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Intersections of circles centered at triangle vertices
passing through the other vertices
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Abstract. For a given triangle, draw a circle which is centered at that vertex and
passes through another vertex. Do this for all the vertices. We prove two results
about when three of the circles intersect at a point.
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1. INTRODUCTION

Many results exist regarding when certain circles in a given geometric construction
all meet at a point (such as Miquel’s Theorem [1]). Here, we suppose that for a
given triangle, centered around each vertex are two circles which respectively
each pass through the other vertices. In such a construction, it turns out that if
a certain three of these circles meet at a point, then so do the other three circles.

2. PRELIMINARIES

Let a, b, and ¢ be three non-collinear points in a plane.

Let OAb be the circle centered at a that passes through b.
Let OAc be the circle centered at a that passes through c.
Let OBa be the circle centered at b that passes through a.
Let OBc be the circle centered at b that passes through c.
Let OCa be the circle centered at ¢ that passes through a.
Let OCb be the circle centered at ¢ that passes through b.
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3. RESULTS

We have the following two results.

1. OCb intersects a point where OAb and OBa intersect if and only if OCa
intersects a point where O Ac and O Bc intersect, and also

2. OCa intersects a point where OAb and OBa intersect if and only if OCb
intersects a point where O Ac and O Bc intersect.

Proof. By translations, rotations, reflection, and symmetry, we will lose no gen-
erality by taking a to have Cartesian coordinates (x,,0), b to have coordinates
(xp,0) (where z, < ), and ¢ to have coordinates (z.,y.) where x, < z. and
Ye > 0.

1. Suppose that OCD intersects a point where O Ab and O Ba intersect. There are
two points where OAb and OBa intersect, namely the points (f23%, ‘[(xb —Zq4))
and

(Bt \/g(:vb —Z,)). Since ¥, is positive, suppose that OCb intersects the point

(e (o, a,).
OCh is given by the equation (x — z.)? + (y — ye)? = (2. — 23)* + 2, so if it

(‘”““b \f(gsb — x,)) then z, and y. must be constrained by

intersects the point
the condition
(%Tm - x0)2 + (\/Tg(xb — Tq) — y0)2 = (T — 376)2 + y?

— (xa - xb)(ma — X+ \/gyc> =0 <<= y. = xc\;g“.

OAc and OBc intersect at two points, (x., y.) and (z., —y.). The distance between
the points (x.,y.) and (z., —y.) is 2y.. The distance from the point (x., —y.) to a
is \/(ze — 14)? + y2 = /3y2 + y2 = 2y. so OCa intersects the point (¢, —y.).
Conversely, suppose that OCa intersects a point where O Ac and O Bc intersect.
This point is (z., —y.) (since the only other one is ¢ but ¢ does not pass through
OCa). OCa is given by the equation (x — x.)* + (y — ¥.)* = (T — 24)* + y2, so if
it passes through the point (z., —y.) then z. and y. must be constrained by the
condition (—2y.)? = (2. — 2,)? + ¥ <= (v.— x,)* = 3y2.

The distance from b to ¢ is v/(x. — ;)2 + y2. The distance from c¢ to the point

(2o, By — 2,)) s () (2252 — 20)? + (e — ) — 9o)? =

\/xg + 22 — ToTpy — TaTe + Y2 + T — 1T — V3TYe + V3TaYe =

(:L% + (xc - \/3%)2 - (:L‘c - \/gyc)xb - (xc - \/§y0>xc + yg + xl% — TpLe — \/gxbyc +
V3(ze — V3ye)ye)
= \/(zc — 13)? + y2 so OCb intersects the point (ZeF2e, ‘[(xb — Z4)).

2. Suppose that OCa intersects a point where OAb and O Ba intersect. Since .
is positive, suppose that OCa intersects the point (Ze= _\/75(% — 1))

OCa is given by the equation (z — z.)? + (y — y.)? = (¥ — ,)? + ¥2, so if it

Tatzy, _ V3
2 0 2

(SIS

Y

intersects the point ( (xp — x,)) then x. and y. must be constrained by
the condition

(%Tm - xc)z + (_\/Tg(xb - Ia) - 3/0)2 = (xc - xa)2 + yf

= (g — 1) (Tp — e +V3Y) =0 = y, = mc\/f“"b OAc and OBc intersect
at two points, (z.,y.) and (x., —y.). The distance between the points (., y.) and
(e, —Ye) 18 2y.. The distance from the point (x., —y.) to b is \/(xc — 1)+ y2 =

V/3y2 + y2 = 2y. so OCH intersects the point (z., —¥.).
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Conversely, suppose that OCb intersects the point (x., —y.). OCb is given by
the equation (z — x.)? + (y — y.)* = (2. — x)? + y2, so if it passes through the
point (z., —y.) then z. and y. must be constrained by the condition (—2y.)* =
(e —mp)* +y2 = (x.—23)% = 3y2.

The distance from a to ¢ is \/(z. — 2,)® + y2. The distance from c to the point

(l‘a;fbb’ _\/7§<xb _ xa)) is \/(:va—zi-xb _ xc)2 + (_\/Tg(xb _ xa) _ yC)Z

\/(xa+(zc2—x/5yc)) —z)? 4 (_%ﬁ((mc —V3Ye) — Ta) — ye)?
= /(zc — 24)? + y2 so OCa intersects the point (222, —\/75(331, — 1))

FIGURE 1. OCb intersects a point where O Ab and O Ba intersect
if and only if OCa intersects a point where O Ac and O Bc intersect.
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FIGURE 2. OCa intersects a point where OAb and OBa intersect
if and only if OCb intersects a point where O Ac and O Bc intersect.
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