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1. INTRODUCTION

The well-known result, known as Napoleon’s Theorem, states that if equilateral
triangles are erected outward on the sides of an arbitrary triangle ABC', then their
centers (G, H, and I) form an equilateral triangle (Figure [1]).

FiGURE 1. Outer Napoleon Triangle

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Triangle GHI is called the outer Napoleon triangle of AABC. As is also well
known, the equilateral triangles can be erected inward (Figure . In this case,
the equilateral triangle formed is called the inner Napoleon triangle of NABC.

F1GURE 2. Inner Napoleon Triangle

In this paper, we look for generalizations of Napoleon’s Theorem. We will erect
triangles on the sides of an arbitrary triangle and then pick triangle centers as-
sociated with these triangles. We look for instances where these three triangle
centers form an equilateral triangle.

We used a computer program, GeometricExplorer, to vary the type of triangle
center used from X; to Xjggg, omitting points at infinity. Then the program
checked to see if the three centers formed an equilateral triangle.

In this paper, we report on the results discovered by our computer program. If the
result has previously appeared in the literature, we give a reference. In most cases,
the results can be proven analytically using barycentric coordinates. However, the
calculations frequently involve very complicated algebraic expressions, so we omit
the details. However, if a simple geometric proof is known, we will present it.

2. ISOSCELES TRIANGLES

Instead of erecting equilateral triangles on the sides of AABC as in Napoleon’s
Theorem, we can erect isosceles triangles. The triangles are erected so that their
bases are the sides of AABC'. Specifically, /CBD = /BCD, ZACE = ZCAFE,
and ZBAF = ZABF as shown in Figure[3] The triangles may be erected outward
or inward.

F1GURE 3. Isosceles Triangles
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Our program found the following two results.

Theorem 2.1. Isosceles triangles BCD, CAE, and ABF are erected on the sides
of an arbitrary triangle ABC with their bases being the sides of NABC'. Points
G, H, and I are the X3 points of these triangles (Figure . Then NGHI is an
equilateral triangle.

FIGURE 4. X3 centers of isosceles triangles

Proof. By definition, center X3, also known as the
first Fermat point, is the point of concurrence of
lines from the vertices of a triangle to the outer
vertices of equilateral triangles erected outward on
the sides of the triangle.

Let BCD be an isosceles triangles erected out-
ward on side BC' of an arbitrary triangle ABC.
Erect equilateral triangles BC'P and BD( out-
ward on sides BC and BD of ABCD. Lines PD
and CG meet at G, the X;3 center of ABCD.
Triangles PBD and C'B() are congruent because
PB = CB, BD = BQ, and /PBD = Z/CBD +
60° = ZC'BQ. Since these triangle are congruent,
/BPD = /BCQ, so ZBCG = 30°. It therefore
follows that AGHT is the outer Napoleon triangle
of AABC. O @

Theorem 2.2. Isosceles triangles BCD, CAE, and ABF are erected on the sides
of an arbitrary triangle ABC with their bases being the sides of ANABC'. Points
G, H, and I are the X4 points of these triangles (Figure[5). Then AGHI is an
equilateral triangle.
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E

FIGURE 5. Xy, centers of isosceles triangles

Proof. The proof is similar. Again we find that ZBCG = 30° and AGH is the
inner Napoleon triangle of AABC. U

We can rephrase Napoleon’s Theorem in terms of isosceles triangles.

Theorem 2.3. Isosceles triangles BCG, CAH, and ABI are erected outward on
the sides of AABC with their bases being the sides of ANABC'. If the base angles of
the isosceles triangles are all 30°, then AGHI is an equilateral triangle (Fig. @

FIGURE 6. An equivalent version of Napoleon’s Theorem

With this formulation, we can state a generalization, discovered by computer.

Theorem 2.4. [sosceles triangles BCG, CAH, and ABI are erected outward on
the sides of an arbitrary triangle ABC with their bases being the sides of NABC'.
Then ANGHI is an equilateral triangle if and only if HI 1 AXi3, GI 1 BX3,
and GH 1 CXy3, where Xy3 is the 1st Fermat point of ANABC (Figure @

This result can be proven geometrically, by noting that the lines from the vertices
of a triangle through the X3 point form angles of 60° with each other.
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FIGURE 7. Isosceles triangles erected outward

If the isosceles triangles are erected inward, then a similar result holds with Xi3
replaced by Xi4.

Theorem 2.5. Isosceles triangles BCG, CAH, and ABI are erected inward on
the sides of an arbitrary triangle ABC with their bases being the sides of NABC'.
Then ANGHI is an equilateral triangle if and only if HI 1 AXyy, GI 1 BXyy,
and GH 1 CXyy, where X14 is the 2nd Fermat point of NABC' (Figure @

FIGURE 8. Isosceles triangles erected inward

3. SIMILAR TRIANGLES

Another way to generalize Napoleon’s Theorem is to replace the equilateral trian-
gles with similar triangles. We can construct similar triangles BC'D, CAE, and
ABF by taking Z/CBD = LZACE = Z/BAF and Z/BCD = LCAE = ZABF as
shown in Figure[9] The triangles may be erected outward or inward.

A E

FIGURE 9. Similar Triangles

Our program did not find any results other than Napoleon’s Theorem.
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Theorem 3.1. Let ABC' be a fized nonequilateral triangle. Similar triangles
BCD, CAE, and ABF are erected (internally or externally) on the sides of
ANABC'. Corresponding points G, H, and I are chosen in these triangles. Then
AGHI is equilateral if and only if triangles BCG, CAH, and ABI are isosceles
triangles with base on the sides of AABC' and base angles of 30°. In that case
AGHI is the inner or outer Napoleon triangle of NABC.

Proof. Since GG, H, and I are corresponding points of the similarity, triangles
BCG, CAH, and ABI are similar. The result then follows from [I4]. See also [5]
and Corollary 2.1 of [16]. O

Another way of constructing similar triangles on the sides of AABC' is by tak-
ing /CBD = /ZABF = /CEA, ZACE = /BCD = /AFB, and /BAF =
/FEAC = ZBDC(C' as shown in Figure [10, The triangles may be erected outward
or inward. We call these similar Jacobi triangles.

E

F1GURE 10. Similar Jacobi Triangles

Our program found the following result.

Theorem 3.2. Similar Jacobi triangles BCD, CAE, and ABF' are erected (in-
ternally or externally) on the sides of AABC. Points G, H, and I are the X5
points of these triangles (Figure . Then AGHI 1is equilateral. This triangle
will be referred to as an outer Jacobi equilateral triangle.

FIGURE 11. X5 centers of Similar Jacobi Triangles

In Napoleon’s Theorem, for a given triangle ABC, two equilateral triangles are
formed, the outer Napoleon triangle, N,, and the inner Napoleon triangle, N;. It
is known how these triangles are related to AABC'. The center of both triangles is
the centroid of AABC'. Triangles N, and ABC are in perspective with perspector
X17[ABC]. Triangles N; and ABC' are in perspective with perspector X;5[ABC].
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Open Question 1. How is the outer Jacobi equilateral triangle related to ANABC'?

A partial result that our program found is that AABD ~ AIBG.

Our program also discovered the following related result.

Theorem 3.3. Similar triangles BCD, CAE, and ABF are erected (internally
or externally) on the sides of ANABC' as shown in Figure .

Points G, H, and I are the Xy4 points of these triangles. Then AGHI is equilat-
eral. This triangle will be referred to as an inner Jacobi equilateral triangle.

FI1GURE 12. X4 centers of Similar Jacobi Triangles

Open Question 2. How is the inner Jacobi equilateral triangle related to ANABC'?

It is known that the areas of the inner and outer Napoleon triangles are connected
by the formula [N,] — [V;] = [AABC].

Open Question 3. How are the inner and outer Jacobi equilateral triangles re-
lated?

A special case of similar Jacobi triangles occurs when the three triangles are all
similar to AABC'. Specifically, Z/OCBD = Z/ABC = /ABF = Z/CFEA, ZACE =
LACB = /BCD = /ZAFB, and /BAF = /BAC = ZFAC = ZBDC as shown
in Figure [I3] Observe that D is the reflection of A about BC, E is the reflection
of B about C'A, and F' is the reflection of C' about AB.

E

FIGURE 13.

In this case, we have the following result.
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Theorem 3.4. Triangles BCD, CAE, and ABF are erected externally on the
sides of ANABC' and are all similar to AABC' as shown in Figure [13. If points
G, H, and I are the Xi5 points of these triangles, then AGHI s equilateral with
center X13[ABC|. Triangle GHI is homothetic to the outer Napoleon triangle
of AABC' with X14[ABC| being the center of the homothety. If points G, H,
and I are the Xi¢ points of these triangles, then AGHI 1is equilateral with center
X1u[ABC). In this case, AGHI is homothetic to the inner Napoleon triangle of
ANABC with X15[ABC] being the center of the homothety.

4. EQUAL OUTER ANGLES

Another way to generalize Napoleon’s Theorem is to erect triangles on the sides
of AABC with only the restriction that the outer angles have measure 60°. By
the outer angles, we mean angles at D, F, and F' as shown in Figure 14, The
triangles need not be similar. Our program found the following results.

Theorem 4.1. Triangles BCD, CAE, and ABF are erected externally on the
sides of NAABC' so that /ZBDC = ZCEA = ZAFB = 60° as shown in Figure[1]
Points G, H, and I are the circumcenters (X3 points) of these triangles. Then
AGH]I is the outer Napoleon triangle of AABC'. If the three triangles are erected
inward, then AGHI is the inner Napoleon triangle of AABC.

FiGURE 14. Circumcenters

Theorem (with triangles erected outward) follows immediately from the fol-
lowing lemma. The proof is similar for the case when the triangles are inward.

Lemma 4.2. Let BCD be a triangle with ZBDC = 60°. Then the circumcenter
of ABDC is the center of the equilateral triangle erected inward on side BC.

FIGURE 15.
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Proof. Let BC A’ be the equilateral triangle erected inward on side BC' of ADBC
(Figure [L5)). Since the angles at D and A’ are equal, point A’ lies on the circum-
circle of ABDC'. Thus, triangles BCD and BC' A’ share the same circumcenter
G. Therefore G is the center of equilateral triangle BC' A'. O

Theorem 4.3. Triangles BCD, CAE, and ABF are erected externally on the
sides of AABC' so that ZBDC = ZCEA = ZAFB = 60° as shown in Figure[16].
Points G, H, and I are the Xq19 points of these triangles. Then ANGHI is the
inner Napoleon triangle of ANABC'. If the three triangles are erected inward, then
AGHI is the outer Napoleon triangle of ANABC.

FIGURE 16. X9 points

Theorem (with triangles erected outward) follows immediately from the fol-
lowing lemma. The proof is similar for the case when the triangles are erected
inward.

Lemma 4.4. Let BDC' be a triangle with ZBDC = 60° (Figure . Then the
X110 point of ABDC' is the center of the equilateral triangle erected outward on
side BC'.

Proof. Let O be the circumcenter of ABCD. Let B, C', and D’ be the reflections
of O about the sides of ABCD (Figure [17).

FIGURE 17.

Triangle B’C’'D’ is the image of the medial triangle of BC'D under a homothety
with center O and ratio 2, so ABCD = AB'C'D'. Thus, ZC'"D'B" = 60°.
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Since DC' is the perpendicular bisector of OB’ and DB is the perpendicular
bisector of OC’, this means ZB'DO = 2/CDO and ZC'DO = 2/BDO0O. Thus,
ZC'DB' =2/BDC = 120°.

Since ZC'D'B' + ZC'DB’ = 180°, this means that points C’, D, B’, and D’ are
concyclic or that D’ lies on ©C'DB’.

Thus, ©C’'DB’ meets circles ©B'CD" and ©C'BD’ at D’. But according to
property (1) of [§], the circumcircles of triangles C'D'B’, B'C'D’, and C'BD’
meet at the X1 point of ABCD. Consequently, D’ is the X9 point of ABCD.
Since Z/D'BC = ZD'CB = 30°, D' is the center of the equilateral triangle erected
outward on side BC. O

Note: When one angle of a triangle has measure 60°, the Xgs3 point of that
triangle coincides with the X9 point. See [15].

Instead of using 60° for the measure of the outer angles, we can try other values.
Our program found the following results, where the outer vertices have measure

30°. Specifically, /BDC = ZCEA = ZAFB = 30°. The triangles may be erected
outward or inward.

Theorem 4.5. Triangles BCD, CAE, and ABF are erected externally on the
sides of NABC' so that /ZBDC = ZCEA = ZAFB = 30° as shown in Figure[1§
If G, H, and I are the Kosnita points (X5, points) of these triangles, then AGH I
1s the outer Napoleon triangle of NABC. If G, H, and I are the Xy95 points of
these triangles, then AGH I is the inner Napoleon triangle of NABC'. If the three
triangles are erected inward and G, H, and I are the X4 points of these triangles,
then AGHI 1is the inner Napoleon triangle of ANABC. If the three triangles are
erected inward and G, H, and I are the X195 points of these triangles, then ANGHI
is the outer Napoleon triangle of ANABC.

FIGURE 18. X3, Points (left); Xy95 Points (right)

Before we prove Theorem [4.5] we state a lemma.
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Lemma 4.6. In ABCD, ZBDC = 30°. Let O be the circumcenter of ABC'D
and let P be the circumcenter of ACOD. Then ZCBP = 30°.

Proof. Since ZBDC' = 30°, we have ZBOC = 60°. Since
OB = 0OC, ABCO is equilateral and ZCBO = 60°.
Segment C'O is the common chord of ©C'BO and ©®COD.
Thus, BP is the perpendicular bisector of CO and BP
bisects ZC'BO which implies ZCBP = 30°. O

We can now prove Theorem for the cases where the triangles are erected
outward. The proof is similar for the case when the triangles are erected inward.

Proof. Let G be the X5, point of ABC'D where Z/BDC = 30°. It suffices to prove
that ZOBG = 30° = ZBCG = 30°. Let O be the circumcenter of ABC'D and
let P be the circumcenter of ACOD. (Figure [19). According to [7], the line BP
passes through the Kosnita point (Xs54) of ABCD. Thus ZCBG = 30° by the
lemma. Similarly, ZBCG = 30° and we have shown that when G is the X54 point
of ABCD, then G is the outer Napoleon point of AABC.

FIGURE 19.

Now suppose that G’ is the Xj95 point of ABCD. According to [9], the Xig5
point of a triangle is the reflection of the X5, point about the circumcenter of the
triangle. Since G lies on the perpendicular bisector of BC, this implies that G’

also lies on this perpendicular bisector and that G’ is the inner Napoleon point of
ANABC. O

Our program also discovered similar results when the outer angle is 120°.

Theorem 4.7. Triangles BCD, CAE, and ABF are erected externally on the
sides of AABC' so that /BDC = Z/CEA = ZAFB = 120° as shown in Figure
. If G, H, and I are the circumcenters (X3 points) of these triangles, then
AGH]I is the inner Napoleon triangle of AABC'. If the three triangles are erected
inward, then AGHI is the outer Napoleon triangle of NABC.

Theorem (with the triangles erected outward) follows immediately from the
following lemma. The proof is similar for the case when the triangles are erected
inward.
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F1GURE 20. Circumcenters

Lemma 4.8. Let BDC' be a triangle with ZBDC = 120°. Then the X5 point of
ABDC' is the center of the equilateral triangle erected outward on side BC'.

FIGURE 21.

Proof. Let G be the X3 point of ABCD (Figure . It suffices to prove that
/CBG = ZBCG = 30°. Since G is the circumcenter of ABCD, the measure
of ZBGC' is equal to the measure of the minor arc BC which is 360° minus the
measure of major arc BC. This major arc is twice the measure of the inscribed
angle, Z/BDC', so has measure 240°. Thus, minor arc BC has measure 120°
which implies that Z/BGC = 120°. Since GB = GC, we can conclude that
LCBG = £ZBCG = 30°. 0

Theorem 4.9. Triangles BCD, CAE, and ABF are erected externally on the
sides of AABC' so that /BDC = Z/CEA = ZAFB = 120° as shown in Figure
[23. If G, H, and I are the Xq19 points of these triangles, then AGHI is the
outer Napoleon triangle of ANABC'. If the three triangles are erected inward, then
AGHI is the inner Napoleon triangle of NABC.

FIGURE 22. X9 points
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Theorem (with the triangles erected outward) follows from the following
lemma. The proof is similar for the case when the triangles are erected inward.

Lemma 4.10. Let ABC be a triangle with ZA = 120°. Then the X119 point of
AABC is the center of the equilateral erected outward on side BC' (Figure .

FIGURE 23.

Proof. Let O be the circumcenter of ABC'D. Let A’, B', and C'be the reflections
of O about the sides of AABC (Figure [17).

Triangle A’B’C” is the image of the medial triangle of ABC under a homothety
with center O and ratio 2, so AABC =2 ANA'B'C’. Thus, ZC'A’'B’ = 120°.

Since AC is the perpendicular bisector of OB’ and AB is the perpendicular bi-
sector of OC’, this means Z/B'AO = 2/CAO and ZC'"AO = 2/BAQO. Thus,
/B'AO + ZC"AO = 240° and hence ZB'AC" = 120°.

Since ZC'"A'B’ = ZC"AB" = 120°, this means that points C’, A, B’, and A’ are
concyclic or that A" lies on ©C'AB’.

Thus, ©C"AB’ meets circles ©B'C A’ and ©C'BA" at A’. But according to prop-
erty (1) of [§], the circumcircles of triangles C'A’B’, B'C'A’, and C'BA’ meet at
the X719 point of AABC. Consequently, A" is the X;;¢ point of AABC. Since
A’ is the reflection of O about BC, A'B = A'C and ZABC = ZA'CB. But
/BA'C = ZBAC = 120°, so LA'BC = ZA'CB = 30° and A’ is the center of the
equilateral triangle erected inward on side BC. U

Our program also discovered similar results when the outer angle is 150°.

Theorem 4.11. Triangles BCD, CAE, and ABF are erected externally on the
sides of ANABC' so that /BDC = /CEA = ZAFB = 150° as shown in Figure
24 If G, H, and I are the X5y points of these triangles, then ANGHI is the

inner Napoleon triangle of NABC'. If the three triangles are erected inward, then
AGHI is the outer Napoleon triangle of NABC.
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FIGURE 24. X5, points

Theorem [4.11] (with the triangles erected outward) follows immediately from the
following lemma. The proof is similar for the case when the triangles are erected
inward.

Lemma 4.12. Let ABC' be a triangle with ZBAC = 150°. Then the Xs54 point
of ABDC' 1s the center of the equilateral triangle erected outward on side BC

(Figure [25).

FIGURE 25.

Proof. Let O be the circumcenter of AABC. Note that O is the vertex of the

equilateral triangle erected outward on BC' because ZBOC' = mBAC = 360°—2-
150° = 60°. Let O¢ be the circumcenter of AOAB and let Og be the circumcenter
of AOAC. Since BOs = OO¢, O¢ lies on the perpendicular bisector of OB.
Since COpg = O0pg, Op lies on the perpendicular bisector of OC. Let X be the
intersection of BOp and CO¢. Then X is the center of AOAB. According to [7],
the X5, point is the intersection of BOg and CO¢. Thus, X is the X554 point of
ANABC. O

Theorem 4.13. Triangles BCD, CAE, and ABF are erected externally on the
sides of AABC' so that /BDC = /CEA = ZAFB = 150° as shown in Figure
26l If G, H, and I are the Xi95 points of these triangles, then ANGHI is the
outer Napoleon triangle of ANABC'. If the three triangles are erected inward, then
AGH]I is the inner Napoleon triangle of NABC.
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FIGURE 26. X95 points

Proof. According to [9], the Xjg5 point of a triangle is the reflection of the X4
point about the circumcenter of the triangle. Since the X54 points form an equi-
lateral triangle, then so do the X;95 points. The Napoleon triangles have the same
property, so when one is an outer Napoleon triangle, the other will be an inner
Napoleon triangle and vice versa. U

5. CENTRAL TRIANGLES

Let P be any center of AABC'. The triangle BC'P will be called a central triangle.

For any center P of AABC, we can view the three associated central triangles as
triangles erected on the sides of AABC.

Our program found the following result.
Theorem 5.1. Let P be the X3 point of ANABC. Let BCP, CAP, and ABP
be the central triangles associated with P as shown in Figure[27. If G, H, and I

are the X119 points of these central triangles, then AGHI 1is the inner Napoleon
triangle of AABC.

F1GURE 27. Central triangles for Xi3 and their X;;¢ points
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Proof. When P = X3, it is well known that /BPC = ZCPA = ZAPB = 120°.
See [0, p. 218]. Thus ABP, BCP, and C AP are triangles erected inward on the
sides of AABC' with angles of 120° at P. The result now follows by the inward
case of Theorem [£.91 O

Our program found a number of similar results. Instead of listing them each as a
separate theorem, we summarize the results in the following table.

Equilateral Triangles Found Using

Centers of Central Triangles
P |G GHI | Perspector | Ref
X3 | X153 | Xo Xis Thm. 2.1
X3 X14 XQ X17 Thm. [2.2
X3 | Xes | Xsag | X3
X3 | Xe19 | X549 | DOt persp
Xi3 | X3 | Xy X7

Xi3 | X5 | X549 | nOt persp [10]
X3 | X110 | Xo X138 2]
X13 | X125 | X459 | DO persp 3]
Xi3 | X7 | Xs463 | DOt persp 4]
Xy | Xz | Xy X8

X4 | X5 | Xs460 | DOt persp [11]
X4 | X110 | Xo not persp 2]
X4 | X5 | Xsa60 | DOt persp 3]
Xi4 | Xyr7 | Xsu64 | DOE persp 4]

The columns in this table are explained below.

P: specifies which center of AABC' is used for point P.

G: specifies which center of the central triangle was used to obtain the points
G, H, and I. Hagos [] has noted that when P = X3 or P = Xjy,
Xo30[BCD] = X477|BCD]

GHI: specifies the center of AABC that coincides with the center of equi-
lateral triangle GHI. Of particular interest are the following facts.

e X549 is the midpoint of the line segment joining X, and Xjs.
o X559 is the midpoint of the line segment joining X, and X;3.
e X:460 is the midpoint of the line segment joining X, and X14.
e X563 is the reflection of X3 in Xs.

e X464 is the reflection of X4 in Xo.

Perspector: specifies the perspector of triangles ABC' and GH I expressed
as a center relative to AABC. If triangles ABC' and GHI are not per-
spective, the entry reads “not persp”.

Ref: If we found the result in the literature, a citation to the bibliography is
given. If the result follows from a previous theorem, the theorem number
is given.

The following table describes the relationships between the equilateral triangles
found and the Napoleon triangles of AABC.
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Relationship to Napoleon Triangles of AABC

P |G GH1 | relationship homothetic Center | ratio
X3 | Xi3 | Xo coincides with inner 1
Xz | Xy | X5 coincides with outer 1
X3 | X613 | X549 | homothetic with outer | X3 1/2
X3 | Xs19 | X549 | homothetic with inner | X3 1/2
X3 | X3 | Xo coincides with outer 1
X13 X5 X5459 homothetic with inner X13 1/2
Xz | Xq10 | Xo coincides with inner 1
Xi3 | X125 | X559 | homothetic with outer | X3 1/2
X13 X477 X5463 homothetic with outer X13 2
Xu| X3 | Xo coincides with inner 1
X | X5 | Xsa60 | homothetic with outer | X4 1/2
X4 | X110 | X2 coincides with outer 1
X14 X125 X5460 homothetic with inner X14 1 /2
X14 X477 X5464 homothetic with inner X14 2

6. CIRCUMCEVIAN TRIANGLES

Let P be any point inside AABC. If the line AP meets the circumcircle of
AABC again at point D, then segment AD is called a circumcevian of AABC.
The triangle BC'D is called a circumcevian triangle. See Figure 28|

F1GUuRrE 28. Circumcevian triangle associated with Point P.

For any point P inside AABC, we can view the three associated circumcevian
triangles as triangles erected on the sides of AABC.

Our program found the following results. The only time we found equilateral
triangles was when P is the incenter of AABC. In those cases, the equilateral
triangles found coincide with the Napoleon triangles.

Theorem 6.1. Let P be the incenter of NABC. Let BCD, CAE, and ABF be
the circumcevian triangles of point P as shown in Figure([29. If G, H, and I are

the X3 points of these triangles, then ANGHI is the outer Napoleon triangle of
ANABC.

Proof. Since P is the incenter, AD is an angle bisector and thus BD = CD which
implies BD = C'D. Thus, ABCD is an isosceles triangle erected outward on the
side BC' of AABC. The result then follows from Theorem [2.1] O
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FiGURE 29. Circumcevian triangles and their X3 points

Theorem 6.2. Let P be the incenter of NABC'. Let BCD, CAE, and ABF be
the circumcevian triangles of point P as shown in Figure([30, If G, H, and I are

the X14 points of these triangles, then AGHI is the inner Napoleon triangle of
ANABC.

F1GURE 30. Circumcevian triangles and their X4 points

Proof. Since P is the incenter, AD is an angle bisector and thus BD = CD which
implies BD = C'D. Thus, ABCD is an isosceles triangle erected outward on the
side BC' of AABC. The result then follows from Theorem [2.2] O
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7. CENTER REFLECTION TRIANGLES

Let P be any point in the plane of AABC. Reflect point P about BC' to get
point D, as shown in Figure 31} Triangles BC'D will be called a center reflection
triangle associated with point P.

FiGUrE 31. Center Reflection Triangle Associated with Point P.

For any point P inside AABC, we can view the three center reflection triangles
as triangles erected on the sides of AABC.

Our program found the following results. The only time we found equilateral
triangles was when P is the circumcenter or one of the Fermat points of AABC.
In those cases, the equilateral triangles found coincide with the Napoleon triangles.

Theorem 7.1. Let O be the circumcenter of NANABC'. Let BCD, CAE, and ABF
be the center reflection triangles of point O as shown in Figure[33. If G, H, and

I are the X135 points of these triangles, then ANGHI is the inner Napoleon triangle
of NABC.

FiGURE 32. Center Reflection Triangles and their X;3 points

Theorem 7.2. Let O be the circumcenter of ANABC'. Let BCD, CAFE, and ABF
be the center reflection triangles of point O as shown in Figure[33. If G, H, and

I are the X14 points of these triangles, then AGHI is the outer Napoleon triangle
of AABC.

Theorems [7.1] and [7.2] follow from Theorems [2.1] and [2.2) since the erected triangles

are isosceles.

Theorem 7.3. Let P be the X3 point of AABC. Let BCD, CAE, and ABF
be the center reflection triangles of point P as shown in Figure [3) If G, H,

and I are the circumcenters of these triangles, then ANGHI is the inner Napoleon
triangle of ANABC.
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FiGurEe 33. Center Reflection Triangles and their X4 points

A

F1GURE 34. Center Reflection Triangles and their circumcenters

Theorem 7.4. Let P be the X4 point of AABC. Let BCD, CAE, and ABF
be the center reflection triangles of point P as shown in Figure [35. If G, H,

and I are the circumcenters of these triangles, then AGHI is the outer Napoleon
triangle of ANABC.

F1cURE 35. Center Reflection Triangles and their circumcenters

Theorems and follow from properties of the Napoleon triangles such as (in
this case) the fact that ZAPB = ZBPC = ZCPA = 120°.
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8. CIRCLECEVIAN TRIANGLES

Let P be any point inside AABC. If the line AP meets the circle BPC' again at
point D, then segment AD is called a circlecevian of AABC'. The triangle BC'D
is called a circlecevian triangle. See Figure [36]

F1GURE 36. Circlecevian triangle associated with point P.

For any point P inside AABC, we can view the three associated circlecevian
triangles as triangles erected on the sides of AABC.

Our program found the following results which were also found by Altintag [1].
Theorem 8.1. Let BCD, CAE, and ABF be the circlecevian triangles of point

P inside AABC' as shown in Figure[37. If G, H, and I are the X5 points of
these triangles, then AGHI is an equilateral triangle.

Ficure 37. Circlecevian triangles and their X5 points

Theorem 8.2. Let BCD, CAE, and ABF' be the circlecevian triangles of point
P inside NABC' as shown in Figure |38, If G, H, and I are the X points of
these triangles, then ANGHI is an equilateral triangle.
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FiGure 38. Circlecevian triangles and their X4 points

9. EQuAL CEVIAL TRIANGLES

There is another way we can generalize Napoleon’s Theorem. If BCD, CAFE,
and ABF' are the equilateral triangles erected outward on the sides of AABC
(Figure , then it is known that AD, BE, and C'F' concur at the 1st Fermat
point (the X3 point) of AABC and that AD = BE = CF. See [0, p. 218|.

F1GURE 39. Fermat lines related to Napoleon’s Theorem

A line from a vertex of a triangle through the X3 point of that triangle is called
a Fermat line. So AD, BE, and C'F are equal length Fermat line segments.

If X is some center of AABC, a line from a vertex through X will be called a
cevial line. If AD, BE, and C'F are cevial line segments of equal length through
X, then triangles BCD, CAE, and ABF will be called equal cevial triangles
(Figure [40)).
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A

D

FiGURE 40. Equal Cevial Triangles

Our program found the following result, which was also found by Oai [12, Theo-
rem 1.9].

Theorem 9.1. Let X be the 1st (or 2nd) Fermat point of ANABC and let AD,
BE, and CF be cevial line segments through X that have the same oriented length.
Let G, H, and I be the centroids (Xy points) of the equal cevial triangles BC'D,
CAE, and ABF. Then AGHI is an equilateral triangle.

FiGURE 41. Equal Cevial Triangles and X3

Figure [A1] shows the case when X = Xj3 and X lies inside AABC. Figure
shows the case when X = Xy, and X lies outside AABC. (When X is outside
AABC, some of the cevial lengths have to be negative, that is, away from X.)

Our program found that the equilateral triangle formed has center X5[ABC| and
is perspective with AABC.
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F1GURE 42. AD = BE = C'F and X4 lying outside AABC

We close with a final bonus result.

Theorem 9.2. Let X be the 1st (or 2nd) Fermat point of AABC and let AD,
BE, and C'F be cevial line segments through X that have the same oriented length.
Let G, H, and I be the centroids (Xo points) of triangles BCD, CAE, and ABF.

Let J, K, and L be the centroids of triangles FAE, ECD, and DBF. Then
GKIJHL is a reqular hexagon.

F1GURE 43. Bonus result: A regular hexagon

A proof can be found at [13].



[1]
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