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SEVERAL PROPERTIES OF THE INSCRIBED CONIC SECTIONS
AND A METHOD FOR PROOFS WITH COMPLEX NUMBERS

Sava Grozdev, Veselin Nenkov

Abstract: Several properties of conic sections are considered that are discovered by the
software program GSP (The Geometer’s Sketchpad). Some of the assertions are
generalizations of well-known facts about circles. A general method is elaborated which
could be applied to similar problems.
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I. Several properties of the diameters of conic sections which are inscribed in
triangles. We consider the following properties.

Figure 1

Theorem 1. If the conic section « is inscribed in AAA, A, and is tangent to the line
A, A, at the point B, while M, and N, are the midpoints of the segments A,A, and AB,,
then:

L This article is distributed under the terms of the Creative Commons Attribution License which

permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.
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1) the line M,N, passes through the center of x, when « is ellipse or hyperbola (Fig.

2) the line M,N, is parallel to the axis of x, when « is parabola (Fig. 3).

Figure 3
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Theorem 2. Let the conic section x be tangent at the points B, u B, to the lines A, A,
and AA,, which determine the triangle AA,A,. If the line through the mid-points of the

segments A)A, and A,A, intersects the line B,B, in point U , then

1) the line AS passes through U, when x is ellipse or hyperbola with center S,
(Fig. 4, 5);
2) the line AU is parallel to the axis of x, when x is parabola (Fig. 6).
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Figure 4

Figure 5
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Figure 7

Theorem 3. Let the conic section x be tangent at the points B,, B, and B, to the
lines A,A,, A/A and AA,, which determine the triangle AA,A,. If the medians through the
vertices A, A, and A, intersect the lines B,B,, B,B, and B,B, in the points N,, N, and N,

respectively, then
1) the lines B,N,, B,N, and B;N, pass through the center of x, when x is ellipse or

hyperbola (Fig. 7, 8);
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2) the lines B,N,, B,N, and B;N, are parallel to the axis of x, when « is parabola
(Fig. 9).
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Figure 8

Figure 9

II. Two metric equalities which are determined by inscribed conic sections. The
following metric relations are considered:

Theorem 4. Given are triangle AA,A, with area S and conic section «, which is
tangent to the lines A,A,, AJ/A and AA, at the points B,, B, and B,, respectively. If the
areas of the triangles B,B,A, B,B/A,, BB,A, and BB,B, are S, S,, S, and o,
respectively, then
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S; =2442357 cm?

S, =18239018 cm?

83 =1129995] cm?

S =7210458 cm?

Area AB1B;B3 = 1729131 em?

818283
2- g 17,29131 cm?

A B A4,
Figure 10

Theorem 5. If AAA,...A, (n>3) is the polygon obtained by the intersection of
arbitrary lines AA,, AA,, ..., A A and A A, which are tangent to a given conic section
x at the points B, B,, ..., B, ; and B,, respectively, then

AiBl _ Asz A}—an—l _ Ath _ (_1)” _
AB AB, AB,, AB,

Ay By 4,

Figure 11

I11. A linear property of the centers of the conic sections that are inscribed in a
quadrilateral. The line g, passing through the mid-points of the diagonals of an arbitrary

quadrilateral ABCD, which is not a parallelogram, is called to be Gauss line for ABCD. The

next proposal is connected with it:
Theorem 6. The centers of all inscribed conic sections in an arbitrary quadrilateral

ABCD, which is not a parallelogram, lie on Gauss line for ABCD (Fig. 12).
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Figure 12

The sequel is dedicated to a method with complex numbers by means of which the
formulated proposals will be proved. The method could be useful in problem solving
connected with inscribed conic sections.

IV. Parametric equations of some curves in the complex plane. Let in the complex
plane with respect to a coordinate system with center O be given the unit circle 77 with

equation |u[=1 and an arbitrary point Z with affix z. If Z=0O and argz = ¢, then only one
point U with affix u exists on 7~ with argu =¢. Consequently, we may write down for
each point Z in the complex plane, which is different from the coordinate origin O, that
(1) z=|z|u, |u|=1.

The equality (1) remains true for z=0, i.e. Z=0. Thus, each complex number z
may be represented in the form (1), and this means that each point in the complex plane has

affix represented by (1). From (1) we get z° :|z|2 u® = zzu®. It follows that
(2) =207, |u[=1.

Using (1) and (2), we will show how to present the points from some curves in
relation with a parameter, which is changing on the unit circle 7.

IV.1. Equation of a line not passing through the coordinate origin. Each line | in
the complex plane has equation of the type Ajz+ Az =C, where C is a real number. If the

line | does not pass through the coordinate origin O, then C 0. Accounting for C =C , the

last equality may be written in the following way %Z+%7=1. We take « =% in this
equality thus obtaining that each line |, which does not pass through the coordinate origin,
has equation of the type
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(3) l:az+azZ =1, a#0.
J— )

Substituting (2) in (3) and taking t = ol
o

, we conclude, that the points on the line |
verify

(4) 1=

a(1+t)

IV.2. Equation of circle. Since the circle is a set of points in the plane, which are at

distance R from a point 2, then if the affix of € is o, we have |z—a)| =R for each point

t|=

Z on the circle. It follows from the last equality that (z—w)(Z-@)=R?, and after
simplification we get the equation
(5) 77 -w1-0I=R* -0 .

IV.3. Equation of conic section. Let O be focus of a given conic section «, and d
be directrice of x corresponding to O. A polar coordinate system is chosen in the following
way: the pole coincides with focus O, while the polar axis is with the same direction of the

ray that passes through O, perpendicularly to d and directed to the line d. It is well-known
that with respect to the introduced coordinate system x has the following polar equation

P
6 =
( ) P 1+ecosg

where p is the focal parameter of x, and e is its eccentricity.
If (p,¢) are the polar coordinates of point Z , accounting for (1) we obtain z = pu,
2p
e’ +2U+e
Substitute t =0 in the last equality to deduce the equation of the conic section x

7 —
( ) et + 2t +e’ | |
Note that in case of hyperbola the polar equation (6) describes only the branch, which

lies in one and the same semi-plane with the focus O with respect to d. Consequently the
equation (7) concerns this branch of the hyperbola only. It will be proved in the sequel that

cosw=% and |u[=1. From the last equalities and (6) we get z=

both branches of the hyperbola are described by the equation (7) .
Further, the fact that the point Z, from the curve « is obtained when the value of the
parameter is t =t,, will be notified in the following way: Z, (t,).

IV.4. Equation of a tangent to a conic section. Under the above assumptions we will
determine the equation of the tangent to x at the point Z, with affix z,. Since the tangent is

a line that does not pass through the focus O, it is described by the equations z =

a(l+t)’
t|=1 or az+az=1, a=0 (they follow from (4) and (3)). Substituting (7) in the last

equation we obtain
(e—2pa)t’ +2t+e—2pa =0.
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The tangent has a unique common point with x, consequently the last equation has only one

C e+t . .
root t,, which is t; =— From here o« =——". Thus, the equation of the tangent is

e—-2pa 2p
z =(e+t02)%. Let t'=pt, |[B/=1. For B we will use that
Z, = 2p = 2p From here g = ey +1 Finally, the equation of the tangent
°(e+ty)(1+t) et?+2t +e t,+e Y
at the point Z, (t,) is
(8) 7= 2P o1

Cett+t, +t+e’

V. Inscribed conic sections in triangle. A conic section x is inscribed in a triangle
A if the lines that determine the triangle are tangent to «.
Let the lines 7,7, and 7, be tangent to the conic section x with focus O at the points

B,(t,), B,(t,) and B, (t,), respectively. If x is a hyperbola, we will suppose temporary that

7,, 7, and z, are tangent to the branch of «, which contains the focus O. According to (8)

the equations of the tangents are the following
2p
T = .
ett+t; +t+e
(From now on we suppose that the equalities [t,|=|t,|=]t,|=[t| =1 are going without saying
and we will not mention them). If 7, "z, = A, 7;nz, = A, and 7, N7, = A;, we have that the
affixes a,, a, and a, of the points A, A, and A, are:
2p 2p 2p
(9) a'l = 1 a‘2 = [} a-3 = .
ett, +t, +t, +e ett +t,+t +e ett, +t, +t, +e

Let k be the circumcircle of AAAA,. If Q2 is the center of k and R is its radius,

then the equation of k is expressed by (5). Replacing (9) in (5) we obtain the following

linear system of equations with respectto @, @ and R? —|a>|2 .

4pit, 20 2ptte R |
(ett, +t +t,+e) €L, +L+,+e el +t +t,+e ’

4p°tpt, B 2pw . 2phte =R2_|w|2
(et +t, +t,+e)’ eLb+t,+t+e ett+t,+t+e ’

4p2t3t1 B 2pw 3 2ptto :R2—|a)|2.
(ett, +t,+t +e)° et +t+t+e ett+t+t+e

From here we get the equalities:
2 p[e(e2 _ Z)tltz'[3 +tt, +4LG +4 -|-e(t1 +t, +t3)+e2}

(10) (et +t +t, +e) (et +t, +t +e) (et +t, +t +e)

2Pttt | ettt +e (bt +l + Lt )+t +t, +t +e(e” -2)

O T (o, + 1, e) (bt +, 4, +e) (e +1, + 1, +e)
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4p?(1-€*)ttst,
ett, +t +t, +e)(et,t, +t, +t,+e)(ett +t, +t, +e)
Let M;, M, and M, be the feet of the perpendiculars from the focus O of «, to the
lines z,, , and z,, respectively. Consequently OM, L A/A,, OM, L AA and OM, L AA, .
From the condition of perpendicularity of vectors and the equalities (9) we obtain that the
affixes m;, m, and m, of the points M,, M, and M,, respectively are expressed by the
equalities

p .
12 =— (1]=12,3).
(12) M= er (17129)

(11) R ~|o[ = (

V.1. Relations between the inscribed parabolas in a triangle and its circumcircle.
Taking into account that a conic section is a parabola exactly when e =1, it follows directly

from (11) the following

Theorem 7. The conic section x inscribed in the triangle A is a parabola iff the
focus of « lies on the circumcircle k of A (Fig. 13).

Figure 13

With respect to the coordinate system under consideration the vertex of the parabola
x has affix g (Fig. 13). Since the tangent s, at the vertex is perpendicular to the axis of the
parabola, then its equation is of the form
(13) S0 Z+Z=0p.
Replacing e=1 in (12), we see that the numbers m,, m, and m, satisfy (13). The following
theorem is true.
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Theorem 8. If the parabola x is inscribed in the triangle A, then the Simson line s,
of the focus of x with respectto A istangentto « at its vertex (Fig. 13).

V.2. Relations between the conic sections inscribed in a triangle and the pedal
circles of their foci. Let P be a point in the plane of the triangle A, which is not on its
circumcircle and the lines which determine A. If P, P, and P, are the orthogonal projections

of P on the lines that determine A, then the circle passing through those points is called to be
pedal circle of the point P .

Figure 14
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Figure 15

Let x be ellipse or hyperbola with focus O and inscribed in AAA,A, (Fig. 14, 15,
16). Let S be the center and R, be the radius of the pedal circle k, of the focus O with
respectto AAA,A,. From (5) and (12) we obtain the following equation

2

. = Ppe pe _ p
14 k,: zz- Z— Z= )
( ) 0 e2 _1 eZ _1 1_e2

Note from (14) that the following equalities are satisfied for the affix s of S and the radius
R, of k,

(15) s=—P°

(16) Rt

It is seen from (15) that the center S of k, lies on the real axis of the coordinate

system. Additionally, the system consisted of the equations (14) and (7) has only two

solutions which are real and could be obtained when t'=1 and t"=-1. This shows that the
pedal circle k, and « are tangent (because t'=1 and t" =—1 are double roots of the system).

The corresponding tangent points have affixes z’ =i1 and z” =il. They are the affixes
e+ e—

of the common points of x and the real axis, i.e. of the vertices of x on the real axis.

Consequently, S is the center of x and the other focus F of x is symmetric to O with

respect to S. This means that the points O and F are isogonally conjugated with respect to

AAAA;.
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Figure 16

Now, let x be hyperbola and Z, (to) be a point from its branch for which the equality

(7) is satisfied. Then, from (15) we obtain that the point Z;, which is symmetric to Z,(t,)
2p(et, +1)2 B 2p

(e —1)(ets +2t, +e) et +2t;+e

with respect to the center S of «, has affix z; = , Where

t,+e
et, +1
branch of the hyperbola and satisfies (7) when t=t;. Thus, we establish that the equation

(7) describes both branches of the hyperbola. This means that in the case of hyperbola it is

not necessary to consider different situations depending on the position of the hyperbola
under consideration.

Accounting for the last conclusion and the results obtained before we reach the
following

Theorem 9. If a conic section x inscribed in a triangle A is ellipse or hyperbola,
then its foci are isogonally conjugated with respect to A, and their common pedal circle is
tangent to x at a point which lies on its focal axis (Fig. 14, 15, 16).

th=-— . Since |tj| =1, the last equality shows that the point Z;(t;) lies on the other

VL. Proofs of theorems 1-6.
VI.1. Proof of Theorem 1. Using the considerations for the affix of the point B, we

have b, =22—p1 while the equalities (9) are satisfied for the affixes of the points A,
et +2t +e
A, and A,. The affixes of M, and N, are respectively
_a,+a,  p(ett, +ett, +2t +t, +1,+2e)

m=77 (et +t +t, +e) (et +t +t +e)
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LA p(etl2 +et2t3+2t1+t2+t3+26)

b2 (etf 2t +e)(ett, +t, +ty+e)
If x is ellipse or hyperbola with center S, it follows from the last two equalities and
(15) that
n-s (ett,+t +t,+e)(ett +t,+t +e) m—
m-s (et7 +2t, +e)(et,ty +t, +t, +e) m -
which means that the points M,, N, and S are collinear.

Pt —t)(t—t)
(1+t1)2 (1+t,)(1+t,)
shows that the line M,N; is parallel to the axis of the parabola. Thus, Theorem 1 is proved.

V1.2. Proof of Theorem 2. Under the assumed notations for the affixes of the points
B I
ety +2t +e et; +2t; +e
(9) are satisfied for the points A, A, and A,.Let M, and M, be the midpoints of A,A, and
A, A, respectively. We obtain for the equations of the lines BB, and M,;M, that

BB, : (2tt +et,+et)z+(et,+et,+2)7=2p(t,+t,),
MM, (t,+e)(ett, +t +t, +e)z+(et, +1)(ett, +t, +t, +€)Z =

S
S '

If x is parabola, then e=1and n,—m, = =N, —m,. This equality

B, and B, we have respectively b, = , While the equalities

= p(2ett,ty +13 +1t, + bt + it +2ety).
From those equations we find that the affix u of the common point U of BB, and MM, is
expressed by the equality
p(et? +ett, —et,t, +ett, +2t, + 2t, + 2¢)
(e +2t, +e)(ett, +t, +t, +e)

(17) u=

If x is ellipse or hyperbola with center S, it follows from (15) and (17) that
a—s (etf+2t+e)(ett,+t+t,+e) gz s

u-s (et +t, +t,+e)(ett +t,+t,+e) T-s
which means that the points A, U and S are colinear.
If x is parabola, when e =1 we obtain from (17) that

_ p(tl_ta)(tz_ts) —0-13
ATy

which means that the line AU is parallel to the axis of «. Thus, Theorem 2 is proved.
V1.3. Proof of Theorem 3. Under the assumed notations for the affixes of the points
2p 2p

B,, B, and B, we have respectivel = b=——"—  and
v : P y b et’ +2t,+e’ ° et’+2t,+e

2p . The equalities (9) are satisfied for the affixes of the points A, A, and A,,

P et?42t,+e
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while the affixes of the midpoints M,, M, and M, of A/A,, A,/A and AA,, respectively are

expressed by the equalities m, = % eras , m, = % and m, = 4*a,

Let x be ellipse or hyperbola and B,B, nSB, =Q,. We find for the equations of the
lines B,B, and SB, that
B,B,: (2t,t,+et, +et;)z+(et, +et; +2)Z =2p(t, +t,),
SB, : [(e2 —2)t7 —2et, —ez] z+(e’t7 +2et, +2-€°)7 = 2pe(t’ -1).
From those equations we obtain that the affix g, of the point Q, satisfies the equality
2p(et? +ett, +ett +t, +t, +e)
= ettty (et +2)+et’ (t, +t,)+(2 -7 ) (7 +t,t, )+ 2%, (1, +,) + (2t +t, +t,+e)e
From here we get
8 —m — a-—m —
a-q 51 _ql
ettt (et +2) ety (t, +t )+ (207 ) (1 +tt )+ 267 (t, 1)+ (24 +t, +ty +e)e
(ett, +t +t, +e)(etyt, +t, +t, +e)
which means that the point Q, lies on the median AM, . Consequently Q, = N, and the line
B,N, passes through S.
Now, let x be parabola and d, be the line passing through B, parallel to the axis of
k. Since e =1, the equations of the lines d, and B,B, are the following

,_2p(-t)
1+t

d: z- , BBy (20t +t, +t)z+(t, +t,+2)Z =2p(t, +1;).

2p(1-t +t,+t;)
(1+t)(1+1,)(1+t,)

equalities a-m _1_ a_1 _Tl are satisfied. Consequently Q, =N, and BN, is parallel to
-G 2 4 -0
the axis of . Thus, Theorem 3 is proved.

V1.4. Proof of theorem 4. Denote the orientated areas of the triangles B,B,A,
B,B,A,, BB,A,, AAA and BB,B, by S, S,, S,, S and &, respectively. The orientated
area of AA,A, is determined in the following way

. It is easily seen from here that the

If d, nB,B,=Q,, then g, =

18 a1 :
LI ip? (t,—t,)(t, —t,)(t; -1,
4az 5: ) (ett, +t +t, +e)(et,t, +t, +t, +e)(ett, +t, +t, +e)

Analogously, we find
2ip? (t1 _tz)(tz _ts)(ts _tl)
(etf +2t + e)(etj +2t, + e)(et32 +2t, + e) ’
ip® (tz _t3)3
(e} +2t, +e)(ety +2t, +e)(etyt, +1, +t,+e)

6=-

S =-
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ip?(t, -t,)’
(et§+2t3+e)(et +2t +e) (et +t, +t +e)

§ Ip* (t, —

_ t,)
(et1 +2t +e)(et; +2t, +e)(ett, +t +t,+e)

3

5:5,5;

It follows easily from here that 6°S = —4S/S,S,. Consequently o =2 . Thus,

Theorem 4 is proved.
VL5. Proof of theorem 5. Consider a coordinate system as shown in Fig. 17. The

following equalities are satisfied with respect to it

2p .
b=—— (j=12,...,n),
boet? 42t +e (i )
a, = 2p La, = 2p (j=23,...,n).
ett +t +t +e et ,t, +t,, +t +e

. AB, a -b . . .
From the ratio —- = ———for three points A, A and B, we obtain the following

B, a&-b,

relations:
AR _LoL e AB Lath & (ko3 no1), A0 fath &
AzBl L-4 & Ak+1Bk L=t g AiBn L=t a

\Im z

Rez

Figure 17

ABL AB, | AuBu AS =(-1)". Thus, Theorem 5 is proved.
AB AB, AB.. AB,

VI.6. Proof of Theorem 6 and some consequences. We will use the notations in Fig.

From we have

18.
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Figure 18

Let Q,, Q,, Q, and Q, be the tangent points of the conic section x with the lines

AB, BC, CD and DA respectively, while the equalities q; :# (i=1234) are
et? +2t +e
J J

satisfied for their affixes. Consequently, the affixes of the points A, B, C, D, U and V are
expressed by the equalities

a= 2p b= 2p ,C= 2p ,
ott +t,+t+e  ett,+t+t,+e ebt +t,+t, +e
= 2P U= 2P V= 2p .
ett, +4, +t, +e ett, +t +t; +e et,t, +t, +t, +e
For the affixes of the points M ; (j=1,2,3) we have
BT L brd e
2 2 2

If the conic section x is inscribed in ABCD and if it is ellipse or hyperbola, then
from the above equalities and (15) we obtain

m1 s (ett+t,+t,+e)(ett +t,+t +€e) m —s
, -5 (ett, +t +t,+e)(ett, +t;+t,+€) m,—s’
(et1t3+t1+t3+e)(et2t4+t2+t4+e) _ rT‘1_s

m3—s (et +t +t, +e)(ett, +t, +t, +€) m—s

Consequently, the points M,, M,, M, and S are co-linear.
If x is parabola, inscribed in ABCD, then e =1 and we have the equalities

o G-t
T T ) ) (L)L)
_ (L-t)t-t)p

T T ) (L) (L) ()
Consequently, the points M,, M, and M, lie on a line, which is parallel to the axis of

21

3 .

x . Thus, Theorem 6 is proved.
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Taking into account that the parabola could be considered as a conic section with
infinite center — the infinity point of «, the last result means that the center of the parabola x

is the infinity point of the line g,. Each line has only one infinity point and we establish the

following

Corollary 1. Each quadrilateral without parallel sides has unique inscribed parabola
(Fig. 17).

Corollary 2. If a given quadrilateral is circumscribed or escribed of circle, then the
center of the circle is on the Gauss line for the quadrilateral.

It is well known that the line defined by a vertex of a quadrilateral and the center of
gravity of the triangle formed by the other three vertices passes through a constant point G of
the quadrilateral which is called med-center of the quadrilateral. The affix of G is expressed

by the equality g = W It is easy to see that the point G is on the line g,.

Accounting for the cases when ABCD is a parallelogram, we obtain the following
Corollary 3. The med-center of an arbitrary quadrilateral ABCD is the center of a
conic section which is inscribed in ABCD.
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