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Abstract. For a given triangle, draw a circle which is centered at that vertex and
passes through another vertex. Do this for all the vertices. We prove two results
about when three of the circles intersect at a point.
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1. Introduction

Many results exist regarding when certain circles in a given geometric construction
all meet at a point (such as Miquel’s Theorem [1]). Here, we suppose that for a
given triangle, centered around each vertex are two circles which respectively
each pass through the other vertices. In such a construction, it turns out that if
a certain three of these circles meet at a point, then so do the other three circles.

2. Preliminaries

Let a, b, and c be three non-collinear points in a plane.
Let OAb be the circle centered at a that passes through b.
Let OAc be the circle centered at a that passes through c.
Let OBa be the circle centered at b that passes through a.
Let OBc be the circle centered at b that passes through c.
Let OCa be the circle centered at c that passes through a.
Let OCb be the circle centered at c that passes through b.
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3. Results

We have the following two results.
1. OCb intersects a point where OAb and OBa intersect if and only if OCa
intersects a point where OAc and OBc intersect, and also
2. OCa intersects a point where OAb and OBa intersect if and only if OCb
intersects a point where OAc and OBc intersect.

Proof. By translations, rotations, reflection, and symmetry, we will lose no gen-
erality by taking a to have Cartesian coordinates (xa, 0), b to have coordinates
(xb, 0) (where xa < xb), and c to have coordinates (xc, yc) where xb < xc and
yc > 0.
1. Suppose that OCb intersects a point where OAb and OBa intersect. There are
two points where OAb and OBa intersect, namely the points (xa+xb
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OAc and OBc intersect at two points, (xc, yc) and (xc,−yc). The distance between
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Conversely, suppose that OCa intersects a point where OAc and OBc intersect.
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2. Suppose that OCa intersects a point where OAb and OBa intersect. Since yc
is positive, suppose that OCa intersects the point (xa+xb
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OCa is given by the equation (x − xc)
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Conversely, suppose that OCb intersects the point (xc,−yc). OCb is given by
the equation (x − xc)
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□

Figure 1. OCb intersects a point where OAb and OBa intersect
if and only if OCa intersects a point where OAc and OBc intersect.
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Figure 2. OCa intersects a point where OAb and OBa intersect
if and only if OCb intersects a point where OAc and OBc intersect.
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