinates (3(zp + zp + xF(gEfE 20 szEJrgg’;’;zE r)y,
— 2 _
N has coordinates (3(zp + zc + xp(xfE zel), ﬁFyE*gst(mE er)y,
. 1 2 1) 2
O has coordinates (£ slept ”ﬁﬁé PEED )> xFyE+gf;xE xF)).
: _ 2
a1 has coordinates ( wc’”E”C;? gig” TEFTE xEyC:;FggE 2EYR )

TE—TF+XCTE—TCTF+EDTE— xDl‘F-l-?foL‘F TEYCHTEYD—TFYCc—TFYD+2TFYE

s has coordinates (

3rg—xp ) 3zgp—xp
TCTE—XCTF+TDTE— fL“DxF+2:L“ExF TERYCHITEYD—TFYc—TrYp+2TFYE

a3 has coordinates (

3rg—xp 3xp—xp
: 2
a4 has coordinates (ZE=E HD;;’; ile Lpt2tpte ILYD 3:;2”; TEYE ),

P has coordinates

(_ rzc(2zgrr—rprr—rcrrpt+rprptrcrr)yp—(rp—1)((2zg—rp—zc—1)zrp+(xp+ac+1)zE)yc

(zFp—3zg)(rcyp—(zp—1)yc)

_ 2zp(zcyp—zpycotyc)ye—zc(zr—zp)yh+(@p—rc)(tr—zr)ycyp+(zp—1)(zr —zr)yd )

(xF—31‘E)§xcyD—(l‘D—1)yc)
B1 has coordinates (%, W)

(2 has coordinates

(x%yp—x%yc+y(2;yp—ycy,23+yc—yz> _zpap—a}—zcr],—royphtrotrh+epyd—ep—yg+yh

2(yc—yp+zTcyp—TDYC) ’ 2(yc—yp+zocyp— a:Dyc)
xcyD—l“QDyc-i-ycyD—ycyD —IQCOCD-HchD +IcyD—nyc )
2(zxcyp—zpyc) ’ 2(xcyp—zpyc) ’

B3 has coordinates (

)-
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l"D(xD—l)-i-y%)

(4 has coordinates (%, S7n

() has coordinates
(x%yp—x%yc+y%yp—ycy%+yc —aZap+aitecad+rcy? —vc—zpyi+yZ )
2(yc+zcyp—zpyc) ’ 2(yc+zcyp—zpYyc) ’
v1 has coordinates
(JJE—J;F+2xC:cE—2xCxF+4szF ICmE*QCCIF*JU%IEJrl“szFJFIEy%*wa%+4$FyCyE )
dxp ? 4rpyc ’
v2 has coordinates

(—((zp—2r)ycysh—(vryé—rpyit+drcrprr—4rprr—2rcxpTrp+22pTr—TET P+
rp+(xc—1)2xp+rzc+)ag)yp+(xp—1)((deg—xp—22c—1)xp+ (xp+ 220+
Dag)ye)/(dzp((vc—1)yp—(zp—1)yc)), (4zp((xc—1)yp—(2p —1)yc)ye — (xc—
D(zr —2p)yh+2(xp —2c)(xr —2p)ycyp + (vp — 1) (zr —2p)yé + (o — 1) (2p —
(zp —zc)rp — (xc —1)(xp —1)(zp —2c)rE)/(4rp((xc — 1)yp — (xp — 1)yc)))-
v3 has coordinates

(=((@r — zp)ycyd + ((xp — 2r)ye + (—dxcap + 2202D + 3¢ )R + (—2302D —
22)zp)yp + ((deprp — 2%, — 2zxcxp)rr + (2% + 2zcxp)rp)ye)/(4ep(xcyp —
zpyc)), (4zp(zcyp — zpyc)ys — zc(zr — xp)yh + 2(xp — zc)(p — TE)Ycyp +
zp(rr —2p)Ye +20rp(Tp — 20)rF — 2orp(Tp — 20)rE)/(4rE(TCYD — TDYC)))-
v4 has coordinates

(zE—zF+293DzE—2zDa:F+4mEa;F Z'DCCE_CUDxF_ZQDCCE“FxQD$F+zEQQD_$Fy2D+41'FyDyE).

drp ) dxpyp
R has coordinates

(—((zr — 2B)ycys — (xryd — xRY2 + 4xcrRTE — 220X DT — TETF + 200TpTE +
r2xg)yp+(xp—1)((4zg —2p —22c — D)+ (zp+22c+1)2E)yc)/(4xp(zcyp —
(zp — Dye)), (4rr(zcyp — Tpye + yo)ye — ve(rr — vr)yh + 2(xp — 20)(vr —
r5)ycyp + (xp — ) (xr —2)y2 + zc(xp — 1)(zp — 20+ )zp —xc(xp — 1) (2p —
ze + Nap)/(4vp(zcyp — (xp — 1)yc)))-

Line PQ) is given by the equation

y = ((=(2zr(zcyp — 2pYyo +yc)ye —xc(rr —2E)yh + (T —20) (¥r — TR)Ycyp +
(xp — V)(zr —25)ye)/(vr — 3vE)(xcyp — (xp — Dye)) — (xoyph — Tpye + y& +
rexh —rtrp+ai—xc)/(2(xcyp —rpyc+yc)))(x+ (2o (2xprr —TprF —TCoTE+
xprp+xcre)yp —(xp—1)((2zg —xp—2c—Darp+ (xp+axc+1ar)ye)/((xp —
3zp)(zcyp — (xp — Dye))))/(—(=yoyh +yeyp +atyp — xhyc +ye)/(2(zcyp —
xpyc +yc)) — (xc(2eprr — xprr — xcxp + xpxp + rorp)yp — (xp — 1)((22p —
zp — zc — Dap + (vp + xc + Dap)ye)/((xr — 3zp)(zcyp — (xp — yc))) —
(2zr(zcyp — Tpye + Yo )ye — xc(rp — xp)yh + (xp — vc)(vp — TE)ycyp + (Tp —
D(zr — zp)ye)/((xr — 3zE)(zcyp — (xp — Dyc)).

We then verify that R lies on this line since we calculate that

((=(2zp(zcyp — pyo + yo)ye — zo(xr — e)yh + (Tp — To)(TF — TE)YoYD +
(zp = )(zr — 2p)ye)/((xr — 328)(xcyp — (xp — Dyo)) — (Tcyh — Tpye +ye +
ror}h — vgwp + a8 —x0)/(2(xeyp — rpye +ye ) (—((2r — v8)ycyh — (Trye —
LL’Ey%—i-ZlIcJIEIF—2I0$DIF—$%$F+2$0ID$E+I2€$E)?JD+(LL’D—1)((4Z’E—ID—
200 — 1)ZL’F —+ (J]D + 2xc + 1)1’E>yc)/(4$E(ICyD — (ID — 1)yc))) + (Ztc(QJ}E:L’F —
Tptp —Tetr+Tprp+2org)yp — (xp —1)((22g —zp —xc — Dzp+ (xp+ 20+
Dap)ye)/((xr —3zp)(xcyp — (¥p — 1)ye)))) /(= (=yeyd +y&yp +xtyp — rhyc +
yc)/(2(xcyp — Tpyc +yc)) — (vc(2vprp — TpTr — ToTp + TpTE + TeTE)YD —
(xp —1)((2zp —xp —xc—V)xp+ (vp+ac+L)ap)yc)/(vr —3vE)(xcyp — (xp —
Dye))) — 2zr(zeyp —2pyc +yo)ye —ro(rr —re)yh+(tp—2c)(rr —E)Yycyp +
(zp = V(zr —2p)y2)/((xr — 325)(vcyp — (vp — )yc)) — ((4zr(zoyp — 2pyc +
yo)ye—zc(rp—p)yp+2(@p—2c)(xp—rp)ycyp+(@p—1)(rr—2p)Ye+rc(rp—
1)(ID — T + 1)$F - l’c(l‘p — 1)($D — T + 1)$E)/(4$E(.Icyp — ($D — l)yc))>
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= 0 as desired.
We then calculate that PQ : PR = |29 |

Tp—TR

= |(=(=yoyh +y2yp +32yp —vhyc +yc)/ (2(xcyp — Tpye +ye)) — (T (2rprr —
xprp —rorp+aprp+xorp)yp — (xp —1)((22p —xp —xc — Vap + (xp + 2o +
Dap)ye)/((xr = 3ze)(@cyp — (xp — Dye))/((vr — v8)yeyd — (Trye — vpyd +
drorprr — 2vcrpTR — TETE + 22crprE + ¥52R)yp + (xp — 1)((4xp — p —
21‘0 — 1)1‘}7‘ + (l’D + ZZEC —+ 1)xE)yC)/(4IE(mCyD — ((L‘D — 1)y0)) — (mc(QI'E{EF —
xprp —rorp+xprept+rere)yp — (xp — 1)((22g —xp —xc — Vg + (xp + 2o +
Dzp)ye)/((xr — 3zg)(zcyp — (zp — 1)yc)))|

= |-2£_| = 2AFE : EF.

TF—TE

d

The theorem of the Euler line of a quadrilateral follows as the special case of this
by taking F' = A.

D

b o

FIGURE 1. Illustration of theorem 2.1 where we take F' to be the
midpoint of A and F.
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