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Abstract. We construct some objects around an arbitrary triangle and deduce
some results involving intersecting lines that meet at the Bevan point and inter-
secting lines that meet at the Kimberling Center denoted X (12523).
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1. INTRODUCTION

The Bevan point [1] was originally significant because Benjamin Bevan noticed
that the reflection of the incenter about the circumcenter is also the circumcenter
of the excentral triangle. Here we construct a variety of things for a given triangle
and, amongst other results, show how the Bevan point and X (12523) coinciden-
tally play a significant part in this particular context.

Let A, B, and C' be the vertices of any triangle.

Let line a bisect ZBAC, line b bisect ZABC', and line ¢ bisect ZACB.

Let line d be the perpendicular bisector of A and B, e be the perpendicular bi-
sector of A and C', and f be the perpendicular bisector of B and C.

Let lines a and f intersect at point F, lines b and e intersect at point L, and lines
c and d intersect at point M.

Let V be the circumcircle of AABC.

Let line f intersect V at point F', line d intersect V at point GG, and line e intersect
V at point H.

Let I be the midpoint of F' and G, J be the midpoint of F' and H, and K be the
midpoint of G and H.

Let D be the circumcenter of AABC and let N be the incenter of AABC.
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2. PRELIMINARIES

We will use Cartesian coordinates. Without loss of generality, let the coordi-
nates of A, B, and C be respectively given by (0,0), (zp,0), and (z¢,yc) where
x> 0,zc > 0, and yo > 0.

Lo —yo
Let a = epty/rg gt/ (eo—rp)2 i}
a:B\/acZC-Q—y%-&-:chC —wo
N A T
2
Let /= (%¢)(—1 1+ %),
8= (2)(-1+,/1+ )
Let ~ = £8==2¢,
ve =pYC
Let § = epty/md vt/ o —op) 2 v
IB\/I%+y%+szC -
—IB
epty/odtu /(o —ap) 2 v
2 2
. . TR/ THtyYs+TBTC
The incenter N has coordinates ( T — —BYC —).
$B+\/ﬂcc+yc+\/($c—$3) +yé $B+\/$C+yc+\/($c—:v3) +yé

Line a is given by the equation y = fz.
Line b is given by the equation y = §(z — xp).
Line c is given by the equation y = a(z — z¢) + ye.

Line d is given by the equation z = %CC B.

2
Line e is given by the equation y = z(— yc) + ;y—% + .

Line f is given by the equation y = yx + % + %
The coordinates of F are given by

(=) (k4 1), B((54) (F52h + 1)),

The coordinates of L are given by

(572) (0o + 2o 4 uoy (7 ) (6o + 2o 4 d) —gp)).

2yc
The coordmates of M are given by
(21’3, (QC(IB — xc) + yc).

The coordinates of D are given by (%x B,

xBxc+xB (xc+yc) )
2zpyc

V is given by the equation (z — 1zp)? + (y — _ZQBECQZZByf%J“yQC))Z = (zp)? +

( —acQBxC—i—xB(xQC—l—y%) )2
2zpyc ’

The coordinates of F' are given by
(~ (5 (s 428 -, —B () (T 4 1)) + Rt
-y Y .

2yc B— 2yc TBYC

The coordinates of GG are given by

2 2 .2
(%x ’ xBxcl-zJ;éxc+yc) . (Oz(%:l?B . 370) + yc))

The Coordinates of H are given by
.’ﬂ 232 x x I2 2
(25 — (57 ) (Orp + 5C 4 Yo ), —Zatetinlrciig) —5((5+IC )62+ 28 + 1) —z)).

c 2yc TBYC 2yc

The coordinates of I are given by

€T xT xT xT 7:1:21 “+x 12+ 2
(A(~(z5)(FE22 + 1) + 3up), (~B((z5) (522 + o)) + —atotonlochyy)
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—z2zctrp (2L +y2
B CxBié C yc) _ (a(%])B — wc) + yC)))

The coordinates of J are given by
T~—T (L' 132 —172
(%(—(ﬁ)(—c B 20) 4 2p — (5 ) (0xp + 52 + %)), 5(=B((55) (5.2 +
yc

2yc 2yc - 2yc
_ + + _ 2 + 2 + 2 2
b)) 4 rheetralebinl) | cehre bRl () (G + 5 4+ %) - a0))

The coordinates of K are given by

:Ez x x .ZQ 2
(3375 — () Ges + 52 + ), §(FRBEEE — (g — wc) + ye) +

—22zo+tzg(x2.+ 2
B chié ol yc) . 5((5+zc)(5$3 + 4 c _|_ y?c) —25))).

3. RESULTS
Theorem 3.1. The lines that bisect ZDEN, ZDLN, and ZDMN all intersect
at point X (12523).

Proof. The line that bisects ZDFEN is given by the equation

2
Ca((FCY(—1a, [14-YC e 22—z
y=a((Go) (=14 +z20)) —y+a( ByCC)+ CZyCB+yC

2 1+ Tp— zC
20y (-~ Yo yy2 \/ Yo
(5 ) (=14 1*,%))
The line that bisects ZDLN is given by the equation
TBYC
EBJF\/EZCJW%*\/(IC*IBPM%
v T Je—vs)
IB\/Ichychszc
g )
pty/attugty/ o—ep)® it B —y+x(—@)+zy%+yc
TRYC - 1+( IC)Q
1+( zB+\/zzc+y%+\/(a:szB)2+y% )2 \/ vo
IB\/IQCJFZJ%wHJBzC -

:cB-&-\/x%-&-y%-&-\/(xc—ﬂcB)Q-&-y%

The line that bisects ZDM N is given by the equation

TBYC
zB+\/z2C+y%+\/(zc_zB)2+y%
xB\/x2C,+y%+a:BmC

Ve A A
TBYC

-yc

ro /o e,
QSB\/(X)2 +y2 +rpx
cTYcT*B*C

IB+\/ﬂ%+y%+\/(zc*zB)2+y%

—y+yc+( )(z—2zC)

—x

—r+ %J7B =

1+(

-z

All three of these lines intersect at point P Whose coordinates are given by

(%:va/1+a2+aasc—yc)(\/1+v2+\/1+B2)+(’“%yng +8) /1452

(0t vVIH02) (/1472 41/ 1482) = B/ 1472 —74 /1432

Irp =

and
yp = (zp — tzp)V1+ a2+ a(zp — zc) + yo.

Theorem 3.2. The circumcircle of AABC' is the circumcircle of AELM .
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Proof. One can easily verify that the points ((5 7)(%_% + %), B((L)(rc_% +

2 2yc B=y/\ 2yc
1)), ()2 + 2415, () Bt 2-+18)—25), and (s, oo
z¢) + yc) are all solutions of the equation (z — 3x5)% + (y — 79323330;;;@?%%20))2
(Jap)? + (—hEeall bl 0

Theorem 3.3. The lines that pass through I and L, E and K, and J and M
intersect at Bevan point O of AABC. Moreover, I is the midpoint of L and O,
J 1s the midpoint of M and O, and K is the midpoint of E and O.

Proof. One can easily verify that the Bevan point of AABC with coordinates

(_ zpy\/ vl +yi+rpzc by — TRYC —a:%a:c—l—:vB(a:Qc—l—y%))
v+ /ab i/ wo—ap)2tuE | D wpt/oatvi+y/(@o—o) Uk TBYC

is the reflection of £ about K, L about I, and M about J.

O
Theorem 3.4. The Bevan point of AABC' lies on the Fuler line of AFGH.

Proof. The Euler line ([2],[3]) of AFGH is given by the equation y = x(5) + 2
where

¢ =3z +yi)(wn — v¢) +3(2g +y2) (@r — 2m) +3(x% +yiy) (ve — 2r) — (yr +
Yo +yu)(2xr (Yo — yu) + 226(yu — yr) + 22 (yr — ya)),
n = (yr+ye+yn)((@e+ve) Yo —yu)+ (@E+vé) (ya —yr)+
(zr + 26 +om) (2% +yE) (Tr —x6) + (28 + y&) (T — a) +
and

0 = 3(z% + vp) (e — yu) + 32 + v&) (yu — yr) + 3(ah + i) (yr — va) — (zr +
rvg +2u)2vr (Yo — yu) + 2xa(yn — yr) + 220 (yr — ya)).

One can then easily verify that the point

(2% +yi) (yr—ye)) —
(% +yi) (xa — xr)),

(_ wB\/x%—i-y%,—s—mec Lrp — TRYC arzBchpr(m%er%))
$B+\/$%+y%+\/($0713)2+y%« B $B+\/$%+yé+\/($07$3)2+y% TBYC
is a solution to this. O
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FIGURE 1. The lines that bisect Z/DEN, /DLN, and ZDMN
all intersect at point P. The circumcircle of AABC is also the
circumcircle of AELM. The lines that pass through [ and L, J
and M, and F and K intersect at O, which is the Bevan point of
AABC. I is the midpoint of L and O, J is the midpoint of M and
O, and K is the midpoint of £ and O. O lies on the Euler line of
AFGH.
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