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1. INTRODUCTION

Let P be an arbitrary point in the plane of triangle ABC. Denote by PaPbPc
the Anticevian triangle of point P. Let Ma be the midpoint of segment APa
and define Mb and Mc similarly. We call triangle MaMbM c the Half-Anticevian
Triangle of Point P.

Figure [I] illustrates the definition. In figure[I] P is an arbitrary point, PaPbPc is
the Anticevian triangle, and MaMbMc is the Half-Anticevian Triangle of P.

Note that the Half-Anticevian Triangle of the Centroid is the Medial Triangle.

We encourage the students, teachers and researchers to investigate the Half-
Anticevian triangles of other notable points, e.g. the Circumcenter, Orthocen-
ter, Nine-Point Center and Symmedian Point, and to publish the results in our
journal.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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FIGURE 1.

Also, we encourage the readers to solve the problems posed in this paper and to
publish the solutions in our journal.

We use the computer program "Discoverer”, created by the authors.
We use barycentric coordinates. See [I]-[17].

Sometimes the barycentric coordinates of a point of the form (f(a, b, ¢), f(b, ¢, a), f(c,a,b))
are shortened to [f(a,b, c)].

The area of the reference triangle ABC' is denoted by A.
The Kimberling points [§] are denoted by X (n).

2. HALF-ANTICEVIAN TRIANGLES OF POINT P

Theorem 2.1. The barycentric coordinates of the Half-Anticevian triangle MaMbM c
of a point P = (u,v,w) are as follows:
(1) Ma = (—2u+v+w,v,w), Mb= (u,u—2v+w,w), Mc= (u,v,u+v—2w).
Proof. The vertices of the Anticevian triangle PaPbOc of a point P(u,v,w) has
the following barycentric coordinates:

Pa = (—u,v,w), Pb= (u,—v,w), Pc= (u,v,—w).

By using formula (14),[5] we find the midpoint Ma of segment APa as follows:
Ma = (—2u+ v+ w,v,w). Similarly, we find the midpoints of segments BPb and

CPc as follows: Mb = (u,u —2v 4+ w,w) and Mc = (u,v,u+ v — 2w). O
Theorem 2.2. The area of the Half-Anticevian triangle of point P is
A
p -,
(2) area = -

Proof. We use the area formula (2), [5]. O
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FIGURE 2.

3. SPECIAL CASE: P = INCENTER

3.1. Barycentric Coordinates. In this section we denote by MaMbMc the
Half-Anticevian triangle of the Incenter.

Theorem 3.1. The barycentric coordinates of the Half-Anticevian triangle of the
Incenter are as follows:

(3) Ma=(-2a+b+cb,c), Mb=(a,a—2b+c,c), Mc=(a,bya+b—2c).
Proof. See[l] O

Theorem 3.2. The side lengths of the Half-Anticevian triangle of the Incenter
are as follows:

Vvab—a-+c)(20? + ab — 4bc — a® + ac + 2¢2)
2¢y/(a—b+c)(a+b—c)
Vb(a—b+c)(—b + ab+ be + 2a2 — dac + 2¢2)

2y/(b—c+a)(b—a+c)
Vel(a+b—c)(2? + be — dab + 2a2 + ac — )
2¢y/(b—a+c)(a+b—c) '
Proof. We use the distance formula (9), [5]. d

4)  a; = MbMec=

Y

(5) br=McMa=

)

(6) cr = MaMb =

3.2. Homothetic Triangles. We present triangles homothetic with the Half-
Anticevian triangle of the Incenter.

Theorem 3.3. The Half-Anticevian triangle of the Incenter and the Triangle of
the Orthocenters of the Triangulation Triangles of the Incenter are homothetic.
The Center of Homothety is the Centroid of triangle ABC' and the ratio of the
homothety is -2.

Figure [2] illustrates Theorem [3.3] In fugure [2]
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e MaMbMec is the Half-Anticevian triangle of the Incenter,

e [ is the Incenter,

e Xa is the Orthocenter of triangle I BC',

e Xb is the Orthocenter of triangle IC'A,

e Xc is the Orthocenter of triangle I AB,

e XaXbXcisthe Triangle of the Orthocenters of the Triangulation Triangles
of the Incenter, and

e (5 is the Centroid.

Then G is the homothetic center of triangles MaMbMc and XaXbXc.
Proof. We leave to the reader the proof that the triangles are homothetic. We

will calculate the ratio of the homothety. By using the distance formula (9),[5],
we find the side lengths of triangle I BC' as follows:

(7) ar = BC = a,
ab(a +b—c)
8 by=CIl =\ ————=
(8) ! atb+c ’
ac(a — b+ c)
9 =I[IB=4{——F—.
(9) x a+b+c

By using the above side lengths, we find the barycentric coordinates of the or-
thocenter Xa of triangle I BC' wrt triangle /BC. Then by using the change of
coordinates formula (10),[5], we obtain the barycentric coordinates of point Xa
wrt triangle ABC' as follows:

Xa=(—a,a—ca—Db).

Now, by using the distance formula (9),[5] we calculate the distances GMa and
G Xa and then the ratio of homothety k as follows:

VR

GMa = ————,
¢ 6vb+c—a
GXa:_—\/ﬁ

3Vb+c—a’

where
R = 4a® + 2a*c + 2a*b — 8c%a — 8b%a + 9bca — b*c + 26 — be? + 262,

so that ax
— a
k= = —2.
GMa

g

Theorem 3.4. The Half-Anticevian triangle of the Incenter and the Pedal Trian-
gle of the External Center of Similitude of the Incircle and the Circumcircle are
homothetic. The Center of homothety is the point X(3911).

Problem 3.1. Find the ratio of the homothety in the previous theorem.

Figure [3 illustrates Theorem [(3.4] In figure 3] MaMbMec is the Half-Anticevian
triangle of the Incenter, Se is the External Similitude Center of Circumcircle
and Incircle, and XaXbXc is the Pedal triangle of point Se. The Center of the
homothety X (3911) is not in the figure.
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FIGURE 4.

Theorem 3.5. The Half-Anticevian triangle of the Incenter and the Triangle of
the de Longchamps Points of the Anticevian Corner Triangles of the Incenter are
homothetic. The Center of the homothety is the X(8) Nagel point.

Problem 3.2. Find the ratio of the homothety in the previous theorem.
Figure [ illustrates Theorem [3.5 In figure [

e [ is the Incenter,

e JaJbJc is the Anticevian triangle of I, that is, the Excentral triangle,
e MaMbMc is the Half-Anticevian triangle of the Incenter,

e Xa is the de Longchamps point of triangle AJbJc,

e XD is the de Longchamps point of triangle BJcJa,
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FIGURE 5.

e Xc is the de Longchamps point of triangle C'Ja.Jb, and
e XaXbXc is the Triangle of the de Longchamps Points of the Anticevian
Corner Triangles of the Incenter.

Then triangles MaMbMc and XaXbXc are homothetic and the Center of the
homothety is the X(8) Nagel point.

Theorem 3.6. The Half-Anticevian triangle of the Incenter and Triangle of the
External Centers of Similitude of the Incircle and the Circumcircle of the Cevian
Corner Triangles of the Orthocenter are homothetic.

Problem 3.3. Find the center and ratio of homothety in Theorem [3.6.

Figure [f] illustrates Theorem [3.6] In figure [5]

e MaMbMc is the Half-Anticevian triangle of the Incenter,

e HaHbHc is the Cevian triangle of the Orthocenter, that is, the Orthic
triangle,

e Xa is the External Center of Similitude of the Incircle and Circumcircle
of triangle AHbHc,

e Xb is the External Center of Similitude of the Incircle and Circumcircle
of triangle BHcHa,

e Xc is the External Center of Similitude of the Incircle and Circumcircle
of triangle CHaHb, and

e XaXbXc is the Triangle of the External Centers of Similitude of the Incir-
cle and the Circumcircle of the Cevian Corner Triangles of the Orthocenter.

Then triangles MaMbMc and XaXbXc are homothetic.

Theorem 3.7. The Half-Anticevian triangle of the Incenter and the Antipedal
Triangle of the Nagel Point are homothetic.

Problem 3.4. Find the center and ratio of homothety in Theorem[3.7.

Figure [6] illustrates Theorem [3.7] In figure [6]
e MaMbMc is the Half-Anticevian triangle of the Incenter,
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e XaXbXc is the Antipedal Triangle of the Nagel Point, and
e X is the Center of the homothety of triangles MaMbMb and XaXbXec.

Xb

FIGURE 6.

Theorem 3.8. The Half-Anticevian triangle of the Incenter and the Triangle of
Reflections of the External Center of Similitude of the Incircle and the Circum-
circle in the Sidelines of Triangle ABC are homothetic.

Problem 3.5. Find the center and ratio of homothety in Theorem [3.8

Figure [7] illustrates Theorem [3.8 In figure [7]

e MaMbMc is the Half-Anticevian triangle of the Incenter,

e Seis the External Center of Similitude of the Incircle and the Circumcircle,

e Xa is the Reflection of Se in the sideline BC,

e Xb is the Reflection of Se in the sideline C'A,

e Xc is the Reflection of Se in the sideline AB,

e XaX0bXcisthe Triangle of Reflections of the External Center of Similitude
of the Incircle and the Circumcircle in the Sidelines of Triangle ABC, and

e X is the Center of the homothety of triangles MaMbMb and XaXbXec.

Then triangles MaMbMc and XaXbXc are homothetic.

Theorem 3.9. The Half-Anticevian triangle of the Incenter and the Triangle of
the Circumcenters of the Triangulation Triangles of the Nagel Point are homo-
thetic.

Problem 3.6. Find the center and ratio of homothety in Theorem[3.9

Figure [§] illustrates Theorem [3.9] In figure [§]
e MaMbMc is the Half-Anticevian triangle of the Incenter,
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FIGURE 8.

e Na is the Nagel Point,

e Xa is the Circumcenter of triangle NaBC,

e X0 is the Circumcenter of triangle NaC' A,

e Xc is the Circumcenter of triangle NaAB,

e XaXbXc is the Triangle of the Circumcenters of the Triangulation Trian-
gles of the Nagel Point, and

e X is the Center of homothety of triangles MaMbMc and XaXbXc.

3.3. Similar Triangles.
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Theorem 3.10. The Half-Anticevuan triangle of the Incenter and the Circumce-
vian Triangle of the External Center of Similitude of the Incircle and the Circum-
circle are similar (but not homothetic).

Xc

FIGURE 9.

Figure 9] illustrates Theorem [3.10] In figure [9)

e MaMbMec is the Half-Anticevuan triangle of the Incenter,
e Se is the External Center of Similitude of the Incircle, and
e XaXbXc is the Circumcevian Triangle of Se.

Proof. We will calculate the ratios
MbMe McMa MaMb
b = Soxe T Xexar M T Xaxo
The side lengths of triangle MaMbMc are known (see Theorem .
The barycentric coordinates of the Circumcevian triangle of the External Center
of Similitude of the Incircle and the Circumcircle are as follows (see [3]):

2 2 2
—a‘vw —b*wu —c uv
a=|————,v,w Xb=u,———,w Xe=u,v, —— | .
(c2v+b2w’ ’ )’ ( T aPw + u’ )’ ( ’ ’b2u+a2v>
where u,v,w are the barycentric coordinates of the X(56) External Center of

Similitude of the Incircle and Circumcircle, Se = [a*(a + b — ¢)(a — b+ ¢)].

By using the distance formula (9),[5], we find the side lengths of triangle XaXbXc
as follows:

a(b+ ¢ — a)vbe

ax = )
X V(262 + be — 4ab + 2a% + ac — 2)(—b% + ab + be + 2¢® — 4ac + 2a?)
bla — b+ c)\/ac
bx =

V(262 + be — dab + 2a® + ac — c2)(20% + ab — 4bc + 22 + ac — a?)’
cla+b—c)Vab

cx = :
X V(262 + ab — 4bc + 2¢% + ac — a?)(—b% + ab + bc + 2¢2 — dac + 2a?)
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so that we see that
ko, = ky = k..
O

Theorem 3.11. The Half-Anticevian triangle of the Incenter and the Pedal Tri-
angle of the Bevan-Schroder Point are similar.

Me

FIGURE 10.

Figure [10] illustrates Theorem [3.11] In figure

e MaMbMc is the Half-Anticevian triangle of the Incenter,
e Bs is the Bevan-Schroder Point, and
e XaXbXc is the Pedal Triangle of the Bevan-Schroder Point.

Problem 3.7. Find the ratio of similitude in|3.11,.

Theorem 3.12. The Half-Anticevian triangle of the Incenter and the Circumce-
vian Triangle of the Bevan-Schroder Point are similar.

Me

FIGURE 11.

Figure [11] illustrates Theorem [3.12] In figure
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e MaMbMec is the Half-Anticevian triangle of the Incenter,
e Bs ai the Bevan-Schroder Point, and
e XaXbXc is the Circumcevian Triangle of the Bevan-Schroder Point.

Problem 3.8. Find the ratio of similitude in[3.12

Theorem 3.13. The Half-Anticevian triangle of the Incenter and the Triangle
of Reflections of the Bevan-Schroder Point in the Sidelines of Triangle ABC are
similar,

Mb
Xa

Ma

Mc
Xc

FIGURE 12.

Figure [12] illustrates Theorem [3.13] In figure

e MaMbMc is the Half-Anticevian triangle of the Incenter,

e Bs is the Bevan-Schroder Point, and

e XaX0bXc is the Triangle of Reflections of the Bevan-Schroder Point in the
Sidelines of Triangle ABC.

Problem 3.9. Find the ratio of similitude in|3.15,

Theorem 3.14. The Half-Anticevian triangle of the Incenter and the Triangle of
Reflections of the Nagel Point in the Sidelines of the Pedal Triangle of the Nagel
Point are similar.

Figure [13] illustrates Theorem [3.14] In figure [I3]

MaMbMc is the Half-Anticevian triangle of the Incenter,

Na is the Nagel point,

PaPbPc is the Pedal Triangle of the Nagel Point,

XaXbXc is the Triangle of Reflections of the Nagel Point in the Sidelines
of the Pedal Triangle of the Nagel Point.

Problem 3.10. Find the ratio of similitude in (3.1}

Theorem 3.15. The Half-Anticevian triangle of the Incenter and the Triangle of
Nine-Point Centers of the Triangulation Triangles of the Nagel Point are similar,
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FIGURE 14.

Figure [I4] illustrates Theorem [3.15] In figure

e MaMbMc is the Half-Anticevian triangle of the Incenter,

e Na is the Nagel point,

e Xa is the Nine-Point Center of triangle NaBC,

e X0 is the Nine-Point Center of triangle NaC A,

e Xc is the Nine-Point Center of triangle NaAB, and

e XaXbXc is the Triangle of Nine-Point Centers of the Triangulation Tri-
angles of the Nagel Point.

Problem 3.11. Find the ratio of similitude in[3.15

Theorem 3.16. The Half-Anticevian triangle of the Incenter and the Triangle of
the Bevan-Schroder Points of the Cevian Corner Triangles of the Orthocenter are
stmalar.

Figure [15] illustrates Theorem [3.16] In figure

e MaMbMc is the Half-Anticevian triangle of the Incenter,
e H is the Orthocenter,
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FIGURE 16.

e HaHbHc is the Cevian triangle of the Orthocenter, that is, the Orthic
triangle, Xa is the Bevan-Schroder Point of triangle APbPc, Xa is the
Bevan-Schroder Point of triangle BPcPa, Xa is the Bevan-Schroder Point
of triangle C'PaPb, and XaXbXc is the Triangle of the Bevan-Schroder
Points of the Cevian Corner Triangles of the Orthocenter.

Problem 3.12. Find the ratio of similitude in[3.16]

Theorem 3.17. The Half-Anticevian triangle of the Incenter and the Half-Circumcevian
Triangle of the Nagel Point are similar.

Figure [16] illustrates Theorem [3.17 In figure [I6]

e MaMbMec is the Half-Anticevian triangle of the Incenter, PaPbPc is the
Circumcevian triangle of the Nagel point,
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e Xa is the midpoint of segment APa,

e X is the midpoint of segment BPb,

e Xc is the midpoint of segment C'Pc, and

e XaXbXc is the Half-Circumcevian Triangle of the Nagel Point.

Problem 3.13. Find the ratio of similitude in[3.17

3.4. Kimberling Points. We have investigated 195 notable points of the Half-
Anticevian triangle of the Incenter. Of these 2 points are Kimberling centers and
the rest of 193 points are new points.

Table 1 gives two notable points of the Half-Anticevian Triangle T" of the Incenter
in terms of the notable points of the Reference Triangle ABC' that are Kimberling
centers X (n).

Notable Points of triangle | Notable Points of Triangle
T ABC
1 | Centroid X(10164)
Circumcenter X(11260)
TABLE 1.

3.5. New Notable Points. Below we give barycentric coordinates of a few new
notable points. For a list of 193 new notable points see the Supplementary mate-
rial.

Theorem 3.18. The first barycentric coordinate of the Orthocenter of the Half-
Anticevian triangle MaMbMc of the Incenter is as follows:

(b+c—a)(b+c—3a)(b* + ab — 2bc + ac + ).

Proof. We use the side lengths of triangle MaMbMc in order to find the barycen-
tric coordinates of the Orthocenter wrt triangle MaMbMec. Then we use the
change of coordinates formula (10), [5] to find the barycentric coordinates of the
Orthocenter wrt triangle ABC'. O

Theorem 3.19. The first barycentric coordinate of the Nine-Point Center of the
Half-Anticevian triangle of the Incenter is as follows:

201 +2a3c+2a2b—3ab? — 8a’be—3a* * — 2ab® +dab’c+4abc® — 23 a— 2022 + b 4.
Theorem 3.20. The first barycentric coordinate of the Symmedian Point of the

Half-Anticevian triangle of the Incenter is as follows:

a(—Ta*c + a*c* + a®b* — Tab + Tab® + 6b*c* + Tc3a + 20a*be
—13ab%c — 13abc® + 2a* — 3b* — 3ct).
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3.6. Distances.

Theorem 3.21. The distance d between the Centroid of triangle ABC' and Cen-
troid of the Half-Anticevian triangle of the Incenter is

B (a+b+c)Ry
B 6/ (b+c—a)(c+a—0b)(a+b—rc)

where
Ry = a* + ¢t + b* + ab®c + a®be + ac*b — cb® — ab® — a®b — b — aPe — ac’.
3.7. Circumcircle. Note that the barycentric coordinates of the Circumcenter

of MaMbMe, that is X (11260), given below, in [§] are still pending.

Theorem 3.22. The first barycentric coordinate of the Circumcenter of the Half-
Anticivian Triangle MaMbMc of the Incenter is as follows:

[a(2a® — a*b — a*c — 2ab® + 6acb — 2ac® + ¢* — 3bc® — 3b%c + b%)],
and the radius of the circumcircle of MaMbMec is as follows:

\/abCR1R2R3
2b+c—a)(c+a—Db)(a+b—c)Va+b+c

R:

where

Ry = 4bc — a® + ab + ac + 20 + 262,
Ry = 2a® — 4ac + ab — b* + be + 2¢2,
R3 = 2b% — 4ab + be + 24 + ac — 2.

Proof. We use the side lengths of triangle MaMbMc (see Theorem , in order
to find the barycentric coordinates of the Circumcenter wrt triangle MaMbMec.
Then we use formula (10), [5] and we obtain the barycentric coordinates of the
Circumcenter wrt the Reference triangle ABC'. By using formula (9), [5], we find
the radius as the distance from the Circumcenter and the vertex Ma of triangle
MaMbMec. U

Theorem 3.23. The Inverse of the X(8) Nagel Point of Triangle ABC wrt the
Circumcircle of the Half-Anticevian Triangle of the Incenter is the X(1319) Bevan-
Schroder Point.

Figure [I7)illustrates Theorem [3.23] In figure[I7, MaMbMec is the Half-Anticevian
triangle of the Incenter, c¢ is the circumcircle of triangle MaMbMe, O is the
circumcenter of triangle MaMbMc, Na is the Nagel point of triangle ABC, Bs is
the Bevan-Schroder Point of triangle ABC. Then points Na and Bs are inverse
points wrt circle c.

Proof. We use theorem and the inversion formula (20), [5]. O

SUPPLEMENTARY MATERIAL

The enclosed supplementary material contains theorems related to the topic.
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