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1. INTRODUCTION

The centroid, circumcenter, and orthocenter are collinear. They and the nine
point center lie on the line known as the Euler line [1]. Independently we have
that the centroid, incenter, and Spieker center are collinear. They lie on the line
known as the Nagel line [2|. Although these are two different central lines in a
triangle, we show below that they both emerge as special cases of a single result.
We also show that the power center of three certain points lies on the Euler line,
which generalizes a result in [3]. Instead of working with the centroid, we deal
with the point in [4] which generalizes the centroid.

2. RESULTS

Theorem 2.1. Let A, B, and C' denote the vertices of a given triangle.
Let D be a point in the plane.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line CD such that CG : DG = AE : DE.
Let H be the midpoint of E and F'.

Let I be the midpoint of E and G.

Let J be the midpoint of F' and G.

Let lines AJ, BI, and CH intersect at point K.

Let L be the circumcenter of A, B, and C.

Let M be the nine point center of E, F', and G.
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Let N be the incenter of A, B, and C'.

Let R be the Spieker center of E, F, and G.

Let V' be a point on line LN .

Let W be the point on line MR such that LV : NV = MW : RW.
Then K,V , and W are collinear and KV : KW =2AD : DE.

Proof. Without loss of generality, we will work in Cartesian coordinates.
The coordinates of A are (0,0).

The coordinates of B are (1,0).
The coordinates of C' are (z¢, yc).
The coordinates of D are (:UD yD)
The coordinates of E are (v, “E42).
(

The coordinates of F' are (zp — I—E + 1, 222,

The coordinates of G are (z¢ ( 2)(zp — zc),ye + (32)(yp — yo))-
The coordinates of H are (1(2zp — 22 £ +1),2288).

) Tp
2
I has coordinates ( (xp + :CC + (& )(QUD — 20)), ( xEyD+ywcl~)(xD IE)))
2
J has coordinates (%(QUE —ZE 4] 4o+ (zE)( vp — 20)), 1( xEyDJrz;g(zD zE))).
K has coordinates (mczD zcwf+2szE+mD $E7 wDyc rEyc+2xEyD)
rD—TE 3Z'D TE
. o
L has coordinates (% w)
yo . 2
. 2 1 4 2 1) 4 + _ _ n B
M has coordinates (= pitn )+ZE( EE— )7 rpycyp+(@p—TE)ye+(@s—rc)rE+(TC xc)mD).
=D dzpyc

VEbtyetre yc )

N has coordinates .
(\/(zc—1)2+y%+\/zg+y2c+1’ V(@o—1)24y2+ /22 +y2+1

R has coordinates
(g (@pro+1)+rp(dep—2rc—1)+(xp—2p)(\/ (e — 1)? + yo— /28 + &),
QxEyD(\/(xc 1)2 +yc+\/xc+yc+1) yc(zp—rp) (\/fcc+yc+\/ (zc—1) +yc))

20p(v/(wc—1)2+y2 +/22+y2+1)
V' has coordinates

e _acc(acc—l)+y%
2
(wy, el D+y2 + (zy — 1)(\/(1'071>2+y%+\/12c+y%+1 c )
v, 2yc 2 \/ + '
sty tec 1
\/(Ic 2+yc+\/ a2 +y2+1 2
W has coordinates
zp(zc+1)+zp(2ep—zc—1)+zy(zp—zp) 1 2 2 2
x \/ TH + Ys—
( 2xp ’(QnyC(\/ﬂfé‘i‘y%«—\/(ZEC_I)2+:U%+2-'EO—1))( EyCyD( C yC

Ve =12 +yi+20c—1)— (xp—ap) (V22 + v2) (wvyd + aiay —zory —ad +
zo) — (x5 —2p)(v/(zc — 1)? + y&) (W& (v — 1) +xowy (zc — 1)) + (xp — p)(2y —
z0)ye — (xo — 1)(zoay) (g — p) + (v — )agars — (vc — 1)xgap)).

Line VW is given by the equation

e} _eglec-D+vd
_ rac(ze—1)+y2 _ 1 V@Eo-D2 2+ /el 2 2ve
y=g  Flav =)l NEe )

1
2

V@o-D2 42+ /eE+ud 41

1
+ ('CE - 'Z‘V)( ID(ZC+1)+1E(ZID—zc—1)+zv(zE—zD)_:r )
2z p \4

1 2 2 _ _ 2 2

20c — 1) — (xp — xp) (V2% + y2) (xyyd + 2oy — vovy — 2% + x¢) — (v —
zp)(V(re =12+ y2) (e vy — 1) + zeay(zo — 1)) + (25 — p)(2v — 20)Ye —

(xc —1)(xcav)(xp —xp) + (e — V) atog — (o — 1)ziaep) — (_xc(xgy;)+yc + (2

V=
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ve _eoleo-D+vd
l)( \/(zc*1)2+y%+\/ﬂc+y%+1 2yc )))
2 Ny ) :

2
\/(zc—l)2+y20+\/z2c+y%+1

We then verify that K lies on this line since we calculate that

Yo _ﬁc(wc—l)ﬂ%
zo(re—1)+v2 1y Ve /g n e
(relog D | (g, ) e )
(xo—1)24y2 4+ /22 + 2, 2
+ (ICID*xCxE‘FZﬂDIE‘Fl’D*fE _ \/ (Z " \/ ce 1 )
3zp—ap l’v) ID(IC+1)+1E(2ID27IC*1)+1V(IE71D)733‘/
zp
: )2rpycyn(Vag +y& — /(v — 1)? +yg +

22pyc (/22 +v2 -/ (zc—1)>+y2+2zc—1)
200 — 1) — (zg — xp) (V2% + y2) (xyyd + 2tay — vovy — b + x0) — (vp —

2p)(V(xe — D2 +y2)(ye(av — 1) + zcry(ze — 1)) + (vp — 2p)(xy — zo)ye —
zo(ze—1)+yZ +(

2 2
(e —)(zcwv)(wp —xp) + (vc — Dagre — (v — Dagap) — (55,2 Tv—
e, _zoleo—D+u
2
l)( VoD g+ /ol g+ e ) — TDYC—TEYCH2TEYD _ ().
2 \/x2c+y%«+xc 1 3zp—zE
\/(1071)2+y%+\/z20+y%+1 2
We next calculate that
zcszzcz3E+2zDzE+szzE —zy
. _ |Zxk—Tv | _ tp—Tp
Kv . KW - |xK7xW| - | zcszzczE+2zDzE+szzE7zD(zC+1)+zE(29:D7chl)+zv(zEfa:D) |
3zrp—zp 2zp
|-220_| = 2AD : DE as desired. O

TE—XD

The theorem of the Euler line (that the circumcenter, centroid, and nine point
center are collinear) follows by taking £ = A and V' = L, and the theorem of
the Nagel line (that the incenter, centroid, and Spieker center) follows by taking
E=AandV =N.

Theorem 2.2. Let A, B, and C' denote the vertices of a given triangle.
Let D be a point in the plane.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line C'D such that CG : DG = AE : DE.
Let H be the midpoint of E and F'.

Let I be the midpoint of E and G.

Let J be the midpoint of F' and G.

Let lines AJ, BI, and CH intersect at point K.

Let L be the circumcenter of A, B, and C.

Let M be the nine point center of B, F, and G.

Let N be a point on line AJ.

Let O be the point on line BI such that BO : 10 = AN : JN.
Let P be the point on line CH such that CP: HP = AN : JN.
Let Q) be another point on line AJ.

Let R be the point on line BI such that BR: IR = AQ : JQ.
Let S be the point on line CH such that CS : HS = AQ : JQ.
Let T1 be the circle whose diameter is NQ).

Let T, be the circle whose diameter is OR.

Let T3 be the circle whose diameter is PS.

Let W be the power center of Ty, Ty, and Ts.

Then W lies on line KLM.
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Proof. The coordinates of points A through M are given in the proof of theorem
2.1.

N has coordinates (xy, x N(lzD (igé’iyﬁgi’ggfl;ffg_l)))

O has coordinates (1 + ?(V:C(Eixiff J:;(Ci()(:;[;(::)l_cl)))a xﬂiﬁﬁ’iﬁiiﬁ?ﬁjﬁfﬁlﬁ))

P has coordinates (z¢ + Tos z(E fffa;cf(:;))(m) oy Yot xEHjili;y(sz yfc)) T ).
@) has coordinates (x¢, iUQ(I ii’iyfiilggfp xfc) 1))) ’ ’
R has coordinates (1 + 1 I (Ij (sz ;jlc;(cj() (J;D) (;C)lcl))), x;‘g’ﬁi’iﬁiﬁ;’fgﬁ_‘ﬁlﬁ))

S has coordinates (z¢ + T I(E fjfxcig))—(jj) o3y Ve + mEﬂjiiE ,}%ZDDyf;) = )-

T is given by the equation

(z —n)(z —2q) + (yv —y)(yo —y) = 0.

T is given by the equation

(z — zo)(x — 2r) + (yo — ¥)(yr —y) = 0.

T3 is given by the equation

(z —p)(x —xs) + (yp — y)(ys —y) = 0.

The radical line between T7 and T5 is given by the equation

(fR —2qQ+20—2N)T+ (Y —yo)yr+ (YN — ¥)Yq + YYo — Yyn — ToTr + TnTq =0

1@( (fL“EJrfEch(zE)(wD zc))—1) oy (3 (zptrc+(ZE) (zp—2c))-1)
((1+ 5( E+1+rc+( ) (@p— wc))>_xQ+(1+%( 2g+1+zci( D)(l“D*:BC)))_mN)'T—}_

T (296 +yc(zp—TE)) zo(2zpyp+yc(rp—zE)) 2x +yc(zp—2zE)
( <xDNxc+E1?;—L|)-xg€2x(§ x(/]v; )1)))(rp?xc—fl)—’i-xfg(%xg—x;—l))_F)g(xN(J:D(:tciyll))-i-ggﬁgp—{c—l))))_
2x + Tp—T TN (22 + Tp—2 2x + Tp—2
y)(xQ(xD(mciy1€+gg(QmDfocfl))> <xD1(\]chf1:l)jixg?2xDD xC}«E 1))_y< N(xD(:rciylf))Jr::Eyg(Z?focfl)))_
:BN(%($E+rc+(%)(fm—l“c))—1) 2q(3(@p+re+(ZE Z)(@p—zc))—1)

(1 3(@p—2E 1tz +(TE) (@p—20)) ) 3(@p—2E +1+xc+(“”g Tao—sc))

+onzg = 0.

The radical line between 77 and T3 is given by the equation
zq(3(2ep—2E +1) zc) ey (3 Qzp—IE +1) zo)
(we + 17 TETrac+ (CE (oo woy) T ¥+ (wo + g “TE Trac+ (B (- o) T

2z N (IEyD ZxQ( EyD
) (ye + )

Tp
$E+Ic+1+1E<IDD zc) _zp xEerCJrlerE(ID ro) TR

D D D

-yc) -yc)

rn)T+ (Y — (Yo +

+(($ ( 2zgyp+yc(tp—zE) ))_ )(ZB ( 22pyp+yc(tp—TE) ))+ ( 1 21‘N($£;D —yo) )_
N\ap(@c+D+ep2ep—2c-1) y)\rQ zp(zc+l)+rE(2zp—2c—1) y\yo mE+acc+1+$E(x4%xQ) ﬁg
2z +yc(zp—zg)
y(xN(a:D(zciy1];+gg(2fD fc 1)))
v (5(2ep— 5 +1)—ac) 2 (42— 2E+1)-x0)
_($C+ %( zE +1+ZC+( D)(wD xo)))(l‘()’"}_ %(xE ig+1+$0+(zg)($D zc)))+xNxQ = O

W thus has coordinates
((szD + xCxE +4x% 2% — 22 prE + 2000h + 2x00% — drpri + 4vth e — 225N —

2 2 2 2 2 2
2:1:ng2 + :UD +2xE — 4:1:C:UD:21:E + 4xcx2DxE — 2.7:0552,3.7:]; — xnga:N + -’EgJUEfBN —
292L'D3:EmN — 22mD2xE:cN — ;ch;DxQ + xgx}g:cQ — 2x123x§xQ — 291;2Da;ExQ + 3xé)xéva —
THEINTQ + TETHTN + THTHTN + 4TI LTN + ToTHTg + Tex LT + 4rhrhrg —
drcxprp + 20pTRTN + 2T pTETQ + 2XpTETNTQ — 4xcxpx%IN + 4xcx%xExN -
Qx%xDxExN—4xcxpx%xQ+4xcx%xExQ—Zx%xDxExQ—6xcx%xNxQ—2xcx2ExNxQ+
deprirnrg—120hrprnro+8rcxprprntg)/(tp—rp+rcrp—rcrp+2eprE)(20p—
Z.ZE;I—ngxg—chrgE—I—éla:DxE SxDa:N—I—xExN 3£EDJIQ—|—:L‘E1‘Q)) (a:CxD—xcavD—I—
riat —riahtriahtrd, a:E+:BDyC~I—:E yc Torh— xch+4xcha:E—4xchxE+
20t xpry —2xiwprp — 2rtaprp + 3rcrhry + xorhrn + 3rcrhrg + Torhrg —
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2xprpyd — dxcrhay — dagapay +dadad g — 3agahan — abaten — 3rkatrg —
rhatag + 2xcrhyd 4 2xcatyd — drprhyd + dehrpyd — 20hrNyE — 20hxQud +
2rcxprpt+ariatri+rirhyd +riasyd+4rh eyl —dvcr priyi+4rcrhrpyd —
2020 prpYE 200 h T NYE—ATH T R NYE 2T 0T h T YL — 4 T pTQUE+3TH T NTQYE—
TLANTQUE—AT T pTRIN—4T T pTETQ— 200t pT R N+0T T H T TN HATET T ET N —
2001 prhro+6rcrhrETo+H4TE T prETQ— 9T T h T NTQ— Lo TR NTQ— 4T T T EYE+
20 pTETNYE+2T T ETQUE—20%5 T NYcYD — 20 5T QYcYpt+20Ex prhr N —6rirh v T N+
Qx%J:Dx%xQ—Gx%x%xExQ+9x20x2DxNxQ+x%x%x]\;x@—6x%xDxExNxQ+2xchxExNy%+
QxC:EDxEny%—i—?xDxExNny%—2xcx%xNycyD+4xDx%xNycyD—2xca:2EnycyD+
4ID$2E$Q?JC?JD+4$]25$N$chyD+6$C$D$E$N$Q+2$D$E$NyCyD+2$D$E$QyCyD—I—
2zcxprprNYcyDp + 2xcTpTprQYcyp — 120 prprnroycyp)/((xp — g + vcxp —
rexp + 22prE)(22pyc — 22pYc + 2vcrpYc — 2xcrpyc + 4 prEYc — 3TpTNYC +
TEINYo — 3TpTQYc + TETQYC)))-

Line K LM is given by the equation

(ZD?!C*IE?/CJf?zEyD )—( eolec—D+ve )

_ (%DYCc—TEYC+2TEYD _ (zcxp—xcTE+2CprE+Ip—TE 3tp—ag 290
Y= ( 3rp—xg )+<I ( 3zp—xg ))( (zczD—zcz3E+QZDIE+zD—1E)_(%) )
TD-TR

We then verify that W lies on this line since we calculate that
(mDyC;ﬁgy_C;;%EyD)—l—((w%x% +xia%+4x2rd —2xprp+2vcrth +2x0rh —4rpri 4+
datrp—200rN — 20510+ 1%+ 1% —drcrpri+drcrhry — 20t pry — rorh TN +
TorhrN — 20 pTHIN — 2THTRTN — TeTHTQ + Texhrg — 2Xprerg — 20HhTRTg +
SxQDxNxQ — x%xNxQ + x%x%x]\; + x%x%x]\; + 4x%x%x]\f + x%x%xQ + x%x%xQ +
4x%x2ExQ — 4drcrprp + 2xprEprN + 20pTETQ + 2XpTETINTQ — 4xchx%a:N +
4mcx%mExN—Zx%xD:vExN—4xchx%xQ+4xcx2Dan:Q—Qx%xDxExQ—6xcx%$NxQ—
2rcrhrNrg+Arprihrnrtg — 1205 rprnTg +82cxprprNtg)/((2p —2p+xoTp —
roxrp + 2xprE)(2xp — 22 + 2vcxp — 2xcxp + 4xprp — 3xpTN + TETy —
(nyc—xEyc-*-?xEyD)_(xc(xc—1)+y2c

roxp—xcrE+2rxprp+rp—TE 3zp—ap 2y
3517[).%@ + .CEEQSQ)) - ( 32p—2g ))( (zczD*IcwEJr?IDIEJrTD*IE),(l) ) o
3zp—zg 2

(a3 — a2ah + oha®y — ohal + 7had + abed + oheh 1 Thf — Terh —
x(;wQE + 4:17chsz — 4atcx2DxE + QxQCxDa:E — Qx%xDxE — 2x4oathE + 3x0:172DxN +
Terhan + 3rcrhrg + rorhrg — 2xprpys — Arcrharh — dxpapay + dadathap —
3riahan — xbathan — dxbatrg — xhatrg + 2xcxhyd + 2worhyl — dvpriyd +
datrpyd — 20h Ny — 20hrQyd + 2xcrprp + drkahad + viahyd + vhatyl +
4ot ot yd —Arcrpriyd +4rcrhr gyt — 205 prpyE —2rcrh T NYE —ATH T T NYE —
200 Tyt —4rhr prQUE+3ThINTQUE—THENTQUE—AT T pT pT N —4T T pT T —
2rcrprihrn+6rcrhrprn+ardieprpry —2rcr prhrg+6rorhrprgtirtirprprg—
9xcx%xNxQ—xcx%xNxQ—4xchxEy%+2xDxExNy%+2xDxEny%—ZI%xNyCyD—
QIzEmQyCyD+2$%mDm%xN—6m%x2DmE:17N+2x%ath2ExQ—Gm%x%mE:ﬁQ—I—Qx%ﬁ—)xNxQ—i—
x%x%meQ — Gx%xDxExNxQ + QxCxDxExNy% + ZxchszQy% + QQ:DxEmeQy% —
200 HTNYCYp+HAT DT HTNYCYD — 2T cTHTQYCY DAL DTHTQYCYDTATLINTQYCY D+
62cxpTETNTQ+20pTEXNYCYDF20 DT EXQYCYDH2XCT DT ETNYCYD 2L CTDTETQYCYD —
12zprprnrQycyp)/((xp—rp+Tcrp—rcrp+22prE) (22 pYc —2TEYc+2T 0T pYo—
2ecrpyc + 4xprryc — 3xpTNYc + TETNYe — 3TpToYe + TerQyc))) = 0. O
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C

FIGURE 1. Illustration of theorem 2.1 where we take E to be the
midpoint of A and D and V' to be the midpoint of L and N.
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FIGURE 2. Zoomed in illustration of Figure 1.
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FIGURE 3. Illustration of theorem 2.2 where we take E to be the
midpoint of A and D, N to be the midpoint of J and K, and @ = A.
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