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1. INTRODUCTION

It is well known the locus of the midpoint of the chord of an ellipse that is parallel to a given
straight line. Moving a step ahead, one can calculate the locus of the centroid of the triangle
that belongs to a family of triangles inscribed in an ellipse. It turns out that in many cases
this locus is a very complicated set of points. Probably the simplest set is an ellipse which is
obtained in the case of the family of equilateral triangles.

It seems that such a locus remains unexplored in the theory. The problem of describing this
locus is a difficult one even in the case of equilateral triangles. Below, in the presented proof,
there are some key computations which are rather complicated to be done by hand and they
can be done in a reasonable period of time only using a computer algebra system.

The main theorem is Theorem 2.1 and it states that it is an ellipse which represents the locus
&1 of the centroid of the equilateral triangle inscribed in a given ellipse £. Every ellipse can
serve as a such a locus & and for every & there exist only one ellipse £ that has & as the
corresponding locus.

The proof is, in fact, a script file that is executable in Maxima[l0]. It seems reasonable to
represent all comments as a mathematical argument for the validity of the theorem and to
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structure the proof as a series of lemmas. Thus, hopefully, the quality of the work has been
improved.

The methods of Cartesian geometry are applied to reformulate the problem in terms of equations
on coordinates of the points under consideration. Having noticed some symmetry of equations
under permutations of points, it is quite natural to be aimed at some equations of elementary
symmetric polynomials on three variables instead. Nevertheless, there are some quite compli-
cated formulas. Note that the formulas do not represent in an obvious way geometrical properties
of the ellipses or triangles under consideration and it will be a surprise to obtain shorter and
smarter proof (for example, a proof that is based on the methods of the synthetic geometry).

We have found the locus of the centroid of equilateral triangles inscribed in a hyperbola and in
a parabola, too. These two conics have been treated in the same way, but there are differences.
In the case of inscribing triangles in a hyperbola, the locus can be a hyperbola (it is the same
one when it is an equilateral hyperbola) or a pair of parallel straight lines, perpendicular to
the major axis. If the triangles are inscribed in a parabola then the corresponding locus is a
parabola, too. The latter case is less difficult than the former. In the current work, we will not
state these results.

In general, there are theorems about some properties of triangles inscribed in ellipses or when
they are placed in a some other way. For example, Marden’s theorem [1, 2] is about foci of an
ellipse that is tangential to the sides of a triangle at midpoints. Another example of a special
relationship is the Steiner’s ellipse [3, 4, 5] and an inscribed triangle with the maximal area.
A list of remarkable triangle conics is compiled by E. Weinstein at mathworld.wolfram.com [0].
The Feuerbach’s Conic Theorem (8] is a very impressive one. The theory about the geometry of
triangles, conics and other types of lines that are in some special relation between each other,
such a theory is in fact quite branched, difficult and interesting, especially when the computer
algebra systems tend to become more and more advanced (see [7, 9]).

2. MAIN THEOREM

Theorem 2.1. Suppose that in the Cartesian coordinate system Oxy ellipses € and & have
their equations in the canonical form

2 2 P
gﬁ—i—b?:l’ 81?—"—?:1
where a > b > 0 and
1) oo a(a® — b?) 5= b(a? — b?)
302 44a2 b2 +3a2

If A, B and C are three different points such that the set of points {A, B,C} C & and the triangle
ANABC is equilateral then the centroid G of NABC' belongs to &;.

If & is given with a > 8 > 0 then then there exists an unique pair of real numbers a and b that
complain with (1). Futhermore, for any point G from & there exist three points A, B and C
such that {A, B,C} C &, the triangle AABC is equilateral and its centroid is G.

3. PROOF OF THE MAIN THEOREM

Here is the first command in Maxima.
kill(all)$ reset()$

Claim 1. There exist equilateral triangles with vertices that are three different points on £.
Indeed,

a(a?—3b%) 2\/§ab2> (a(a%szﬂ) 72\/5(1;,2) .
o Let Ao(a,O),B(J( S07ra? 0 307 ta? , Co iz 0 312 ias . Then these points are all

different, they all belong to &, the triangle A Ay ByCy is equilateral and has its centroid
on &1. The triangle is equilateral because of
block([xBO,yBO,AB,BC,CA],
xB0:ax*(a”2-3*b"2)/(3*%b"2+a"2),
yB0O:2%sqrt (3) *axb~2/(3*b"2+a"2),
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A0:[a,0], BO:[xBO,yB0O], CO:[xBO,-yB0O],
AB:BO-AO, BC:C0-BO, CA:A0-CO,
ratsimp([AB.AB-BC.BC, CA.CA-BC.BC]) );
[0,0]
i.e. A()B(32 —30002 = O, 00A02 —B()CQQ = 0. The centriod GQ of the triangle AA()BQCO
belongs to the ellipse &; since its coordinates satisfy the equation of &;.
block([GO,«,3], GO:1/3*(A0+B0+CO),
a:ax(a”2-b"2)/(3xb"2+a"2),
B:b*x(a"2-b"2)/(b"2+3%a"2),
ratsimp(GO[1]°2/a"2+G0[2]"2/3°2-1) );
0
e Let Ay(—a,0), By (—a(a2_3b2) 2‘/§“b2), C1 (— a(a® —307) —2‘/5‘”’2). Then these points

3b24a2  3b2+a? 302402 ’ 3b2+a
are all different, they all belong to &, the triangle AA; B, C] is equilateral and has its
centroid on &;. Note, AA1B1C; and AAygByCy are symmetrical with respect to the
y-axis and as a consequence of the previous item it follows that the triangle AA; B1Cy
has the stated properties.
e It is possible to prove that for every point A € £ there exist two different points B and

C such that each one of them lies on £ and the triangle AABC' is equilateral. This
could be proved if the every step of following algorithm is analyzed and proved. Now,
there is no such proof and the details are omitted. It is not relevant for the proof of
Theorem 2.1. Nevertheless, the algorithm is used for producing a dynamic figure [11] in
GeoGebra and the steps are the following.

(Step 1.) Let the ellipse & = ,OXGOOS, where pXGOD is the rotation to +60° around the point

A.

(Step 2.) Let P =&'NE. The set P contains at least two different points, one of which is A.

(Step 3.) Let the point B € P\ {A}.

(Step 4.) Let C = p,°*°B.
Then, the triangle AABC is equilateral and its centroid is on &;. The proof is omitted
because this algorithm is not used in the proof of Theorem 2.1.

Thus, F # (), where F is the family of all equilateral triangles with vertices that are three
different points on £.

kill1(A0,B0,CO)$
Claim 2. If the point G € &; and the points A, B and C are such that {4, B,C} C £, AABC
is equilateral and its centroid is G then G, A, B and C are four different points.

Indeed, if any two of the points coincide then all four coincide and the two ellipses £ and &;
have a common point which is impossible: the system of their equations

V222 + a2y? = a2b?
8222 + a2y? = o232

is equivalent to

2 _ _a*
= a2—p2
2 _ bt
Yy = b2 g2
. . . 4
which does not have any real solution since bzb 5 <0
—a

Note that for every ellipse £; (a and S are given real numbers such that o > 3 > 0) there exists
an unique pair of real numbers a and b that complain with (1). Futhermore, for any point G
from & there exist three points A, B and C such that {A, B,C} C &, the triangle AABC is
equilateral and its centroid is G. This assertion will not be proved here because it is not used
in the proof of Theorem 2.1. It could be drown from the following algorithm. First, a and
b are calculated by solving the system (1). Second, let £” = pgmooé’. Third, the set &' NE
contains four different points. Fourth, there are three of them which are vertices of a triangle
from the family F with its centroid at G. This algorithm is used for producing a dynamic figure
in GeoGebra, only.

Let € stand for £\ {(—a,0)} and € = & \ {(—a,0)}.
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The map t — (2(t), y(t)) is one-to-one from (—oo; +00) onto &£, where

1—1¢2 2t
ty=a—— t)=b—.
2(t)=a g W) =brip

The points A(za,y4), B(zp,ys) and C(z¢,yc) are three different points on € iff there exist
three different real numbers t 4, tg and tc such that

(2) 4 =2(ta),ya = y(ta),rp = 2(tp), yp = y(tp),zc = z(tc),ya = y(tc).

Let A(za,ya), B(zp,yp) and C(xc,yc) be three different points on £ and let ta, tg and t¢o
be three real numbers such that (2) holds on.

Here, in the proof of the theorem, the following notations are used

Se=x4+2B+20, Sy=ya+ys-+yc,

Su=ta+tp+tc,

Sor=tatp +tptc +tcta,
Sst=tatptc

b? — 3a? 3b2 — a2
A= a9/12 92\’ b= o355
3(b? — a?) 3(b? — a?)
X:—%sty, Y =AS,, Z=pS;.

Hence, A and p are such that A+ p = §7 A > 1. The values of X, Y and Z do not change when
the points A, B and C' are interchanged in any arbitrary way.

Let the point G(z¢g, yg) be the centroid of the triangle AABC. Hence,
3rg = Swv SyG = Sy
and

X =-3z¢gyg, Y =3\yg, Z =3uzxg.

The following notations are used in the script file xA stands for x4 and ya, g, y5, ¢, Yo, ta,
tB, tc are denoted in a similar way; S1X stands for S;; S1Y <— Sy; S1T <— Si4; S2T — Sy
S3T <— S3;.

load(sym)$

x(t) :=ax(1-t72)/(1+t72)$

y(t) :=b*2%t/(1+t72) $

tData: [xA=x(tA) ,yA=y (tA) ,xB=x(tB) ,yB=y (tB) ,xC=x(tC) ,yC=y(tC)]1$

Lemma 3.1. Suppose A(za,y4), B(xp,ys) and C(xc,yc) are three different points that belong
to €. The triangle NABC is equilateral iff

(B +xc —2za)a*(ys +yc) — V*(xB + 2¢)(YB + yo — 2ya) =0
(5) (za 4+ x0 —22p)a*(ya + yo) — b*(xa + 2c)(ya + yo — 2y) =0
(B +xa —220)a*(y + ya) — b* (B +24) (Y + ya — 2yc) = 0.

Proof of Lemma 3.1. The coordinates of the points are such that

(6) b e + a*y? = a®b?
(7) b r% + a’yh = a®b?
(8) b el + a’yi = a®b?

The proof of the lemma is divided in two parts.

Part 1. Suppose AABC is equilateral. It has to be proved that (5) is satisfied. Thus, as it is
supposed,

AB| = |AC|,  |AB|=|BC|,  |BC|=]AC|.

It is enough to show the proof of the first equation of (5) since there are similar arguments that
prove the other two equations. So, the claim is to verify the truth of the first equation of (5).
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It follows from |AB| = |AC]|, (7) and (8) that

(g —xa)*+ (yp —ya)® — (¢ —24)* — (yc —ya)* =0
V(2% —a) + a*(yp —y&) =0

and hence,

(e —zc)(@p +xc —224) + (yB — yo)(yB + Yo — 2ya) =0
V(zp —xc)(xp +2c) + a*(ys — yo)(ys + yc) = 0.

9)

Now, it is necessary to consider the following two cases separately: xp # x¢c and xg = z¢.
Case vp # wc. The first equation of (9) is multiplied by a?(yp + yc), the second equation
of (9) is multiplied by (yg + yc — 2ya). Next, the latter is subtracted from the former equation
to obtain

(zp —zc)(zp + 20 — 2x4)a*(yp + yo) — b (zp — zo)(xB + 20)(yB + Yo — 2ya) =0
and the last one implies the first equation of (5).

Case rp = x¢. In the current case, it follows that yg = —yc and yo # 0 because if the opposite
is true i.e. either yg = yo or yo = 0 then the points B and C coincide which contradicts to the
assumption that A, B and C are three different points. Now, it follows from the first equation
of (9) that (—2yc)(—2ya) = 0 and hence, y4 = 0. Thus, y4 =0, yg = —yc and a simple check
shows that the first equation of (5) is satisfied.

Therefore, the first equation of (5) follows from |AB| = |AC|, (7) and (8).
The other equations of (5) are deduced in a similar way.
So, the proof of Part 1 is over.

Part 2. Suppose the coordinates of the points satisfy (5). It has to be proved that AABC is
equilateral.

Accordingly to the assumption of the lemma, A, B and C' are three different points on £. Hence,
the point O(0,0) does not belong to two sides of the triangle AABC, at least.

So, without loss of generality, let O(0,0) does not belong to AC and BC'. The conclusion AABC
is equilateral is to be drawn from the first and the second equation of (5). It follows |AB| = |AC|
from the first equation of (5) and in a similar way, |AB| = |BC]| follows from the second one.
To end the proof it is enough to show the proof of the former, only. The rest of the proof is
structured in two cases and the second case is branched into two sub-cases.

Case yp+yc # 0. First equation of (5) is multiplied by x5 —z¢ and then (x5 —zc)b* (25 +2¢)
is substituted with —a®(yp — yc)(yB + yc) to obtain
(25 — zc)(ap + 20 — 224)a’(yp +yc) + a*(ys — yo) (s +yc)(yp + yo — 2ya) = 0.

Hence,
(10) (xp —zc)(xp+xc —224) + (Y — yo)(ys + yc — 2ya) = 0.

Case yp + yo = 0. In this case, g = 2¢ and moreover, yo # 0. Now, it follows from (5) that
—bz(2xc)(—2y,4) =0
(11) (za —2c)a®(ya +yc) — V(x4 +xc)(ya +3yc) =0
(za —zc)a®(—yo +ya) — b*(zc + 2a)(ya — 3yc) = 0.
Sub-case xc # 0. Tt follows from (11) that y4 = 0 and hence, (10) is satisfied.
Sub-case xc = 0. Now, g =0, yg = +b, yo = Fb. Moreover, x4 # 0 (it is impossible z4 = 0
since A, B and C are three different points on £). In this sub-case, it follows from (11) that

a*(ya +yc) — b*(ya + 3yc) =0
a*(—yo +ya) — 0*(ya — 3yc) =0

and hence,
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This system has a solution if a®> = 3b2, only. So, here, a®> = 3b? and the solution is y4 = 0.
Therefore, (10) is satisfied.

Thus, in both cases, (10) follows the first equation of (5). Note, that (10) is equivalent to
|AB|? = |AC|?.

In a similar way, |AB|? = |BC|? follows from the second equation of (5).
Therefore, AABC is equilateral. ]
Lemma 3.2. Suppose A(xa,ya), B(xp,yp) and C(xc,yc) are three different points on € and

X,Y, Z are calculated accordingly to (3) and (4). The triangle AABC' is equilateral iff X, Y
and Z satisfy the system

X4+Yxps+Zys =x2ya
(12) X+Yxp+ Zyg = xBYyB
X—I—Yl‘c—‘rZyC =Tcyc-

Proof of Lemma 3.2. The first equation of (5) is equivalent to the first equation of (12). Indeed,
it follows from xp + ¢ = S; — 4, Yy + Yo = Sy — Y4 and he first equation of (5) that
(S —3w4)a*(Sy —ya) = b*(Se —xa)(Sy —3ya) =0
= (a® = b%)S, S, + (=3a® + b*)Syza + (—a® + 3b%)Spya + 3(a® — b*)zaya =0

b? — 3a? 3b? — a?
m&ﬂu + By Szya = TaYa.

1
= — =55 PYIC BT
37 + 32 —a
The last one is exactly the first equation of (12).

The two other equations of (5) are treated in a similar way and details are omitted. O

Remark. The system (12) has unique solution. Indeed, the determinant

I za ya
D=|1 z2p yp |==x2( “area of AABC”) #0,
L zc yo

because it is not possible for three different points on £ to be collinear. Hence, the solution is
given by the Cramer’s rule and it is used bellow in the proof of the theorem.

Remark. Suppose A, B, C are three different points on E\{(—a,0)}. The solution of (12) does
not depend on the permutation of the three points A, B, C. Accordingly to the Cramer’s rule,
each one of X, Y and Z is expressed as a fraction of determinants which, of course, change the
sign when two of points are interchanged. By now, X, Y and Z are expressed with formulas that
include N\, B and x4, ya, B, Y, Tc, yc. All these sixz coordinates are substituted accordingly
to (2). Thus, the numerators and the denominators in the Cramer’s rule are expressed in
terms of ta, tp, tc. Both have the common factor (tg —ta)(tc —ta)(tc — tg). This factor
is mot equal to 0, it cancels out and the remaining polynomials in both, the numerators and the
denominators, are symmetric polynomials. Next, this symmetric polynomials are rewritten in
terms of elementary symmetric polynomials S1y, So¢ and Ss;. As a result, X, Y and Z depend
on Sti¢, So¢ and Ss;. Later, this is transformed to obtain Si; and S3; in terms of So;.

Lemma 3.3. Suppose A, B, C are three different points on €\ {(—a,0)}. and X, Y, Z are
calculated accordingly to (3) and (4). The triangle AABC' is equilateral iff Sit, S2t and Sst
satisfy the system

983, — 7891192453, — 1251,53, + 255, 93¢ — 553,53 + 657, 52531 + 1259 S5

+ 5512tS3t — 983 — SltSSt — 651,55%,5 + SiSQt + 751¢S0: — 25% =0

(13) So21S3tA — 353t A + S1452eA + S1eA — S2453¢ + 283 — S1. =0

3851 — 281 Ssep + SZyp + 28aep — Sty — 3 — 83 — S5, + St +1 =0

(Slt — 5315)2 + (SZt — 1)2 > 0.

Proof of Lemma 3.3. By Lemma 3.2, the system (12) has to be solved and the solution for X,
Y and Z is substituted in (4).
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sys: [X+Y*xA+ZxyA=xAx*yA,
X+Y*xB+Z*yB=xB*yB,
X+Y*xC+Z*yC=xC*yC] $
determinant (submatrix (augcoefmatrix(sys, [X,Y,Z2]1),4));
—2A(yC — yB) + 2ByC — 2CyB + (2C — zB)yA
D:%,tData,factor;
dab(tB—tA)(tC—tA)(tC—tB)
(tA2+1)(tB2+1)(tC2+1)
solve(sys, [X,Y,Z])$
[X,Y,Z],%$
%,tData,ratsimp$
block([n,d,r],r:[],
for s in % do(
contract (num(s), [tA,tB,tC]),
n:elem([3,S1T,S2T,S3T],%%, [tA,tB,tC]),
contract (denom(s), [tA,tB,tC]),
d:elem([3,S1T,S2T,S3T],%%, [tA,tB,tC]),

r:append(r, [factor(n)/factor(d)])), r );
[ —2ab(S2T S3T—S1T)

S3T2—-251T S3T+S52T2—252T+S1T2+1’
—2b(S2T S3T—2S3T+S1T)

S3T2—2S1T S3T+S2T2—252T+S1T2+1"
a(S37T%4+527%—-51T%—1) ]
S3T2—2S1T S3T+S2T2—252T+S1T2+1
so0lXYZ:%$

[-1/3*% (xA+xB+xC) * (yA+yB+yC) , \* (yA+yB+yC) , u* (xA+xB+xC) ] ,tData,ratsimp$
72 (%116)$

%-s01XYZ,ratsimp$

map (’num, %) $

[%[11/(-2%a*b) ,%[2]/(2%b) ,%[3]/(-a)],factor;

/* The result is in the left hand side */

/* of the first three equations of (13). */

It follows from (S1; — S3:)? + (Sar — 1)2 = (tA? + 1)(¢tB? 4+ 1)(tC? + 1) > 0 the inequality
of (13). O

Remark. The equations of (13) are obtained by the corresponding equations of the system
?SISy = (“X from the solution of (12)”)
ASy = (‘Y from the solution of (12)”)
wSy = (“Z from the solution of (12)7).

Lemma 3.4. Suppose A, B, C are three different points on €\ {(—a,0)}. The triangle NABC
is equilateral iff S1¢, Sop and S3; satisfy the system

g2 — _ (S2eA—3A—S2¢+2)2(3S2: A+9X—S2; —9)
1t (2A—1)(6520 A2+ 18X2 — 553, A—27TA—Sor+11)
1-A=\S
(14) Szp = ———=—=22—G,

(A=1)82:+2—3X
2
ISR g < 9A=9

6A2—5X—1 ¢ 3A—1"

Proof of Lemma 3./. By Lema 3.3, the second and the third equations of (13) allow us to
express S1; and S3¢ in terms of Sy;. The results are presented as the first and the second
equations of (14).

If Sy:, S2t and Ss; satisfy (14) then the inequality of (13) is satisfied since S < —g;:? <0

(which implies, in particular, that Sy; — 1 < 0). Next, a simple check verifies the first equation
of (13).

sys2: [%[2],%[311%
In order to obtain the second equation of (14) it is necessary to solve the second equation of (13).

ratcoef (sys2[1],83T); /* see (15). */
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The coefficient of Ss; in the second equation of (13) is
(15) (S2t —3)A — Sop + 2.

It is impossible So; to be such that (15) annihilates. Indeed, if (S3; — 3)A — Sa; + 2 = 0 then
Sop = % and the second equation of (13) implies S1; = 0 and furthermore, from the third
equation of (13), it follows

sys2[2],81T=0,82T=(3*A-2)/ (A\-1)$
%,AuData,factor; /* see the left hand side of (16) */

452,b% + 205 + 7a?b* + 4a*b? + 3aS

204 (b2 — a2) =0

(16)

which is impossible.

So, (15) is not zero and it is possible to solve the second equation of (13) with respect to St

solve(sys2[1],S3T),factor;
/* The result is the second equation of (14). */

It is important to note that Soy — 1 # 0. Indeed, if So; — 1 = 0 then it follows by the second
equation of (14) that S3; = S1; which is impossible because of the inequality of (13).

sys2[2],%,pu=4/3-\,ratsimp$
factor (num(%))$
VEq:v=factor (%/(-(S2T-1))); /* see (17). */

Thus, it follows from the third equation of (13), the second equation of (14) and = 3 — A that
(Sot — 1)y =0
where
(17) v =3853,2% —9SZ N3 +128%,85, A3 — 2755, A3 + 3657, A% 4 81\% — 795, )\2
4+ 95202 — 165%,S5: 0% + 9955, 0% — 7252,0% — 189A% + 555, X 4 5SZ\ + 352,55\
— 10280\ + 4952\ + 144\ — S5, — 552, + 52,85, + 3285, — 1152, — 36.
Therefore, in order to obtain the first equation of (14), it is necessary to solve v = 0 for S%,.

The equation v = 0 is in fact an equation of the form pS%, + o = 0 where the coefficients p and
o does not contain Sy;.

p=factor(ratcoeff (v,S1T,2)) ,VvEq; /* see (18). */
Hence, the coefficient
(18) p=(2X — 1)(6S2: A% + 18A\% — 5So A — 27T\ — Sy + 11).
It is impossible that p = 0. Indeed, otherwise,

solve(p,S2T),%$
VEQ,%h$
v,%h,factor; /* The result is the left hand side of (19). */

324(2) — 1)*(6)\ — 5)
(A—1)(6A+1)3

(19) =0,

which is impossible.
Thus, p # 0.
Hence, S%, = — ¢ which is the first equation of (14).
solve(r,S1T"2) ,vEq,factor;
/* The result is the first equation of (14). */
Now, the inequality of (14) follows from S%, > 0.

The first equation of (13) is satisfied
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%022[1] ,%027,factor$
%,%035,factor;
0

Lemma 3.5. Suppose the complex numbers t1, to and t3 are the roots of the equation
3 — S1t? + Sot — S3 =0

where Sy, Sa and S are real numbers. Let us denote by X\ the fraction 3’22;_322), where a and b
are real numbers such that a > b > 0. If
2 (S2A=3A=5542)(352249A—55—9)
1 (2A—1)(652A2+187\2 —555 A—27A—So+11)
_ _1-A=ASs
(20) S5 (A—1)S2+2-3A

27 —
ERLINE TP CS TRy hE
6A2—5A—1 3A—1

then t1, to and t3 are three different real numbers.

Proof of Lemma 3.5. Accordingly to the properties of roots of cubic equations, the discriminant
A = (ty = ta)*(ta — t3)*(t5 — t1)?

is positive iff the three roots t1, t2 and t3 are three different real numbers. So, it it enough to
prove that A > 0.

(£1-t2) "2%(t1-t3) "2*(t2-t3) "2, expand$

A:expand(elem([3,51,S82,83],contract (%, [t1,t2,t3]),
[t1,t2,t3]1))8

[%027,%035], [S1T=S1,52T=82,S3T=S3]$

ratvars()\,S3,582,81)$

A,%th(2) ,ratsimp$

%, [hth(3),%th(3)"2] ,factor; /* see (21). */

(Sy — 1)2(A — 1)(3X — 1)(S3A + 652X + 9\ — 53 + 25, — 9)?

21 A=
(21) (2X — 1)2(655A% + 18AZ — 5So A — 27T\ — S5 + 11)2

If follows by the inequalities of (20) that

° Sg#lsinceo>—g§—:?252,
e 65522 + 18)\2 — 555X — 27\ — S5 + 11 > 0 because of
1802 — 27\ + 11 B 1802 — 27X + 11

Z_mA—1 O —Dlrr1) O

Claim.
SN+ 680X + 9\ — 52 428, —9 = (A —1)S2 + (6A+2)Sy + (9 —9) # 0.
In fact, the left hand side has a negative value.
In order to prove this assertion, it is necessary to estimate the values of the quadratic function
F(s)=(A—=1)s*+ (6A+2)s+ (9A —9)

. de 2_ def _
when s is such that s, 2/ —18X=2D+11 o <o e/ 929

6A2 -5 —1 3A—1
[s1,82] : [-(18*%A"2-27*\+11) /(6% \"2-5*x\-1),-(9%A-9) /(3*A-1)]$

map (lambda([s],factor ((A-1)*s"2+(6%x\+2) *s+(9%x\-9))), [s1,s2]);
[ —108(22—1)3 7108(A71)(2>\71)}
(A=1) (6A+1)2’ (3A—1)2

So, the quadratic coefficient of F'(s) is A —1 > 0 and

o F(s) = Z108(2A-1)*
(A—1)(61+1)2
o Flsp) = S <0,

)
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Hence, both s; and s9 are placed between the two roots of the equation F'(t) = 0. Therefore, s
is placed between these roots, too.

Consequently, F'(s) < 0 and Claim is proved.
Hence, A > 0. O

Lemma 3.6. Suppose A(x(ta),y(ta)), B(x(tp),y(ts)) and C(x(ta),y(ta)) are three different
points on E\{(—a,0)}. If the triangle NABC is equilateral then its centroid G(zq, ya) is such
that

Sot A+3A—2
TG = _a(Sat A+ )’
Sor—1
_ S1b(6S2: A2 41822 =552, A—27A— S, +11)

3(5%—1)(52‘)—3)\—52‘—&-2)

(22)

Ya

Proof of Lemma 3.6.

[xG=(xA+xB+xC) /3, yG=(yA+yB+yC) /3] ,tData,ratsimp$

2 (%hi16)$

%, %027 ,factor$

%,%o035,factor; /*see the right hand side of z¢ and yg in (22).*/

O

Lemma 3.7. Suppose A, B and C are three different points on E. If the triangle NABC is
equilateral then its centroid G belongs to .

Proof of Lemma 3.7. As it is pointed out earlier, see Claim 1, a simple check shows that the
triangle AA;B;C1 is equilateral and has its centroid on &;.

So, let A(x(ta),y(ta)), B(z(tg),y(tp)) and C(x(ta),y(ta)) be three different points on & \
{(—a,0)} such that the triangle AABC is equilateral. Let the point G(zg,ya) be the centroid
of the triangle AABC. By Lemma 3.6, z¢ and yg are expressed in terms of Sy, So; and Ss; in
the system (22). Note that Sy, So; and Ss; satisfy the system (14), by Lemma 3.4.

Claim. There are a unique pair of o and 3 such that a > 8 > 0 and %22 + o?y% — a?%2 =0
for all Sy; which satisfy the inequality of (14). The pair is (1).

Indeed,

B72xxG" 2+ " 2%yG"2-a" 2% 372, [xG=Y,[1] ,yG=%[2]] ,ratsimp$

%, %027 ,ratsimp$

num (%) $

%, [%035,%03572] ,factor$

num(%) $

part(%,2)$

makelist (coeff (%,S2T,i),i,2,0,-1)$

%y 2=u, 3" 2=v$

solve (%, [u,v])$

%[11, [u=a"2,v=4"2],\uData,factor; /* see (23). */
(23) o a?(a? — b2)2’ ) b2(a® — b2)?

(30% + a?)? (b2 + 3a?)?

Thus, the assertion of the claim is proved. O

Lemma 3.8. Suppose a and [ are real numbers. If « > 3 > 0, then there exists a unique pair of
2
real numbers a and b that comply with (1). Moreover, a > b > 0 and the ellipse £ : 2—2 + ?;—2 =1

is such that every equilateral triangle NABC with vertices three different points on £ has its
centroid on &;.

Proof of Lemma 5.8. The pair of a and b is the solution of the system (1). In order to solve this
system, first it is necessary to express b in terms of a, «, 5.
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solve(a*(3*b"2+a”"2) -a*x(a"2-b"2),b"2)$
num(ratsimp (ev(f*(b"2+3%a"2) -b*(a"2-b"2) ,%)))

solve(%,b);
[b — (204—‘,—0‘)5}

Next, b is substituted in the second equation of the system (1).

ratvars(«a,(,a)$
(ax(3*b"2+a"2) -a*x(a"2-b"2) ) *a"2,%th(2) ,ratsimp;
a?(7aB? + o) + a®(B% — a?) + 120282 + 16aa? 32

So, a is a solution of the equation f(t) = 0, where
f(t) =t3(B* — a®) + t3(Tap?® + o) + 16ta?B? + 12352,
t € (—o0;+00).
Claim. The discriminant of f(t) = 0 is negative.
Indeed,
fa):="2(W)$
[c3,c2,c1,c0] :makelist (coeff(f(a),a,i),i,3,0,-1)$
-27*%c0"2%c372+18*cO*cl*kc2*c3-4*cl1™3*c3-4*c0*c2"3+c1"2*c272,factor;
/* see (24). */
So, the discriminant is
(24) —16a°3%(38* + 5060%8% + 3at)
and it is negative, of course. Thus, Claim is proved.

Therefore, the equation f(¢) = 0 has a unique real root. Let us denote this root by a. Moreover,
a > 0 since the cubic coefficient 3% —a? < 0 and the free term 16aa?3? > 0 have different signs.

Hence, a and b = M (note, b > 0) is the only real solution of (1).
Furthermore,
2a8
25 0.
(25) a > a_3 >
Indeed,

f(t)*c3,t=2%xax*[/(a-F) ,factor; /* see the left hand side of (26). */

203 16a°3%(B + «
20 F(2) oty = T
So, f(%)(BQ —a?) <0, i.e. the cubic coefficient 3% — a? and the value f(%) have different

signs and hence, there is a real root of f(¢) = 0 (which is a since it is the only real root) that is
greater that Q‘iﬁﬁ Thus, (25) is verified.

e

Now, a > b follows from (25)—it is obvious and we omit the details. In order to end the proof,
note that the remaining assertions of the lemma follow from Lemma 3.7. O

Lemma 3.9. Suppose a and 8 are real numbers such that o > 3 > 0. Let a and b be the pair
2 2

of real numbers that comply with (1) and & : i—z + % =1,&: Zé + Zj = 1. Then, for every

point G € & there exist three different points A, B and C on & such that triangle NABC is

equilateral and its centroid is G.

Proof of Lemma 3.9. The pair a and b is well defined as it is proved in Lemma 3.8.
If G(«,0) then the points are Ay, By and Cy as it is calculated in Claim 1.
If G(—«,0) then the points are Ay, By and C; as it is calculated in Claim 1.
Now, let G(zg,ya) € & \ {(o,0), (—a,0)}. Note, a? > 2% and yg # 0. Let
3a\ — g — 2a

2 =
(27) 52 a\ + xg

)
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(the denominator aX + zg > 0 since a > a, A > 1, zg > —a).

Claim. S, satisfies the inequalities of (20). Indeed,
(S2-s51)*(82-82) ,82=- (3*a*\-xG-2*a) / (ax\+xG) ,factor$
%,AuData,factor$

%/ (a"2-xG"2) ,a=(a*x(a"2-b"2))/(3*xb"2+a"2) ,factor;
/* see the right hand side of (28). */

(SQ — 81)(52 — 52) _ 9((12 — b2)2(b2 + 3&2)(3b2 + CLQ)2
2 — a2, ~ a2b%(Ta? — 3b2)(—3b22G + 3a2zG — ab? + 3a3)2’
So, (S2 — $1)(S2 — s2) < 0 and Claim is proved.

(28) .

Sp and S5 are calculated accordingly to (20). The sign of S has to be chosen to be the same as
the sign of y¢g.

By Lemma 3.5, the roots of
t3751t2+52t*53:0
are three different real numbers. Let name them t4, tg, tc.

By Lemma 3.4, A(z(ta),y(ta)), B(z(tp),y(ts)) and C(z(ta),y(ta)) are three different points
on & and the triangle AABC' is equilateral.

By Lemma 3.6, the abscissa of the centroid G’ of AABC is z¢.
G’ is a point on &, by Lemma 3.7. Its second coordinate has same the sign as Sy, by (22).

Hence, G’ = G and the proof is over. O

Theorem 2.1 follows from Lemmas 3.7, 3.8, 3.9.
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