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1. INTRODUCTION

Let A, B, and C' be the vertices of a given triangle.

Let E; denote the ellipse whose focal points are B and C' and which passes through
A.

Let E5 denote the ellipse whose focal points are A and C' and which passes through
B.

Let E5 denote the ellipse whose focal points are A and B and which passes through
C.

Let Fy and FE5 intersect at points D and E.

Let E; and FEj3 intersect at points F' and G.

Let E, and Ej3 intersect at points H and I.

On January 28, 2024, it was communicated to Clark Kimberling, by the author,
the observation that that lines DE, F'G, and HI intersect at the de Longchamps
point (the reflection of the orthocenter about the circumcenter [1]).

Here, we demonstrate another observation about these ellipses - namely that they
are all concurrent exactly when the triangle is a right triangle.
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2. RESULTS

Theorem 2.1. If A, B, and C form a right triangle, then Fy, E5, and Es are
concurrent.

Proof. Without loss of generality, we can take the cartesian coordinates of A, B,
and C' to be respectively given by (0,0), (1,0), and (1, y.).

The ellipse with focal points (a1, b;) and (ag, b) which passes through the point
(a3, b3) is given by the equation

Ve —a)?+(y =)+ /(2 — a2)* + (y — o)

= /(a3 — a1)? + (bs — b1)? + \/(as — az)? + (bs — b2)*.

We can use this to find the equations for Fy, Es, and Ej.

FE is given by the equation

VE =12+ 2+ /(@ =12+ (y—y)? =1+ /g2 + 1.

FEj5 is given by the equation

Vi 2+ (a = 12+ (y — ye)? = ye + 1.

FEj5 is given by the equation

Va2 + 2+ /(e =12+ 4% = /T+ 42 + ..

We observe that the point (0, y,.) is a solution to all of these, which indicates that
FE., E5, and Ej3 are indeed concurrent. Il

FIGURE 1. Lines DE, FG, and HI are concurrent at .J which is
the de Longchamps point.
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F1GURE 2. If A, B, and C form a right triangle, then F;, 5, and
E5 are concurrent.
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