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1. INTRODUCTION

It is not an uncommon problem to be presented with limiting information about
a triangle and then determining the triangle type. Suppose we were told to de-
duce whether triangle AABC' is acute, right, or obtuse, by only being given an
excenter and the incenter of AABC'. If it turns out that that particular excenter
is closer to some vertex of AABC than the incenter is to that vertex, then we
instantly conclude that AABC' is obtuse. Also, if it turns out that that excenter
is equidistant from some vertex of AABC' as the incenter is from that vertex, then
we can instantly conclude that AABC is a right triangle. We need to know simi-
lar information about at least one more excenter before we can conclude whether
AABC is acute, however. The proof offered here uses both analytic and synthetic
geometry tools.
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2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of any triangle.

1. AABC is acute <= two of the excenters of AABC each lie further from two
vertices than the incenter does to either of those vertices.

2. AABC is a right triangle <= two of the excenters each lie the same distance
from two vertices as the incenter does to either of those vertices.

3. AABC' is obtuse <= two of the excenters of AABC' each lie closer to two
vertices than the incenter does to either of those vertices.

Proof. Without loss of generality, we let the cartesian coordinates of A, B, and C'
be given by (0,0), (z5,0), and (z¢,yc) respectively where 0 < zp, 0 < y¢, and
Qxp < ¢ where (Qx g, yo) makes a right angle to points A and B.
The coordinates of the incenter, D, are
( TR/ w%«"’yé‘i’xBxC) TBYC )
V(@p—wc)*+yi /et tyi+aen’ \/(ap—wc)?HyE /2t +yd e’
The coordinates of two of the excenters are given by
Q1 = (e e e ), and
! V(@s—20)2+y2+\/22+y2 -’ \/(wp—20)2+yi+y/a2+yi—2p "
o ZB\/$%+y%+IB$c TRYC
g; dF —t\/(xc—fwBP-&-f:\/ngy%-&-xB’ -/ (wc—zp)2+y2+y/at+vE+ap”
e distance from A to D is
( zpy\/3tyetreTc )2_+ TpYc 2
V(@s—2c)?+y2+y/ T2 +yi+an V(@p—wc)?+yd /et tyitep”
The distance from C to D is
151/3320—4-3;%—&—1733:0 2
(.TC - — 2 2 2 2 )
\/(IB zc) +yc+\/zc+yc+$3
The distance from A to (; is
( B/ 2ty —TpTC )2_%( —TBYC )2
V(@p—1c)2+y2+y/ a2 +y2—ap V(@p—20)?+y2+/a2+y2 -z
The distance from C' to Q)5 is
\/(SCC . \/( zpy/rE+yitaepac )2 + (yC _ TRITC 2

zo—2p)2Hyg /et tygtan —V/(zc—2p)*+yg+\/1Etyg tap

TBYC )2
V(@s—zc)?tyd+y/ag+yd tas

+ (Yo —

A key tool that we will utilize is the fact that the incenter of any given tri-
angle AABC' is also the orthocenter of the excentral triangle of AABC'. This
means that since ZADQ, = ZC D@3, and both ZDAQ, and ZDC(Q), are right
angles, it follows that AADQ; and ACDQ), are similar triangles. In particular,
AQq : AD = CQ, : CD, so one excenter of AABC being closer to a vertex than
the incenter is to that vertex is enough to show that another excenter also has
the same property to a different vertex. Similarly, one excenter of AABC being
further from a vertex than the incenter is to that vertex is enough to show that
another excenter also has the same property to a different vertex.

Case 1: AABC is acute. This is equivalent to Qzp < r¢c < rp < xc=2TR—¢
for some 0 < ¢ < xp — Qxp. The distance from A to D is

\/( TR/ (IB—a)Q-l-y%v"rCEB(l‘B—S) )2 + ( TBYC )2‘

VetyE+y/ (wp—e)?+y2+up Ve tyi+y/(ap—e)*+yi+an
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The distance from A to @ is

\/( vpy/ (@p—€)*+yt—ap(zp—e) )2+ ( —zpyc 2
Vertyi+/(zp—e)*+yt—ap Vertyz+y/ (wp—e)+y2—ap

Let f(ﬁ) _ (IBV (mB—5)2+y%—$B($B—5) )2 + ( —ZBYC 2

\/€2+y%+\/(:v575)2+yé7x3 \/€2+y%+\/(1375)2+y%715

- (LT tete O ( 2. f(c) has exactly one
Ve2tyi+y/(zp—e)>+yi+op Ve2tyi+y/(zp—e)>+yi+zp

root, which is at € = 0. We calculate f'(0) = —2(v/a? + b — % —b) where a = xp

and b = yc. This is positive whenever a and b are positive since a*+a?h? > 0 <

a* +2a?b? +b* > a2 + bt <= (a2 +1%)? > b2 (a?+1?) <= a>+1* > b/a? + 12

Therefore, f(e) is positive when 0 < € < 25 —Qap, which means that the distance

from A to @)y is greater than the distance from A to D.

By the paragraph preceding case 1, we also conclude that the distance from C' to

()7 is greater than the distance from C' to D.

Case 2: AABC is a right triangle. This is equivalent to xp = x¢. The distance
x 12 2 :E2 .
from A to D is \/( BVIp TS Yo 4 ( Fobc )2, and the distance from A

yo+\/rh vt e yo+/rh vt tas
to @y is

T .732 2 7‘%2 _ . .
\/( BVIBTVE s 2 4 ( Zoyc )2 Both distances are equal due to the iden-

yo+y/rh 4yt —o yo+\/r5+yi—ap
tity
(1)
( ava® + b+ a® P ab 2 ava? + b — a? Y ab 2
a+b++va®+b? a+b+va+b? vat+b?—a+b vat+b2—a+b
for any a,b € R where a + bv/a? +b?> =0 and va? + 0> —a+b=0.
Also, the distance from C to D is

2 2 2
\/(xB _ IBVIpHYo TR )2+ ( ZBYC )2, and the distance from C' to

Yo —
yot+yv/2h+vi e yo+y/2h+vi e

(SCB . a:B\/m2B+y%+:rQB )2 + (yo . TBYC
—yot+y/ahtydten —yot+y/ahtydten
due to the identity

(2)
B ava® + b + a? V2 (b ab 2 = (a— ava? +b? + a? V2 (b ab
a+b+va?+b? at+b+vVa2+02 O a—b+ Va1 a—b+ a2+ b2
for any a,b € R where a + b+ va?+b?> =0 and a — b+ Va? + b = 0.

)2. Both distances are equal

)2

Case 3: AABC is obtuse. This is equivalent to rp < r¢ <= x¢ = xp — ¢ for
¢ < 0. The same argument can be made as in case 1, with the main observation
that since f(e) has one root, and here it is going in the negative direction, that
indicates that f(e) is negative when € < 0, which means that the distance from A
to @ is less than the distance from A to D. By the paragraph preceding case 1,
we again conclude that the distance from C to (), is less than the distance from
C to D. O
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FIGURE 1. Two of the excenters of AABC' lie further from A and
C respectively than the incenter of AABC does to A and C respec-
tively
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FIGURE 2. Two of the excenters of AABC' are each equally distant
from A and C respectively as the incenter of AABC' is to A and C'
respectively.

FIGURE 3. Two of the excenters of AABC lie closer to A and C
respectively than the incenter of AABC does to A and C' respec-
tively.
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