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1. INTRODUCTION

There are a handful of famous lines in a given quadrilateral. The most famous
is arguably the Newton line (the line connecting the midpoints of the diagonals),
for which Newton’s theorem states that in a tangential quadrilateral, the center
of the incircle lies on the Newton line.

Here, we prove a result about another line in a quadrilateral. Specifically we prove
that for a cyclic quadrilateral, the power center of the circumcircle and the two
circles passing through opposite pairs of midpoints and the circumcenter is the
point of intersection of the diagonals.

2. RESULTS

Theorem 2.1. In a quadrilateral, the intersection point of the diagonals lies on
the radical line of the two circles passing through opposite midpoints and the points
that complete the quadrilateral.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
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Proof. Let A, B, C, and D be the vertices of a given cyclic quadrilateral. Without
loss of generality, let the cartesian coordinates of A, B, C, and D be respectively

given by (07 O)a (17 0)7 ('1:07 yc)? (xda yd)
Let E have coordinates given by (3,0).

Let F' have coordinates given by xc“, ).

Let G have coordinates given by
Let H have coordinates given by (5!, %
Line AC' is given by the equation y = (I—Z)x
Yd

Line BD is given by the equation y = (;#7)(z — 1).
Therefore, the point of intersection of the diagonals, M, has coordinates given by

2

(
(96 +90d yc+yd).
(fﬂd ydy)'

ey (&) G

Let lines AD and BC intersect at I and lines AB and C'D intersect at J.
Line AD is given by the equation y = (yd )a:

Line BC is given by the equation y = (-25)(z — 1).

Therefore, the coordinates of I are given by (———ar (z—‘;)(%))

yc_(xc_l)(%)7 Ye—(ze—1 ;JT

Line AB is given by the equation y = 0.
Line CD is given by the equation y — y. = (£=2)(z — z.).

Therefore, the coordinates of J are given by (z. — %, 0)

The circle passing through E, GG, and J is given by the equation

(¢ — wCretDyeQuatl)ya | () vg—ve—vitoetoi—eayy
4(yd_yc) 4(yd_yc)
(yd(2xc+1) ye(2zg+1) 1)2 + (yd yo—x? +xc+xd*xd)2
4(yd yc) 2 4(yd yc)

The circle passing through F', H, and I is given by the equation
(z + Ya(Ye(ya—ye)—a2 +1)+xdyc(xd+2)) +(y — Yg(we—1)—2ycya— Idyc+$d(wc—1)+$d(1—zz))2 _
Hyalre—1)~zaye) Y ) )4(yd(mc—1>—2ccdy2c(> s
c(Ya—ye)—xi+1)+aqyc(xqg+2 Te—1)—2ycyqg—rqye+zs(xc—1)+zg(l—2
(%xd + Ya(y (yd4(zd%%7ir)i);rdyi7§ (zat ))2 + (%yd _ Ya yﬁzd(xizil):;dyc) d )2‘
Therefore the radical line between the two circles is given by the equation
(yeyq — (292 — (2e — D)ae)yd + ye(y? + za(va — 42 + 3) + (vc — Dwe)ya + (2a —
Dagy?)r —yeys + (Y2 — (xa — e — 1)yye — 22+ 20)ys + (Ta — 2c — Dyy? — va(zq —
20+ Dye + (e — Dae(zg — e + 1)y)ya — (g — Dag(xg — x. + 1)yy. = 0.
e then verify that les on this line since
We th ify that M li his 1i i
(Wewd — (292 = (xe — Dae)ys + ye(y2 + za(za — 42e + 3) + (2e — Dae)ya + (24 —
Dzay2)em — yeyi + (U2 — (Ta — e = Vyamye — 22 + 20)ys + (Ta — 2 — Dyny? —
a(rg — 22 + V)ye + (xe — Dae(xg — o + Dy )ya — (24 — Dag(xg — o + D) ymye
= (yeyq — 22 — (ve — D) )ys + ye(y? + za(za — 4ve + 3) + (2c — 1)7)ya + (Ta —
Dz dyc>(W)—ycy2+(y3—(xd—xc—1)((y°)(m))yc—xi+xc)y§+

((wa = we = V() (Gmmmmmn Ve — %a(ra = 2vc + Dye + (we = Dae(ra — 7 +
DG G ))va — (@a = Daalza — ze + D) (—m))ve
= 0 as desired. O

Theorem 2.2. In a cyclic quadrilateral, the power center of the circumcircle and
the two circles passing through opposite midpoints and the circumcenter is the
point of intersection of the diagonals.

Proof. Let A, B,C, and D be the vertices of a given cyclic quadrilateral. Without
loss of generality, let the cartesian coordinates of A, B, C, and D be respectively

given by (0,0),(1,0), (zc, Ye), (Ta, Ya)-
Let E have coordinates given by (3,0).



BENJAMIN LEE WARREN 110

Let F' have coordinates given by (
Let G have coordinates given by (
Let H have coordinates given by (761 5
Line AC' is given by the equation y = (2*)x.

Line BD is given by the equation y = (;¥4)(z — 1).

Therefore, the point of intersection of th dlagonals, O, has coordinates given by

Ye
2
ycy)

’3

a._\.

xc+

Y. Ye Y
G G G )-

The circumcircle is given by the equation (x — 1)2+ (y+ == Ze Y )2 = Yot (ze—wg—yc)®

2 2yc 4yg
xc—ﬂfz—z Te—Te—Ye Te— ac—22
= (z-— 1)2 y? (y( " y)) ( 4yy) ( 4ycy)

= (w— )Pt -
Since the quadrllateral is cyclic we know that x4 and yy satisfy
(g — L)% + g+ veloemromie) — 1

Ye
The coordinates of I are given by (1 Zetle %o +2y;c—xc)

The circle passing through E, GG, and [ is given by the equation
(z — yd(2xc+1)*yc(2xd+1))2 +(y— 93*93*13+xc+$3*1d)2 _

4(yd—ye) 4(ya—ye)
(yd(2wc+1)—yc(2wd+1) . 1)2 + (yﬁ—yf—wg-i-zc-&-xﬁ—xd )2
4(yd_yc) 2 4(yd_yc) ’

The circle passing through F, H, and I is given by the equation

Ya (e (Ya—ye) —a2+1)+Taye(za+2) \2 _ ya(@e—1)=2ycyg—wayitai(@c—1)+eg(1-a2) o
(ZE‘ + 4(yd(mcfl)27xdyc) ) + (y ‘ 2 )4(yd(1c 1) idyc() ) ( ) 2 -
1 We(Ya—ye)—z2+ 1) +Taye(za+2) \2 1 Ya(we—1)=2ycya—zayi+af(ze—1)+wa(1-22
(goa + 8 e ) T (G — Tyaloe T e )
Therefore, the radical line between the circumcircle and the circle passing through

E, G, and I is given by the equation

Ye((21e — V)ya — (224 — Vye)r + yyeys — (292 + Teye + 222y — 2x.y)ya + yyo +
ray? + (xg — Vg + (e — Dz)yy. = 0.

We just need to verify that O lies on this line, since the radical line between the
two circles passing through opposite midpoints and the points that complete the
quadrilateral passes through O by the previous theorem, and since the third rad-
ical line always passes through the intersection point of the other two. Now using

the fact that x4 = % + \/ }l —yi— yd(x;—w we then verify that O lies on this
line since

Ye((27c — Dya — 224 — D)ye)zo + Yoyeys — (2Yoys + TeYe + 222y0 — 27cyo)ya +
yoye + xays + (za — Dza + (v — 1)2e)yoye

= (22~ Dps — (22— D) (i) + () (st

() (i 2 et + 272((2) gt

_ 21‘0((%0)(W)))yd + (% )(m))yc + 2412

+ ((2a = Dwa+ (ze = Dae) () (G ) ve

_ Ye(Wa—ve) WaWe Wa—ye) =me(@e—1) +Taye(z4—1))
TeYa—Ye(ra—1)

—p2_ 42 _x2_,2
e e (=)~ (o) + (- - 2ty (4 1 atee b)) )

zeya—ye((3 +\/4 yi— va(ee—2-vd) e vely_1)

Zc 73(2: c IC*Tg*g
yc(yd—yc)(yd(yc(yd—yc)—zc(wc—l))-ﬂ-(%—\/1 —yi- yd(iy)yc(( \/i—yﬁ—u)—l))

Ye Ye

xcyd_yc( %_\/% _yg_ yd(zC_y:c_yc) )_1)

= 0 as desired. O
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It follows from this and from [2] that in a given cyclic quadrilateral, the line bisect-
ing the angle formed by the Miquel Steiner point and the points that complete the
quadrilateral is the same line as the radical line of the two circles passing through
opposite midpoints and the points that complete the quadrilateral.

FIGURE 1. The intersection point of the diagonals lies on the
radical line of the two circles passing through opposite midpoints
and the points that complete the quadrilateral
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FIGURE 2. The power center O of the circumcircle and the circles
passing through opposite midpoints and the circumcenter is the
point of intersection of the diagonals.
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