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Inscribed triangles with centroid in a given point
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Abstract. Let P be a finite point in the plane. Let 7 = ApBpCp be a triangle
with centroid P and vertices Ap € BC, Bp € CA,Cp € AB. In this paper we study
some properties of the triangle 7.
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1. INTRODUCTION

Let P be a finite point in the plane. Let 7 = ApBpCp be a triangle with centroid
P and vertices Ap € BC,Bp € CA,Cp € AB.
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FIGURE 1. Triangle 7

Definition 1. [I X(2)] Centroid

The centroid X, is the point of concurrence of the medians of ABC situated 1/3 of
the distance from each vertex to the midpoint of the opposite side.

IThis article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s)
and the source are credited.
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28 INSCRIBED TRIANGLES WITH CENTROID IN A GIVEN POINT

We shall work with homogeneous barycentric coordinates. We consider a nonde-
generate triangle ABC' as the reference triangle, and set up a coordinate system for
points in the plane of the triangle.

A=(1:0:00, B=(0:1:00, C=(0:0:1)
We shall make use of John H. Conway’s notations [3, §3.4.1]. Let S denote twice
the area of triangle ABC'. For a real number 6, denote Sy = S cot 6. In particular,
b’ +c* —a? A +a? -0 a?+ v —c?
SA—Ta SB—Ta Sc—T
SB+Sc:a2, Sc+SA:b2, SA+53202

Sap =Sa5, Spc=958Sc, Sca=5cSa

1
S? = Sap+ Spc + Sca = Z(2a2b2 + 2022 + 2¢%a% — at — b — )

2. TRIANGLE T

Let the point P = (u : v : w). Let Ap is an arbitrary point on the sideline BC.
Ap = (0 T 1—t),t € R. Let Bp = (1—t1 -0 tl) € CA,tl € R and
Cp=(ta:1—1t3:0) € AB,ty € R, see Figure . The centroid of triangle Ap BpC'p
is

1 1 1 1
The point Gy = P if and only if

1 v
g tt—t) =m0y
1
s = T
Therefore
b= —u—v+2w+tu+v+w)
u+v+w
t2:u—20+w+t(u+v—l—w)
u+v+w

Hence the vertexes of triangle 7 are (we will use the matrix notation with vertex
coordinates in the rows):
1)

Ap 0 t 1-1¢
T=|Bp|=2u+2v—w—tlu+v+w) 0 —u—v+2w+t(u+v+w)

Cp u—2v+w+tlutv+w) 3v—tlutv+w) 0

Remark. In [2, (6)] is given more symmetric parametric representationf] for 7:

0 I+ V-w-T %—V+W+T
(2) T= %1+U—W+T 0 3-U+W-=T
3+U-V-T $-U+V+T 0

can be obtained from ([1|) with substitute ¢ with %—I—V—W—T, and 0, e
with U, V, W respectively; U +V +W = 1.

In [2] Weise use the matrix notation with vertex coordinates in the columns.
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3. CONSTRUCTION OF THE TRIANGLE

FIGURE 2. Construction

1) Construct an arbitrary point Ap on the side-line BC.

) Point Ay, € ApP, APAM;, = %Ap]j. This is the midpoint of BpCp.
)

)

Lines b and ¢ — reflections of CA and AB respectively in the point Ajyy,.

(
(
(
(4) Points Bp = NCA,Cp =V N AB. (see Figure [2).

2
3
4

4. DEGENERATE TRIANGLE T

The triangle 7 degenerates if, and only if, the three points Ap, Bp, Cp are collinear.

0 t 1—-1
0=|2u+2v—w—tlu+v+w) 0 —u—v+2w+t(u+v+w)
u—2v+w+tlut+tv+w) 3v—tlu+v+w) 0

=3(*(u+ v+ w)? — t(u* + duv + 3v* + 20w — w?) + v(2u + 2v — w))

whence

(3)

u? + duv + 30 + 2vw — w? £ (u+ v+ w)y/u? + v+ w2 — 2(uv + vw + wu)
2(u? 4 v? + w? 4 2uv + 2vw + 2wu)

Number ¢ is real if and only if u? + v? + w? — 2uv — 2vw — 2wu > 0. Last inequality
represent Steiner in-ellipse with equation:

S(in) vy 22— 20y — 2yz — 2z =0

When point P is on, or outside the Steiner in-ellipse, exist the real number ¢, see
, so that the triangle 7 is degenerate. In this case the vertexes Ap, Bp, Cp are:

Ap 0 u+3v—w=xf u—v+3wFf
Bp|l=|3u+v—wFf 0 —u+v+3wt f
Cp Ju—v+w+x f —u+3vt+wFf 0

f=u2+ 02+ w? - 2w + vw + wu)
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FIGURE 3. Degenerate triangles

5. ISOSCELES TRIANGLES

5.1. Square distance between vertexes.
Definition 2. 3| §7.1] The distance formula in homogeneous barycentric
coordinates

IfP=(zr:y:2)and @ = (u:v:w), the square distance between P and @ is
given by:

1
PRI =

(uto+wP(e+y+2)

5 Z Sa((v+w)r —uly + 2))?

cyclic

The square distances between Bp and Cp; Cp and Ap; Ap and Bp are given by:

1 2/ 2 2 2 2

—_ — 2 2

(u+v+w)2(t( 0%+ 26"+ 2¢7)(u + v + w)

+t((a* = 3b* — ) (u + 4v — 2w) + 6(b* — 2)v)(u+ v + w)

+ 0% (u+ v +w)? —3(a® — *)v(u+ v+ w)

|BpCp|* =

+ 9v(c?v + a*w — Fw) + 3% (uv + v? — 2uw — dvw + wz))

1
m (t2(2a2 — bz + 202)(u + v+ 'ZU)2

+t(=3(a® = b* + 3c*)v(u + v+ w) + 2(—a* + ) (u + v + w)?)

(4) [CrAp|* =

+9c20? + 3(a® — b* — A)v(u + v +w) +b*(u+ v+ w)2)

2 _ 1 20 2 2 2 2
ApBel = s <t (2a% + 20 — ¢)(u + v + w)
—t(a® 4+ 3b* — ) (2u + 2v — w)(u + v+ w) + b*(2u + 2v — w)2>
5.2. Isosceles triangles 7, with top vertex Ap. |CpAp| = |ApBp| is equivalent

to
b%u — Spv + b%v — c2v — Scw F fa
O - (u+v+w)
fa =V (B2c2u2 + 2a20? + a2b?2w?) — 2(a2S vw + b2Spwu + 2Scuv) — S2(v — w)?

For this two values of ¢ correspond two, may be not real, isosceles triangles 7,1, T42:

t=
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(0: b u — Spu + b*v — ?v — Scw — [y : —cQu—l—SBv—i—SCw—i—wa—cgw—i—fa)
Bpa1 = (b*u — 2c*u + Scv + Spw + f, : 0: *u — Spv — Spw + b*w — 2w — f,)
= (20%u — *u — Scv — Spw — fo : —b*u + Scv + b*v — v + Scw + f, : 0)
(5) Apa2=(0: b*u — Spv + b%v — ¢®v — Scw + fo : —cu + Spv + Scw + 2w — Fw — f,)
Bpas = (b*u — 2c%u + Scv + Spw — f, : 0: c®u — Spv — Spw + b*w — Pw + f,)
Cpaz = (2b%u — *u — Scv — Spw + fo : —b*u+ Scv + b*v — 2v + Scw — f, : 0)

fo =V (02c2u? + c2a20? + a2b?w?) — 2(a2Savw + b2Spwu + 2Scuv) — S2(v — w)?

Cp |

o]

FIGURE 4. 741, Tao

The triangles 7,1, 7,2 are not real, if the point P is inside the conic x,, see Figure [4]
Xa 1 (022 + Pay? + a*b?2?) — 2(a®Sayz + b*Spza + Scxy) — S*(y — 2)* =0

The conic x, has discriminant —4852(b*—c?)? < 0 and Y, is a ellipse, if b # ¢ (see [3,
§10.7.1]). The ellipse x, has center at the point O, = (—=2b* + 2¢* : —a® — 3b* + % :
a® — b* 4+ 3¢?), GO, || BC, and x, tangent to BC' at point (0 : S : —Sg).

5.3. Isosceles triangles 7,, 7. with top vertexes Bp,Cp. .

Tp

Appi2=(0: Scu + a*v — 220 + Saw + f —SAu—i—ch—SAw+a2w—c2w:Ffb)
(6) Brpi2= (—SAu+a2u— Auta*v—ScwF f,:0: Sau— v+ Scw + a*w —c2w:tfb)
2u—a?v+ Scw =+ fi, 1 —Scu + 2a*v — v — SawTF fp 0)

o= \/(b262u2 + 2a?v? + a?b?w?) — 2(a?Savw + b2Spwu + 2Scuv) — S?(w — u)?

Cpbl}g = (Scu + a2u —cC

Te
Apeia=(0:—Ssu— Sav + a*v — b*v + b*w F fo: Spu+ Sav + a’w — 20%w + f.)

(7)  Brez= (SBu+a2u —b*u+Sgv—ad*w=+ f.:0: —Spu— Sav + 2a°w — b*w F fe)
Cpei2 = (=Sau+ a*u — b*u — Spv + a*w F fo: Sau+ Spv + a*v — b*v — b*w £ f. : 0)

fo =V (B2u? + 2a2v? + a2b?w?) — 2(a2S 0w + b2Spwu + 2Scuv) — S2(u — v)?
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6. PERSPECTIVE TRIANGLES 7 AND ABC

~
~ IA
Cp
Bp
/2
______ B S
T Ap NT T T T

FIGURE 5. Perspective triangles 7 and ABC'

The equations of lines AAp, BBp, CCp are:
AAp: (=1 +t)y+tz=0
BBp:((-1+tu+ (-1+t)v+ 2+ tw)z+ ((-2+Hu+ (-2+t)v+ (1 +Hw)z=0
CCp: (-3v+tlut+v+w))r+ (u+tu—2v+tv+w+tw)y =0

The lines AAp, BBp, CCp are concurrent at the point @) if

0 t—1 t
0=|-u—v+2w+tu+v+w) 0 —2u—2v+w+t(ut+v+w)
—3v+t(u+ v+ w) u—2v4+w+tlut+v+w) 0

= 13(2u® + duv + 20% + duw + dvw + 2w?) + 2 (=3u? — 12uv — 9? — 6vw + 3w?)
+ t(u? + 14uv + 130% + 2uw — 4vw + w?) — 6uv — 60° + 3vw

‘o 3173 f4 4+ 3(u? 4 4uv + 3v% 4 20w — w?) . 3273 (u? + v? — 10vw + w? — 10u(v + w))
N 6(u+v+w)? 6f4

fa= (36(u —v)(u—w)(v—w)(u+v+w)?

1/3
+V3y/(u+ v+ w)5(432(u — v)2(u — w)2(v — w)2 — (U2 + v2 — 100w + w? — 10u(v + w))3))

The triangle 7 is

32/3 (u4v4w)? (u?+v% —10vw+w? —10u(v+w))
fa

33 4 + 3(u? + 4uv + 302 4 20w — w?) +
) 6(u+ v+ w)?
3173 f4 + 3(u? 4 4uv + 302 + 20w — w?) + 82 (utvtw)® (u 4o —10vwtw? ~10u(vtw)

1-— fa )
6(u+ v+ w)?

(33 1,2 — 3£,(3u® + v* — w? + 2u(2v + w)))

Ap = (0

1
C6fs(ut v+ w)
+ 328 (u+ v+ w)? (u® + v? — 100w + w? — 10u(v +w))) : 0
. 1
C6fa(utv+w)
+ 323 (u+ v + w)2(u? + v? — 100w 4+ w? — 10u(v + w))))

1
6f1(u+v+w)
+ 323 (u 4 v+ w)?(u? + v? — 100w + w? — 10u(v 4+ w)))

32/3 (utvtw)? (w402 — 10vwtw? —10u(v+w))
fa :0)

Bp=(

(31/3f42 + 3f4(*u2 + 0% + 2uw + dvw + 3w2)

Cp=( (313 £4% + 3 f4(3u® — v* + w? + 2u(v + 2w))

33 £y + 3(u? + duv + 3v% + 20w — w?) +
- 6(u+ v+ w)

1 3v
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If the point P = G, then Q = P = G.

7. SYMMEDIAN POINT OF T

The symmedian point K, of the triangle 7 has homogeneous barycentric coordinates
with respect to triangle 7 (see also ):

K. = (|BpCp|*: |CpAp|* : |ApBp|*)
= (b*((1 — 3t + 2t*)u” + u((5 — 9t + 4t%)v + (—4 + 3t + 4t*)w)
+2((2 = 3t + t2)v? + (=5 + 2t))ow + (24 3t + t*)w?)) — (=3v + t(u + v+ w))
(@®(=1+t)u+ (=1 +t)v + (2 + Hw) + *(u — 2tu — 2((=2 + t)v + (1 + t)w)))
s D2 (—1+ ) (u+ v+ w)(u+tu— 20+ tv +w + tw) + (=3v + 2t(u + v + w))
(a®(=1+t)(u+v+w) 4+ (u+tu —2v + tv +w + tw))
stu+ v+ w)(@®(2(—1 + t)u+ 2(—1 + t)v 4+ w + 2tw) — (=2 + hu + (=2 + t)v + (1 + t)w))
+0%(2(2 — 3t + tH)u? +2(2 — 3t + t*)v? + (=4 — 3t + 4t*)vw
+ (1+ 3t + 2t w? + u(4(2 — 3t +t*)v + (—4 — 3t + 4t*)w)))

With respect to triangle ABC, the symmedian point of triangle 7 has homogeneous
barycentric coordinates:

(8)
K, = |BpCp|*Ap + |CpAp|*Bp + |ApBp|*Cp

K; = (= (—t*(u+ 50— 2w)(u + v+ w)* + 3 (u+ v+ w)?
+ t(—2u® 4 8v® + uv(11v — dw) + v (v — 3w) + 2v*w — Sow? + w?)

+0(2u® + u(—2v + w) — (=20 + w)?)) + a*(u + v + w) (v(2u + 2v — w)
+t2(2u® + 3u(v + w) + (v +w)?) — t(2u® + 3v* + 2vw — w? + u(5v + w)))
+03((2 -t — 22 + £2)u® + (=1 + t)o + tw)((—2 + t)v + (1 + t)w)?
+u(3(=2+t) (=1 +t)%0% + (5 — 2t — 10t2 + 6t3)vw + (=1 — 2t + 2t> + 3t3)w?)+
u? (t(6v — 4w) 4+ w + 3t3 (v + w) — t2(9v + 2w)))
s —t(u+ v+ w)(=3v+ tu+v+w)(—=((—=1 + )u — 20 + tv + w + tw)
+a*((=1+tu—v+tv+w+tw)) +b*(v(—2u — 2v + w)? + t*(u+ v + w)*(u + 2v + w)
—t(u® 4 6v® + 5v?w — 20w? — w? + u?(8v + w) + u(13v? + 6vw — w?)))
D=1+t (u v+ w)(u+v—2w) (20 —w) + 2 (u+ v+ w)?
— t(u? + duv + 302 — 2uw — 3w?)) + a*(—1 +t)(u+ v + w)(2v(u + v — 2w)
+t2(u+ v+ w)? — t(u? + duv + 30 — uw + vw — 2w?))
+ A (u4 v+ w)(u+ v + 2w) + v(2u? + duv + 20% — 2uw + Tow — 4w?)
— t(u® 4 5uv + 30° + 100*w + 5ow” — 2w® 4+ u(Tv? + 10vw — 3w?))))

7.1. Locus of the symmedian point K., when P = G. When P = (G, the point
K. obtain following form:

K, =(a*(1 —2t)* + (=1 + t)t(c*(1 — 3t) + b*(—2 + 3t))
(02(1 — 2t)% 4 (=1 + t)t(a*(1 — 3t) + (=2 + 3t))
(1 —2t)2 + (=1 4+ )t(b*(1 — 3t) + a*(—2 + 3t)))
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FIGURE 6. Locus of K., if P=G

K. barycentric coordinates
K (a®: 0% : c?)
K (a®: b%: c?)

X | (PP +2:+a?:a?+b?)

Xz | (0* —c?:* —a?:a® = V?)

8MIH|—lOH~

7.2. Locus of the symmedian point K., when P = K. When P = K, the
point K, obtain following form:

K, =((2a®> + 20> = *)(a® = V" + &) + (b — &) (a® + b* + )t
(2207 4+ 20* — &) + (2 — a®)(a* +b* + A)t
t—at + b 4’ + 2¢ + (a® = b7)(a® + 1P + A)t)
The locus of the points K, is represented by the straight line £, see Figure [7}
L: (—a® —20° — 2% 4 2a* (0 + 2) + a*(b* + ¢*) — a*V*cP)a
+ (=2a% — 0% — 2¢° + 2% (® + @?) + B*(c" + a?) — a®b*P)y
+ (—2a® — 20% — & + 2¢*(a* + b%) + P (a* + bY) — a®b* )z =0

FIGURE 7. Locus of K, if P=K
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Points on the line £, see [1]:

Point K. | The first barycentric coordinate of K,

X503 | b* — ¢?, point at infinity
Xisoor | 4a* +a*(b* + ) — (b* — *)?
Xioago | a2(b* + ¢?)(2a® + 20* — ¢2)(2a? + 2¢% — b?)
X001 | a?(0* — ) (—a® + b* + ¢*)(2a® + 2b* — ¢)(2a* + 2¢% — b?)

LNOG = (40" — 4a5(b? — *)? — 3a®b* 2 (b? — c*)? — 3a®(b* + *) — (b* — )2 (b® — 3b*c? — 3b%c? + F)
a*(4b® — 3b*c? — 3b%c* +4c8) i)
LNOI = (a(—b° —4a"be + ¢ + 4b"c? — 4b5¢ — 4b3c® + 4b*c™ + bc® — ¢ +2a8 (b + ¢) + a®be(D? + 2)
— 3abe(b?® — )% (b + c2) + a®(—3b® 4+ 2b%c + 2bc* — 3¢3) + 2a3be(b? — b2 c? 4 )

—a* (b + b — b3 — b2+ bet + ) + 3a? (BT — b — b2 4 cT)) )
LNGI = (4a" —2a%(b + ¢) — a®(b* + *) + 3a(b* — *)*(b* + ) + a* (b® + ) — 2> (b* — b2c? + )
— (b= ¢)?(b° + 4b*c + 5b°c? + 5b%c + dbe* + ) + a?(26° — b3? — PP 4 2P) )

LNGK = (4a® — a*(b* — *)? = 3a°(b* 4 ¢*) — (b* — M) +a?(50° — 4b*c? — 4b*c* +58) -1+ 1)

(
LNAKI = (a(—2a"(b+ c) +2a°(b* + c2) + a®(b* + ) + (b* — ¢*)? — a*(b* + ¢*)
—a(b—¢)?(b° 4 4b*c 4 5b3¢* 4 5623 4 4bct 4 ) + a3 (20° — b3® — b2c3 + 265)
+a?(—=20° + b + bt —2¢5)) o)
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