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1. RESULTS

Theorem 1.1. Fix integer n > 3 with n = 4.

If we are given a reqular n-gon in the plane and another point G elsewhere in
the plane, and form quadrilaterals between GG, a vertex, and the midpoints of the
adjacent vertices, then the Newton lines of the quadrilaterals are concurrent.
Moreover, if we denote this point as «, then of the ratio of the distance from the
midpoint of the k and k + 1th vertex midpoint and the k + 1 and k + 2 vertex
midpoint to « to the distance from the midpoint between G and the k + 1th vertex
to a is constant for all quadrilaterals, and has value Cos(%’r) + 1.

Proof. Without loss of generality, we work in Cartesian coordinates. We fix an
integer n > 3 with n = 4.

Let G have coordinates given by (g, ya).

The kth vertex of the regular n-gon has coordinates given by (cos( %), sin( %))
The midpoint between the kth vertex and the k4 1th vertex has coordinates given
by

(3 (cos(2E) 4 cos(Z2E)), L (sin(22ERD) 4 sin(22E)),

The midpoint of the k and k + 1th vertex midpoint and the £+ 1 and k + 2 vertex
midpoint has coordinates given by

(L2 (cos(2E) tcos(ZZER2)) o (ZERL )] L (sin (200 gin (22EH2))) 4 g (2241 )y,
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The k + 1th vertex to G midpoint has coordinates given by

(%[l‘g + COS(W)L Q[Q + Sln(27r(k+l))])'

The quadrilateral formed by G, the k + 1th vertex, the midpoint of the kth and
k + 1th vertex, and the midpoint of the k + 1th and k 4 2th vertex has Newton
line [1] given by the equation

y = 3[3(sin(*2F) +Sin(w ) + sin(21E))

Q[yG+Sll’l(27T(k+1) )] 2[ (Sln(zﬂ-k)Jr (271'(k+2) )) i (27r(k+1) )}

* 2[zg+cos(w)] 1[ (COS(ZWk) (27r(1€+2))) (27r(k+1))}
(2 — 5l5(cos(%E) + cos(wn + cos(21EH )

—

y =133 (Sm(zﬂk) + sin(—%(’:fg))) + Sin(zw(iﬂ))]

sin( 27k ) 4 gin(2m(E+2) s
e i) # (= 33 (cos(22) + cos(72)) o cos(2EED)))
TG— 2(cos( )+cos(=-))

Using the identities sin(z) + sin(y) = 2sin(*5¥) cos(%5¥) and

cos(z) + cos(y) = 2 cos(Z5¥) cos(*52) gives us that

n(22) + sin(2022) _ gin(3(2E + D)) cog(4(22k _ 2062
= 281n(2”k+2) cos(2T) = 281H(2”k+2) cos(2X)

and

cos(2E) + cos(—%(]:lﬁ)) = 2cos(3 (2 + —%(ff?))) cos(
=2 cos(z’rk:%) cos(2) = 2 cos(ZEEET) cos(2T).
Then the above Newton line can be more easily written as
y = 3[3(2sin(2EE2T) cos(20)) + sin(ZTEEL))]

25in 2mk427 27 - - - -
(B i o)« (v — 332 cos(2E522) cos(22)) + cos(2EH))

y = 1[sin(ZEE2T) cos(2) + sin( 20y

—sin(2ZEE2mY oog( 22 P T T ™
(Lo ) ;1) (= Hleos(2HE25) cos(25) + cos(2HER)))

(M _ 2m(k42) ))

1
2 n

xG—cos( ) cos(
y = g sin(E) (cos(3F) + 1)
sm( (+1))Cos(2") o (ka1
+ (zz COS(2W<k+1>)COS(2—")) * (I‘ T2 COS( (n+ ))(COS( ) + 1))

Now consider the point a whose coordinates are given by

x x e}
(TG + QCOS?Q")’ ;- + 2cos(2;;)>

This lies on all the Newton lines since we calculate that

«2m(k+1 T — in(2ﬂ(k+1))cos(%’r) T o (k+1 -
%Sln(%)(COS(%)+1)+(zziios(Qﬂ(Ivl—l))COS(QJ)) ( G+2COS( )_%COS(%)(COS(%H’
1)) o <y7G + 2C0ys?2”))

= 0.

Moreover, we calculate that the ratio of the distance from the midpoint of the £
and k + 1th vertex midpoint and the £+ 1 and k 4 2 vertex midpoint to a to the
distance from the midpoint between G and the k + 1th vertex to « is

\/ (5 cos( 2 (cos(3F)+1) = (S + 20)) 2 (3 sin( 2 (cos(3F)+1) — (U 45 2p))?

CECE = 526+ Gluaoin(FEED] = (% 452G ))?

2 cos( 7r)

(%[:cg—&-cos

4cost(Z) = 2cos*(L) = cos(%?) + 1 which is independent of both G and & as
desired. 4
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F1GURE 2. [Illustration of the result for regular pentagons and hexagons.
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