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1. Introduction

The centroid, circumcenter, and orthocenter are collinear. They and the nine
point center lie on the line known as the Euler line [1]. Independently we have
that the centroid, incenter, and Spieker center are collinear. They lie on the line
known as the Nagel line [2]. Although these are two different central lines in a
triangle, we show below that they both emerge as special cases of a single result.
We also show that the power center of three certain points lies on the Euler line,
which generalizes a result in [3]. Instead of working with the centroid, we deal
with the point in [4] which generalizes the centroid.

2. Results

Theorem 2.1. Let A,B, and C denote the vertices of a given triangle.
Let D be a point in the plane.
Let E be a point on line AD.
Let F be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line CD such that CG : DG = AE : DE.
Let H be the midpoint of E and F .
Let I be the midpoint of E and G.
Let J be the midpoint of F and G.
Let lines AJ,BI, and CH intersect at point K.
Let L be the circumcenter of A,B, and C.
Let M be the nine point center of E,F , and G.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Let N be the incenter of A,B, and C.
Let R be the Spieker center of E,F, and G.
Let V be a point on line LN .
Let W be the point on line MR such that LV : NV = MW : RW .
Then K,V , and W are collinear and KV : KW = 2AD : DE.

Proof. Without loss of generality, we will work in Cartesian coordinates.
The coordinates of A are (0, 0).
The coordinates of B are (1, 0).
The coordinates of C are (xC , yC).
The coordinates of D are (xD, yD).
The coordinates of E are (xE,

xEyD
xD

).

The coordinates of F are (xE − xE

xD
+ 1, xEyD

xD
).

The coordinates of G are (xC + (xE

xD
)(xD − xC), yC + (xE

xD
)(yD − yC)).

The coordinates of H are (1
2
(2xE − xE

xD
+ 1), xEyD

xD
).

I has coordinates (1
2
(xE + xC + (xE

xD
)(xD − xC)),

1
2
(2xEyD+yC(xD−xE)

xD
)).

J has coordinates (1
2
(xE − xE

xD
+ 1 + xC + (xE

xD
)(xD − xC)),

1
2
(2xEyD+yC(xD−xE)

xD
)).

K has coordinates (xCxD−xCxE+2xDxE+xD−xE

3xD−xE
, xDyC−xEyC+2xEyD

3xD−xE
).

L has coordinates (1
2
,
xC(xC−1)+y2C

2yC
).

M has coordinates (xD(2xC+1)+xE(4xD−2xC−1)
4xD

,
4xEyCyD+(xD−xE)y2C+(x2

C−xC)xE+(xC−x2
C)xD

4xDyC
).

N has coordinates (

√
x2
C+y2C+xC√

(xC−1)2+y2C+
√

x2
C+y2C+1

, yC√
(xC−1)2+y2C+

√
x2
C+y2C+1

).

R has coordinates
( 1
4xD

(xD(2xC+1)+xE(4xD−2xC−1)+(xD−xE)(
√
(xC − 1)2 + y2C−

√
x2
C + y2C)),

2xEyD(
√

(xC−1)2+y2C+
√

x2
C+y2C+1)−yC(xE−xD)(

√
x2
C+y2C+

√
(xC−1)2+y2C)

2xD(
√

(xC−1)2+y2C+
√

x2
C+y2C+1)

).

V has coordinates

(xV ,
xC(xC−1)+y2C

2yC
+ (xV − 1

2
)(

yC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
−xC (xC−1)+y2C

2yC

√
x2
C

+y2
C

+xC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
− 1

2

)).

W has coordinates
(xD(xC+1)+xE(2xD−xC−1)+xV (xE−xD)

2xD
, ( 1

2xDyC(
√

x2
C+y2C−

√
(xC−1)2+y2C+2xC−1)

)(2xEyCyD(
√
x2
C + y2C−√

(xC − 1)2 + y2C +2xC −1)− (xE−xD)(
√
x2
C + y2C)(xV y

2
C +x2

CxV −xCxV −x2
C +

xC)− (xE −xD)(
√

(xC − 1)2 + y2C)(y
2
C(xV −1)+xCxV (xC −1))+(xE −xD)(xV −

xC)y
2
C − (xC − 1)(xCxV )(xE − xD) + (xC − 1)x2

CxE − (xC − 1)x2
CxD)).

Line VW is given by the equation

y = (
xC(xC−1)+y2C

2yC
+ (xV − 1

2
)(

yC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
−xC (xC−1)+y2C

2yC

√
x2
C

+y2
C

+xC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
− 1

2

))

+ (x− xV )(
1

xD(xC+1)+xE(2xD−xC−1)+xV (xE−xD)

2xD
−xV

)

∗ (( 1

2xDyC(
√

x2
C+y2C−

√
(xC−1)2+y2C+2xC−1)

)(2xEyCyD(
√
x2
C + y2C −

√
(xC − 1)2 + y2C +

2xC − 1) − (xE − xD)(
√

x2
C + y2C)(xV y

2
C + x2

CxV − xCxV − x2
C + xC) − (xE −

xD)(
√
(xC − 1)2 + y2C)(y

2
C(xV − 1) + xCxV (xC − 1)) + (xE − xD)(xV − xC)y

2
C −

(xC −1)(xCxV )(xE −xD)+(xC −1)x2
CxE − (xC −1)x2

CxD)− (
xC(xC−1)+y2C

2yC
+(xV −
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1
2
)(

yC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
−xC (xC−1)+y2C

2yC

√
x2
C

+y2
C

+xC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
− 1

2

))).

We then verify that K lies on this line since we calculate that

(
xC(xC−1)+y2C

2yC
+ (xV − 1

2
)(

yC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
−xC (xC−1)+y2C

2yC

√
x2
C

+y2
C

+xC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
− 1

2

))

+ (xCxD−xCxE+2xDxE+xD−xE

3xD−xE
− xV )(

1
xD(xC+1)+xE(2xD−xC−1)+xV (xE−xD)

2xD
−xV

)

∗ (( 1

2xDyC(
√

x2
C+y2C−

√
(xC−1)2+y2C+2xC−1)

)(2xEyCyD(
√
x2
C + y2C −

√
(xC − 1)2 + y2C +

2xC − 1) − (xE − xD)(
√

x2
C + y2C)(xV y

2
C + x2

CxV − xCxV − x2
C + xC) − (xE −

xD)(
√
(xC − 1)2 + y2C)(y

2
C(xV − 1) + xCxV (xC − 1)) + (xE − xD)(xV − xC)y

2
C −

(xC −1)(xCxV )(xE −xD)+(xC −1)x2
CxE − (xC −1)x2

CxD)− (
xC(xC−1)+y2C

2yC
+(xV −

1
2
)(

yC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
−xC (xC−1)+y2C

2yC

√
x2
C

+y2
C

+xC√
(xC−1)2+y2

C
+
√

x2
C

+y2
C

+1
− 1

2

)))− xDyC−xEyC+2xEyD
3xD−xE

= 0.

We next calculate that
KV : KW = | xK−xV

xK−xW
| = |

xCxD−xCxE+2xDxE+xD−xE
3xD−xE

−xV

xCxD−xCxE+2xDxE+xD−xE
3xD−xE

−xD(xC+1)+xE(2xD−xC−1)+xV (xE−xD)

2xD

| =

| 2xD

xE−xD
| = 2AD : DE as desired. □

The theorem of the Euler line (that the circumcenter, centroid, and nine point
center are collinear) follows by taking E = A and V = L, and the theorem of
the Nagel line (that the incenter, centroid, and Spieker center) follows by taking
E = A and V = N .

Theorem 2.2. Let A,B, and C denote the vertices of a given triangle.
Let D be a point in the plane.
Let E be a point on line AD.
Let F be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line CD such that CG : DG = AE : DE.
Let H be the midpoint of E and F .
Let I be the midpoint of E and G.
Let J be the midpoint of F and G.
Let lines AJ,BI, and CH intersect at point K.
Let L be the circumcenter of A,B, and C.
Let M be the nine point center of E,F , and G.
Let N be a point on line AJ .
Let O be the point on line BI such that BO : IO = AN : JN .
Let P be the point on line CH such that CP : HP = AN : JN .
Let Q be another point on line AJ .
Let R be the point on line BI such that BR : IR = AQ : JQ.
Let S be the point on line CH such that CS : HS = AQ : JQ.
Let T1 be the circle whose diameter is NQ.
Let T2 be the circle whose diameter is OR.
Let T3 be the circle whose diameter is PS.
Let W be the power center of T1, T2, and T3.
Then W lies on line KLM .
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Proof. The coordinates of points A through M are given in the proof of theorem
2.1.
N has coordinates (xN , xN(

2xEyD+yC(xD−xE)
xD(xC+1)+xE(2xD−xC−1)

)).

O has coordinates (1 +
xN ( 1

2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
, xN (2xEyD+yC(xD−xE))
xD(xC+1)+xE(2xD−xC−1)

).

P has coordinates (xC +
xN ( 1

2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
, yC +

2xN (
xEyD
xD

−yC)

xE+xC+1+
xE(xD−xC )

xD
− xE

xD

).

Q has coordinates (xQ, xQ(
2xEyD+yC(xD−xE)

xD(xC+1)+xE(2xD−xC−1)
)).

R has coordinates (1 +
xQ( 1

2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
,

xQ(2xEyD+yC(xD−xE))

xD(xC+1)+xE(2xD−xC−1)
).

S has coordinates (xC +
xQ( 1

2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
, yC +

2xQ(
xEyD
xD

−yC)

xE+xC+1+
xE(xD−xC )

xD
− xE

xD

).

T1 is given by the equation
(x− xN)(x− xQ) + (yN − y)(yQ − y) = 0.
T2 is given by the equation
(x− xO)(x− xR) + (yO − y)(yR − y) = 0.
T3 is given by the equation
(x− xP )(x− xS) + (yP − y)(yS − y) = 0.
The radical line between T1 and T2 is given by the equation
(xR−xQ+xO −xN)x+(y− yO)yR+(yN − y)yQ+ yyO − yyN −xOxR+xNxQ = 0
⇐⇒
((1+

xQ( 1
2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
)−xQ+(1+

xN ( 1
2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
)−xN)x+

(y−( xN (2xEyD+yC(xD−xE))
xD(xC+1)+xE(2xD−xC−1)

))(
xQ(2xEyD+yC(xD−xE))

xD(xC+1)+xE(2xD−xC−1)
)+((xN(

2xEyD+yC(xD−xE)
xD(xC+1)+xE(2xD−xC−1)

))−
y)(xQ(

2xEyD+yC(xD−xE)
xD(xC+1)+xE(2xD−xC−1)

))+y( xN (2xEyD+yC(xD−xE))
xD(xC+1)+xE(2xD−xC−1)

)−y(xN(
2xEyD+yC(xD−xE)

xD(xC+1)+xE(2xD−xC−1)
))−

(1 +
xN ( 1

2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
)(1 +

xQ( 1
2
(xE+xC+(

xE
xD

)(xD−xC))−1)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
) + xNxQ = 0.

The radical line between T1 and T3 is given by the equation

((xC +
xQ( 1

2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
) − xQ + (xC +

xN ( 1
2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
) −

xN)x+ (y − (yC +
2xN (

xEyD
xD

−yC)

xE+xC+1+
xE(xD−xC )

xD
− xE

xD

))(yC +
2xQ(

xEyD
xD

−yC)

xE+xC+1+
xE(xD−xC )

xD
− xE

xD

)

+((xN(
2xEyD+yC(xD−xE)

xD(xC+1)+xE(2xD−xC−1)
))−y)(xQ(

2xEyD+yC(xD−xE)
xD(xC+1)+xE(2xD−xC−1)

))+y(yC+
2xN (

xEyD
xD

−yC)

xE+xC+1+
xE(xD−xC )

xD
− xE

xD

)−

y(xN(
2xEyD+yC(xD−xE)

xD(xC+1)+xE(2xD−xC−1)
))

−(xC+
xN ( 1

2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
)(xC+

xQ( 1
2
(2xE− xE

xD
+1)−xC)

1
2
(xE− xE

xD
+1+xC+(

xE
xD

)(xD−xC))
)+xNxQ = 0.

W thus has coordinates
((x2

Cx
2
D+x2

Cx
2
E +4x2

Dx
2
E −2xDxE +2xCx

2
D+2xCx

2
E −4xDx

2
E +4x2

DxE −2x2
DxN −

2x2
DxQ + x2

D + x2
E − 4xCxDx

2
E + 4xCx

2
DxE − 2x2

CxDxE − xCx
2
DxN + xCx

2
ExN −

2xDx
2
ExN − 2x2

DxExN −xCx
2
DxQ+xCx

2
ExQ− 2xDx

2
ExQ− 2x2

DxExQ+3x2
DxNxQ−

x2
ExNxQ + x2

Cx
2
DxN + x2

Cx
2
ExN + 4x2

Dx
2
ExN + x2

Cx
2
DxQ + x2

Cx
2
ExQ + 4x2

Dx
2
ExQ −

4xCxDxE + 2xDxExN + 2xDxExQ + 2xDxExNxQ − 4xCxDx
2
ExN + 4xCx

2
DxExN −

2x2
CxDxExN−4xCxDx

2
ExQ+4xCx

2
DxExQ−2x2

CxDxExQ−6xCx
2
DxNxQ−2xCx

2
ExNxQ+

4xDx
2
ExNxQ−12x2

DxExNxQ+8xCxDxExNxQ)/((xD−xE+xCxD−xCxE+2xDxE)(2xD−
2xE+2xCxD−2xCxE+4xDxE−3xDxN+xExN−3xDxQ+xExQ)), (x

3
Cx

2
D−x2

Cx
2
D+

x4
Cx

2
D−x2

Cx
2
E+x3

Cx
2
E+x4

Cx
2
E+x2

Dy
2
C+x2

Ey
2
C−xCx

2
D−xCx

2
E+4xCxDx

2
E−4xCx

2
DxE+

2x2
CxDxE − 2x3

CxDxE − 2x4
CxDxE +3xCx

2
DxN + xCx

2
ExN +3xCx

2
DxQ + xCx

2
ExQ −
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2xDxEy
2
C −4xCx

2
Dx

2
E −4x3

CxDx
2
E +4x3

Cx
2
DxE −3x3

Cx
2
DxN −x3

Cx
2
ExN −3x3

Cx
2
DxQ−

x3
Cx

2
ExQ +2xCx

2
Dy

2
C +2xCx

2
Ey

2
C − 4xDx

2
Ey

2
C +4x2

DxEy
2
C − 2x2

DxNy
2
C − 2x2

DxQy
2
C +

2xCxDxE+4x2
Cx

2
Dx

2
E+x2

Cx
2
Dy

2
C+x2

Cx
2
Ey

2
C+4x2

Dx
2
Ey

2
C−4xCxDx

2
Ey

2
C+4xCx

2
DxEy

2
C−

2x2
CxDxEy

2
C−2xCx

2
DxNy

2
C−4x2

DxExNy
2
C−2xCx

2
DxQy

2
C−4x2

DxExQy
2
C+3x2

DxNxQy
2
C−

x2
ExNxQy

2
C−4xCxDxExN−4xCxDxExQ−2xCxDx

2
ExN+6xCx

2
DxExN+4x3

CxDxExN−
2xCxDx

2
ExQ+6xCx

2
DxExQ+4x3

CxDxExQ−9xCx
2
DxNxQ−xCx

2
ExNxQ−4xCxDxEy

2
C+

2xDxExNy
2
C+2xDxExQy

2
C−2x2

ExNyCyD−2x2
ExQyCyD+2x2

CxDx
2
ExN−6x2

Cx
2
DxExN+

2x2
CxDx

2
ExQ−6x2

Cx
2
DxExQ+9x2

Cx
2
DxNxQ+x2

Cx
2
ExNxQ−6x2

CxDxExNxQ+2xCxDxExNy
2
C+

2xCxDxExQy
2
C+2xDxExNxQy

2
C−2xCx

2
ExNyCyD+4xDx

2
ExNyCyD−2xCx

2
ExQyCyD+

4xDx
2
ExQyCyD+4x2

ExNxQyCyD+6xCxDxExNxQ+2xDxExNyCyD+2xDxExQyCyD+
2xCxDxExNyCyD + 2xCxDxExQyCyD − 12xDxExNxQyCyD)/((xD − xE + xCxD −
xCxE +2xDxE)(2xDyC − 2xEyC +2xCxDyC − 2xCxEyC +4xDxEyC − 3xDxNyC +
xExNyC − 3xDxQyC + xExQyC))).
Line KLM is given by the equation

y = (xDyC−xEyC+2xEyD
3xD−xE

)+(x−(xCxD−xCxE+2xDxE+xD−xE

3xD−xE
))(

(
xDyC−xEyC+2xEyD

3xD−xE
)−(

xC (xC−1)+y2C
2yC

)

(
xCxD−xCxE+2xDxE+xD−xE

3xD−xE
)−( 1

2
)
).

We then verify that W lies on this line since we calculate that
(xDyC−xEyC+2xEyD

3xD−xE
)+((x2

Cx
2
D+x2

Cx
2
E+4x2

Dx
2
E−2xDxE+2xCx

2
D+2xCx

2
E−4xDx

2
E+

4x2
DxE−2x2

DxN−2x2
DxQ+x2

D+x2
E−4xCxDx

2
E+4xCx

2
DxE−2x2

CxDxE−xCx
2
DxN+

xCx
2
ExN − 2xDx

2
ExN − 2x2

DxExN − xCx
2
DxQ + xCx

2
ExQ − 2xDx

2
ExQ − 2x2

DxExQ +
3x2

DxNxQ − x2
ExNxQ + x2

Cx
2
DxN + x2

Cx
2
ExN + 4x2

Dx
2
ExN + x2

Cx
2
DxQ + x2

Cx
2
ExQ +

4x2
Dx

2
ExQ − 4xCxDxE + 2xDxExN + 2xDxExQ + 2xDxExNxQ − 4xCxDx

2
ExN +

4xCx
2
DxExN−2x2

CxDxExN−4xCxDx
2
ExQ+4xCx

2
DxExQ−2x2

CxDxExQ−6xCx
2
DxNxQ−

2xCx
2
ExNxQ+4xDx

2
ExNxQ−12x2

DxExNxQ+8xCxDxExNxQ)/((xD−xE+xCxD−
xCxE + 2xDxE)(2xD − 2xE + 2xCxD − 2xCxE + 4xDxE − 3xDxN + xExN −

3xDxQ + xExQ)) − (xCxD−xCxE+2xDxE+xD−xE

3xD−xE
))(

(
xDyC−xEyC+2xEyD

3xD−xE
)−(

xC (xC−1)+y2C
2yC

)

(
xCxD−xCxE+2xDxE+xD−xE

3xD−xE
)−( 1

2
)
) −

((x3
Cx

2
D − x2

Cx
2
D + x4

Cx
2
D − x2

Cx
2
E + x3

Cx
2
E + x4

Cx
2
E + x2

Dy
2
C + x2

Ey
2
C − xCx

2
D −

xCx
2
E + 4xCxDx

2
E − 4xCx

2
DxE + 2x2

CxDxE − 2x3
CxDxE − 2x4

CxDxE + 3xCx
2
DxN +

xCx
2
ExN +3xCx

2
DxQ + xCx

2
ExQ − 2xDxEy

2
C − 4xCx

2
Dx

2
E − 4x3

CxDx
2
E +4x3
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DxE −

3x3
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ExN − 3x3

Cx
2
DxQ − x3

Cx
2
ExQ + 2xCx

2
Dy

2
C + 2xCx

2
Ey

2
C − 4xDx

2
Ey

2
C +

4x2
DxEy

2
C − 2x2

DxNy
2
C − 2x2

DxQy
2
C + 2xCxDxE + 4x2

Cx
2
Dx

2
E + x2

Cx
2
Dy

2
C + x2

Cx
2
Ey

2
C +

4x2
Dx

2
Ey

2
C−4xCxDx

2
Ey

2
C+4xCx

2
DxEy

2
C−2x2

CxDxEy
2
C−2xCx

2
DxNy

2
C−4x2

DxExNy
2
C−

2xCx
2
DxQy

2
C−4x2

DxExQy
2
C+3x2

DxNxQy
2
C−x2

ExNxQy
2
C−4xCxDxExN−4xCxDxExQ−

2xCxDx
2
ExN+6xCx

2
DxExN+4x3

CxDxExN−2xCxDx
2
ExQ+6xCx

2
DxExQ+4x3

CxDxExQ−
9xCx

2
DxNxQ−xCx

2
ExNxQ−4xCxDxEy

2
C+2xDxExNy

2
C+2xDxExQy

2
C−2x2

ExNyCyD−
2x2

ExQyCyD+2x2
CxDx

2
ExN−6x2

Cx
2
DxExN+2x2

CxDx
2
ExQ−6x2

Cx
2
DxExQ+9x2

Cx
2
DxNxQ+

x2
Cx

2
ExNxQ−6x2

CxDxExNxQ+2xCxDxExNy
2
C+2xCxDxExQy

2
C+2xDxExNxQy

2
C−

2xCx
2
ExNyCyD+4xDx

2
ExNyCyD−2xCx

2
ExQyCyD+4xDx

2
ExQyCyD+4x2

ExNxQyCyD+
6xCxDxExNxQ+2xDxExNyCyD+2xDxExQyCyD+2xCxDxExNyCyD+2xCxDxExQyCyD−
12xDxExNxQyCyD)/((xD−xE+xCxD−xCxE+2xDxE)(2xDyC−2xEyC+2xCxDyC−
2xCxEyC + 4xDxEyC − 3xDxNyC + xExNyC − 3xDxQyC + xExQyC))) = 0. □
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Figure 1. Illustration of theorem 2.1 where we take E to be the
midpoint of A and D and V to be the midpoint of L and N .
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Figure 2. Zoomed in illustration of Figure 1.
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Figure 3. Illustration of theorem 2.2 where we take E to be the
midpoint of A and D, N to be the midpoint of J and K, and Q = A.
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