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1. Introduction
In accordance with Leversha [6] the internal center of similitude of the circumcircle
of the Kosnita and tangential triangles is a significant triangle point. We call this
point the Leversha point. Note that at present time the Leversha point is not
included in the Kimberling’s ETC [5], the 11188 points edition of 2016. In this
note we find the barycentric coordinates and new properties of the Leversha point.
Figures 1 and 2 illustrate the Leversha point. In figures 1 and 2, ABC is the
reference triangle, OaObOc is the Kosnita triangle, c1 is the circumcircle of the
Kosnita triangle, K is the circumcenter of the Kosnita triangle, TA TB TC is the
tangential triangle, c2 is the circumcircle of the tangential triangle, T is the circumcenter of the tangential triangle, and P is the internal center of similitude of
circles c1 and c2 .
We use barycentric coordinates. We refer the reader to [11], [1], [5], [2], [3], [4],
[7], [8], [9], [10].
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Figure 1.

Figure 2.
2. Kosnita Triangle
Here we calculate the barycentric coordinates of the Kosnita triangle. The reader
may find the definition of the Kosnita triangle e.g. in [6].
Theorem 2.1. The barycentric coordinates of the Kosnita triangle OaObOc are
as follows:
Oa = (a2 (a4 + b4 + c4 − 2a2 b2 − 2a2 c2 ),
−b2 (a4 + b4 − 2a2 b2 − a2 c2 − b2 c2 ),
−c2 (a4 + c4 − 2a2 c2 − a2 b2 − b2 c2 )).
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Ob = (a2 (a4 + b4 − 2a2 b2 − a2 c2 − b2 c2 ),
−b2 (a4 + b4 + c4 − 2a2 b2 − 2b2 c2 ),
c2 (b4 + c4 − 2b2 c2 − a2 b2 − a2 c2 )).
Oc = (a2 (a4 + c4 − 2a2 c2 − a2 b2 − b2 c2 ),
b2 (b4 + c4 − 2b2 c2 − a2 b2 − a2 c2 ),
−c2 (a4 + b4 + c4 − 2a2 c2 − 2b2 c2 )).
Proof. The Kosnita triangle OaObOc and the tangential triangle T aT bT c are homothetic with center of homothety the circuncenter of triangle ABC and ratio
2 (see e.g Laversha [6], Theorem 12.14). Hence, we can calculate the vertices
Oa, Ob and Oc as midpoints of segments OT a, OT b and OT c, by using the midpoint formula (14), [2]. The barycentric coordinate of the Circumcenter O and the
Tangential triangle T aT bT c are given in [11], pages 26 and 54, respectively. Another way is we to use the formula for homothety (17), [2], or to use the definition
of the Kosnita triangle.

3. Leversha Point
Theorem 3.1. The barycentric coordinates of the Leversha Point P = (uP, bP, cP )
are as follows:
uP = a2 (3a8 − 6a6 b2 − 6a6 c2 + 4b2 c2 a4 − 2a2 b2 c4 − 2a2 b4 c2 + 6a2 b6 + 6a2 c6
−3c8 − 2b4 c4 − 3b8 + 4b6 c2 + 4b2 c6 ),
vP = b2 (3b8 − 6b6 c2 − 6a2 b6 + 4a2 b4 c2 − 2b2 c2 a4 − 2a2 b2 c4 + 6b2 c6 + 6a6 b2
−3a8 − 2c4 a4 − 3c8 + 4a2 c6 + 4a6 c2 ),
wP = c2 (3c8 − 6a2 c6 − 6b2 c6 + 4a2 b2 c4 − 2a2 b4 c2 − 2b2 c2 a4 + 6a6 c2 + 6b6 c2
−3b8 − 2a4 b4 − 3a8 + 4a6 b2 + 4a2 b6 ).
Proof. We use use the definition of the Leversha point and the barycentric coordinates of Kosnita triangle, given in Theorem 2.1.

The text two theorems and give alternative ways for finding the barycentric coordinates of the Leversha point. In order to find the barycentric coordinates of the
Leversha point, we have to use the homothety formula (17), [2] in Theorem 3.2
and the internal division formula (12), [2] in Theorem 3.3.
Theorem 3.2. The Leversha Point is the Image of the Center of the Tangential
Circle under the Homothety with Center at the Circumcenter and Ratio 2:3.
Theorem 3.3. The Leversha Point is the Point Dividing Internally the Directed
Segment from the Circumcenter to the Circumcenter of the Tangential Triangle in
the Ratio of 2:1.
Theorem 3.4. The Laversha Point lies on the Image of the Brocard Circle under
the Homothety with Center the Center of the Tangential Circle and Ratio 1:3.
Theorem 3.5. The Laversha Point lies on the Image of the Lester Circle under
the Homothety with Center the Center of the Tangential Circle and Ratio 1:3.
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Figure 3.

Figure 4.
Figure 3 illustrates Theorem 3.4. In figure 3, T is the center of Tangential circle, c1
is the Brocard circle, M is the center of the Brocard circle, O is the circumcenter
of triangle ABC, c2 is the image of the Brocard circle under homothety with
center T and ratio 1:3, N is the center of circle c1 , and L is the Leversha point.
Point L lies on circle c2 .
Figure 4 illustrates Theorem 3.5. In figure 4, T is the center of Tangential circle,
c1 is the Lester circle, M is the center of the Lester circle, O is the circumcenter
of triangle ABC, c2 is the image of the Lester circle under homothety with center
T and ratio 1:3, N is the center of circle c1 , and L is the Leversha point. Point L
lies on circle c2 .
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We recommend the reader to generalize theorems 3.4 and 3.5 to the case where
the circumcenter O lies on an arbitrary circle.
References
[1] P. Douillet, Translation of the Kimberling’s Glossary into barycentrics, 2012, v48, http:
//www.douillet.info/~douillet/triangle/glossary/glossary.pdf or http://www.
ddekov.eu/e2/htm/links/Douillet.pdf.
[2] S. Grozdev and D. Dekov, Barycentric Coordinates: Formula Sheet, International Journal
of Computer Discovered Mathematics, vol.1, 2016, no 2, 75-82. http://www.journal-1.
eu/2016-2/Grozdev-Dekov-Barycentric-Coordinates-pp.75-82.pdf.
[3] S. Grozdev and V. Nenkov, Three Remarkable Points on the Medians of a Triangle (Bulgarian), Sofia, Archimedes, 2012.
[4] S. Grozdev and V. Nenkov, On the Orthocenter in the Plane and in the Space (Bulgarian),
Sofia, Archimedes, 2012.
[5] C. Kimberling, Encyclopedia of Triangle Centers - ETC, http://faculty.evansville.
edu/ck6/encyclopedia/ETC.html.
[6] Gerry Leversha, The Geometry of the Triangle, The United Kingdom Mathematical Trust,
The Pathways Series no.2, 2013.
[7] G. Paskalev and I. Tchobanov, Remarkable Points in the Triangle (in Bulgarian), Sofa,
Narodna Prosveta, 1985.
[8] G. Paskalev, With coordinates in Geometry (in Bulgarian), Sofia, Modul-96, 2000.
[9] E. Weisstein, MathWorld - A Wolfram Web Resource, http://mathworld.wolfram.com/.
[10] Wikipedia, https://en.wikipedia.org/wiki/.
[11] P. Yiu, Introduction to the Geometry of the Triangle, 2013, http://math.fau.edu/Yiu/
YIUIntroductionToTriangleGeometry130411.pdf.

