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1. INTRODUCTION

There is a famous theorem in the classical geometry which is the Simson-Wallace
one: Given a triangle ABC and a point P lying on the circumcircle of this triangle,
then three projections from P into BC,C A and AB are collinear, respectively. [1].
Furthermore, the properties of the Simson-Wallace line can be found in [2], [3],
[4], [5] and other documents. In 2014, Dao Thanh Oai who is a Vietnamese
engineering stated a nice generalization of the Simson-Wallace line at [0] and it is
proved in [7], [8] and [9]. The Dao’s theorem is stated as follows:

Theorem 1.1. ([6]). Given a triangle ABC, P is a point lying on the circumcircle
(O) and H is the orthocenter of this triangle. Line { passing through the center of
the circumcircle O meets AP, BP,C'P at Ap, Bp,Cp, respectively. Let Agy, By, Cy
be the projections from Ap, Bp,Cp into BC,CA, AB, respectively. Then three
points Ap, Bp,Cp are collinear, and line Ap BpC'p passes through the midpoint of
PH.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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In this paper, we will define that dp/, apc := ApBpCp is the Dao’s line of point
P with respect to the line ¢ and triangle ABC, and P is the anti-Dao point of
dp/e,apc With respect to £ and triangle ABC'. By this way, then dp/op apc is the
Simson-Wallace line of P with respect to triangle ABC.

We will introduce an another proof of the theorem 1 in the next.

2. AN ANOTHER PROOF OF THE THEOREM 1

Lemma 2.1. Given a triangle ABC' and line { passing through the circumcenter
O of this triangle. Let My, Mg, M¢ be the midpoints of sides BC,CA, AB; and let
MANa, MpNp, McNe be the chords of the circumcircle (E) of triangle MaMpMc
that are parallel to ¢ (can be coincident with {). Then the lines passing through N 4
and perpendicular to BC, passing through Ng and perpendicular to C'A, passing
through N¢ and perpendicular to AB meet at a point (Denote by N) lying on (E).
Furthermore, N is the orthopole of { with respect to triangle ABC.

Proof. Let G, H be the centroid and orthocenter of triangle ABC; NsN is the
chord of (F) such that NoN L BC; M is the midpoint of AH; and K, is the
point of intersection of NoN and ¢ (see figure 1).

Figure 1.

Using the orientated angle between two lines with the note that M4 N4 is parallel
to or coincident with MgNp , McMp || CB, McM, | CA and NNy L BC, we
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have

(NNB,OA> = (NNB,NNA) + (NNA,CB) + (CB,CA)
T
= (MaNp, MaNy) + 5 + (McMp, McMa)

v
= (NgMy, NgMp) + 5 + (McMp, McMy)

T
= (McMa, McMp) + 5 + (McMp, McMa)

g (mod ).

If follows NNy L CA.
Similarly, NNo L AB.
We show that N is the orthopole of ¢ with respect to triangle ABC' in the next.

Indeed, since OM, || AH(L BC'), the Thales’s theorem and the properties of

—
Euler line, we have %“ = §=§ = —%. From that, it follows ﬁ = 20My.

Since M is the midpoint of AH and note that OM, is parallel to or coirﬂen‘c
with KaNa, OK4 is pﬂel t%coincident with M N4. It follows AM =
OM4 = KsNy. Hence AK4 = MNy.

On the other hand, since M M, is the diameter of (F), MN4 L MsN4. Since
MaN 4 is parallel to or coincident with ¢. It follows AK 4 L /.

This thing means that /V lies on the line perpendicular to BC' and passing through
the projection from A into .

Similarly, N also lies on the line perpendicular to C'A and passing through the
projection from B into ¢. Hence N is the orthopole of ¢ with respect to triangle
ABC.

Lemma 2 is proved.

Proof of theorem 1. Let My, M, K, be the midpoints of BC,HA, HP, AP,
respectively; (F) is the Euler circle of triangle ABC; N is the orthopole of ¢ with
respect with triangle ABC'; M 4N 4 is the chord of (E) such that M4 N, is parallel
to or coincident with ¢; R is the point of intersection of MK and MsN4 (See
figure 2).

We have QK = A2 — OM. It follows OQ = MK . Combining with OQ L AP
and MK is parallel to or coincident with AP, we follows MK | MK. Since
MM, is the diameter of (F), K belongs to (F).

We easily see that two triangles OQAp and M 4K R such that their pairs of sides
are parallel or coincident each other so there exits either a homothix> or a trans-
lation that transforms O, @, Ap into Ma, K, R. Note that OM, = QK. It follows

OMj = QK = ApR. Thus, ApR L BC 1 ApA,. This thing proves that A,
belongs to ApR.

From that ZRAM, = ZRKM, = 7. It follows that four points Ay, K, R, M4
are concyclic.

On the other hand, since the lemma 2, NyN 1 BC so M H, is parallel to or
coincident with NN 4.
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Hence,

It follows that K Ag and KN are coincident. The corollary is that Ay belongs to
KN.

Similarly, we have By and C} belonging to K'N.
Hence, four points Ag, By, Cy and K are collinear. This means that theorem 1 is

proved.

Remark. Line dp;, apc passes through the orthopole of line ¢ with respect to
triangle ABC'.

3. Two CONVERSES OF THEOREM 1 AND THEIR PROOFS

Theorem 3.1. ([10]). Given a triangle ABC, P is a point lying on the circumcir-
cle (O) and H 1is the orthocenter of this triangle. Line d passing through the mid-
point of PH meets BC,C'A, AB at Aq, By, Cy, respectively. Line passing through
Ao perpendicular to BC meets PA at Ap, line passing through By perpendicular
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to CA meets PB at Bp, and line passing through Cy perpendicular to AB meets
PC at Cp. Then Ap, Bp,Cp and the circumcenter O are collinear.

Proof. Let (FE) be the Euler circle of triangle ABC; let Ma, My, Mo be the
midpoints of sides BC,CA, AB; NN, NNg, NN¢ are the chords of (F) that are
perpendicular to BC,CA, AB, respectively. Let K be the midpoint of HP (see
figure 3).

o
Since E, K are the midpoints of HO, H P, respectively, FK = ?. This thing
proves that K belongs to the circle (E). Suppose that d meets (F) at K and N
(N can be coincident with K in the case that d is tangent with (£)).
Let M be the midpoint of AH; R is the point of intersection of MK and M4Ny,
H 4 is the projection from A into BC.

A
‘«“\\W

|
NS =,

We have

It follows that four points Ag, K, M4, R are concyclic. Note that MM, is the
diameter of (E) so ZRKMy = 7. Hence ZRAgM, = 7. This thing proves that
Ap belongs ApR, and ApR is parallel to or coincident with AH. Since MK is

Cp
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parallel to or coincident with AAp, it follows that Ap}% = AJ\/} = OMy. From
that OAp = My ﬁ, it follows that OAp are parallel to or coincident with M4 Ny4.

Similarly, we also have that OBp is parallel to or coincident with MgNg and OCp
is parallel to or coincident with M Ne.

Since the lemma 2, we easily see that pairs of MaN4, MgNg, McNg are parallel or
coincident each other. From that, it follows that OAp, OBp, OCp are coincident
or four points Ap, Bp,Cp and O are collinear.

Theorem 4 is proved.

Remark. Theorem 4 gives us the way of definition of £ when we know Dao line
and its anti-Dao point.

Theorem 3.2. Given a triangle ABC inscribed in a circle (O). A line { passes
through the circumcenter O. Line d passing through the orthopole of line ¢ with
respect to triangle ABC' and meets BC,C A, AB at Ay, By, Cy, respectively. Lines
passing through Ag perpendicular to BC, passing through By perpendicular to C'A
and passing through Cy perpendicular to AB meet £ at A, B" and C", respectively.
Then lines A’A, B'B and C'C meet at a point lying on the circle (O).

Proof. (see figure 4). Let N be the orthopole of ¢ with respect to triangle ABC
(E) is the Euler circle of triangle ABC'. By the lemma 2, N belongs to the circle
Let H be the orthocenter of triangle ABC; d meets (E) at N and K P_is_)the
symmetric point of H under a symmetry about center K. Since ﬁ =2FK, it
follows that P belongs (O).

N
e~

I
‘ «

N
v“'l,l‘

b

B/
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Let M, M4 be the midpoints of AH, BC, respectively then M M, is the diameter
of (F). Construct the chord MyN,4 of (E) such that M4N, is parallel to or
coincident with ¢; M4N4 meets MK at R; and H, is the projection from A into
BC. We have

(MaR, MAo) =

= (KR, KAy) (modm).

Thus, four points Ay, K, M4, R is concyclic. Since MoK 1 RK, RAqg L MjsAq =
BC. Tt follows that three points A’, Ay, R are collinear and A’R is parallel or
coincident with OMy. We also have that OA'’ is parallel to or coincident with

MaR so A'R = OM —_A_}M It follows AA’ ‘ﬁ Because MR = MK and
MK = ?, two vectors AA" and ﬁ are parallel. Thus, three points A, A, P are
collinear or AA’ passes through P.

Similarly, BB" and C'C’ also pass through P.

Hence, theorem 6 is proved.

Remark. Theorem 6 gives us the way of the definition of anti-Dao point when
we know Dao line and (.
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